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Abstract. We propose a novel state-space reduction framework to im-
prove the performance of model checking of Petri nets. We provide two
instances of the framework: a static technique that considers only the
structure of the net, and a dynamic technique that additionally consid-
ers the current marking. By analyzing impossible, visible, and directional
effects of transitions, we identify places where tokens can be removed
while preserving the property in question. Unlike structural reductions,
our techniques modify only the current marking, allowing the net struc-
ture to be reused in multiple subproblems concurrently, which can be
beneficial for example for CTL model checking. We prove the correctness
of our techniques and implement them in the open-source tool Tapaal, a
repeated winner in the CTL category in the annual model checking con-
test (MCC). We measure our methods’ performance on the MCC 2023
benchmark using the CTL categories and demonstrate that our methods
reduce time and, especially, memory usage. Our dynamic method ex-
plores 39.3% fewer configurations on average and achieves two orders of
magnitude speedup on at least one query on 23.7% of non-trivial models.

Keywords: Petri Nets · State-Space Reduction · Model Checking.

1 Introduction

The main obstacle of verifying properties of concurrent systems is the state-
space explosion problem [8] that follows from the many possible interleavings
of even simple subsystems and their composed intermediate states when run
in parallel. The state space of a concurrent system is often exponentially larger
than any of its constituent systems, and exploring every state to verify a property
is intractable in practice. Therefore, many approaches have been developed to
simplify systems structurally [7,8,22,26], to disregard equivalent traces through
partial-order reductions [7,8,14,24,27], and to symbolically verify multiple states
simultaneously [8,22,23]. We present a reduction that combines ideas from all
the aforementioned methods to simplify the states and the amount of branching
in the reduced system. The reduction is presented in the context of the weighted
Petri net formalism with inhibitor arcs.
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φ := p3 = 0
places⇑(φ) = ∅
places⇓(φ) = {p3}
CM

⇑ = P \ {p1, p4}
CM

⇓ = P
CM

F = T \ {t1}
Dφ,M

⇑ = {p2, p4}
Dφ,M

⇓ = {p3}
Tφ,M = {t2, t4}
Pφ,M = {p2, p3, p4}

Fig. 1: Example Petri net and sets computed by our technique for the depicted
marking M and property φ. Solid transitions are in Tφ,M and are the only ones
that require firing to eventually satisfy φ from the given marking, if possible.
Dashed places are not in Pφ,M and can have their tokens removed without
affecting whether EFφ holds. Arcs without weight annotation have weight 1.

Petri nets are directed bipartite graphs consisting of places (circles) and
transitions (squares). Places can contain a number of tokens, and the token
configuration across all places forms a state (a marking) of the Petri net. For
a transition to fire, one or more tokens are required in each of its predecessor
places, as firing it will remove a token from each predecessor place and add a
token to each successor place, resulting in a new marking. In a weighted Petri
net, the arcs are weighted, affecting how many tokens are removed and added.
Inhibitor arcs, depicted with circle-headed arrows, are a special type of arc that
prevent the transition at their head from firing if the number of tokens at the
source place of the arc equals or exceeds the arc’s weight. Petri nets are well
suited for modeling parallel systems, where various discrete resources move from
state to state, for example, packets in a network or tasks in a workflow system.

Consider the example Petri net illustrated in Figure 1 and let M denote the
depicted marking. Now assume that we want to check whether it is possible to
reach a marking with 0 tokens in place p3, formally whether M ⊨ EFφ holds
where φ ≡ (p3 = 0). It is possible to show that this property holds in multiple
ways, e.g. firing the sequence t2t4t4 will reach such a marking. However, some
transitions and some tokens are unnecessary to demonstrate that the property
holds. For example, the transition t6 can always be omitted in such witness
traces, and the number of tokens in p6 is irrelevant since none of the shortest
witness traces (those consisting of the fewest firings, i.e. t2t4t4 and t4t2t4) will
not consume from p6 anyway. Our approach in this paper computes a set of
transitions Tφ,M (solid squares in the example) such that if a trace to a φ-
satisfying marking exists, then the shortest traces to such a marking consists
exclusively of firings from this set. We use this set to identify a set of places
Pφ,M , such that if marking M ′ matches M in these places but has 0 tokens
elsewhere (elsewhere are dashed circles in the example), then it is guaranteed
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that the shortest witness traces are preserved, and thus M ′ ⊨ EFφ if and only
if M ⊨ EFφ.

Removing tokens from the reached markings during a state-space search has
two major benefits: (i) two different markings where unimportant tokens are
removed can become identical and this helps to reduce the size of the state
space, and (ii) removing unimportant tokens disables unimportant transitions
and hence reduces the branching degree of the state space.1

Our contributions. We present a novel on-the-fly technique that reduces the
reachable state space by removing tokens from the explored markings. As a di-
rect consequence of only modifying markings, our method is suitable where other
techniques are not, e.g. in on-the-fly model checking. Our technique is also ap-
plicable to unrestricted (even unbounded) Petri nets—all theorems are proven
in full generality. The termination of the state-space search is, of course, not
guaranteed in such a case, but like many other reductions, our technique will
reduce some infinite state spaces to finite ones.

We present two versions of our technique. The static version uses the struc-
ture of the net to compute visible effects, distinguishing between visible increases
and decreases, and thus determines where tokens are invisible and can be re-
moved. When using the static version, the set of visible places can be cached to
reduce overhead. The dynamic version is a refinement that first, based on the
current marking, approximates a set of transitions that can never be enabled in
future markings. This allows us to disregard some impossible effects that would
otherwise be structurally visible, limiting how visibility propagates in the net
and resulting in more places where tokens can be removed.

Our techniques only preserve reachability properties, but due to their ability
to be used in concurrent model checking, our experiments focus on Computation
Tree Logic (CTL) [8] where reachability sub-properties often must be checked,
potentially with many different initial markings. Structural reductions that only
preserve reachability properties cannot be used in this context, whereas our re-
duction can. We implement our techniques in the popular model checkerTapaal,
and evaluate it using the Model Checking Contest 2023 [18] benchmark with a
focus on challenging queries that challenge the state-of-the-art tool. We show
that we save both memory and time when implemented in the CTL algorithm
of Tapaal [10].

Related work Partial-order reductions include many similar techniques such as
ample sets [17,24], persistent sets [14], and stubborn sets [14,27]. Each preserves
different kinds of properties, but all share the idea that not all interleavings
need to be searched. Recently, stubborn reductions have been made available
for reachability games [5] and systems with time [3,4]. Our technique shares
similarities with identification of stubborn sets [7,14,19]. However, our technique

1 Removing tokens that inhibit transitions may result in more behavior, but inhibitor
arcs are often few, and in the rare cases where our technique uninhibits transitions,
they are always excluded through stubborn reductions anyway.
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is coarser in some ways, as it (i) is based on visible effects instead of just visible
transitions, (ii) limits visibility propagation by considering impossible transition
firings and effects, and (iii) is only guaranteed to preserve the shortest traces to
satisfying markings. Moreover, we simplify the marking rather than the set of
considered transitions. In our early experiments, we applied the coarser marking-
dependent up-set from [19] when determining which places in the query needed
change. However, it did not provide any positive effect on the benchmark.

Structural reductions of Petri nets [7,22,26] have been around almost since
the introduction of Petri nets. Structural reductions modify the Petri net it-
self [22,26]. Many possible transformations exist, some even incorporate SMT
solvers [26]. Our technique is comparable to a combination of structural reduc-
tion rules I and M found in Tapaal [7]. However, in addition to the refinements
(i)-(iii) mentioned earlier, we modify only the marking instead of the net struc-
ture. We are aware of only one structural reduction that does so, and it simulates
firing transitions in the initial marking [26]. The fact that we only modify the
marking allows us to use our technique on-the-fly without allocating memory for
several reduced versions of the Petri net.

CTL is a branching-time temporal logic used to specify properties of concur-
rent systems [8]. It allows for the expression of temporal properties by quantifying
over paths in a system’s state-transition graph. Note that verifying CTL prop-
erties of Petri nets even without inhibitor arcs is generally undecidable [6] and
reachability problems have recently been proved to be Ackermann-complete [9].
These undecidability/complexity results do not affect the correctness of our tech-
niques, and the technique can be applied to any reachability problem directly
or to subproblems of CTL about reachability. In [20], the authors also explore
subproblem-specific reductions in CTL model checking [20], however, the way
we reduce markings by token elimination has not been studied before.

Structure of the Paper. In Section 2 we present the Petri net formalism and the
reachability problem. In Section 3 we present our techniques and their correct-
ness. Our experiments and results are shown in Section 4, and we conclude on
our findings in Section 5.

2 Petri Nets and the Reachability Problem

We shall first introduce the necessary definitions.

Definition 1 (Transition System). Given a set Π of atomic propositions, a
transition system (TS) over Π is a 4-tuple T = ⟨S,A,→, L⟩ such that S is a set
of states, A is a finite set of actions, → ⊆ S×A×S is a transition relation, and
L : S → 2Π is a labeling function assigning each state to a set of propositions.

We write s
a−→ s′ whenever ⟨s, a, s′⟩ ∈ →. We write s

a−→ whenever ⟨s, a, s′⟩ ∈→
for some s′ ∈ S and say that a is enabled in s. We write s → s′ if ⟨s, a, s′⟩ ∈→
for some a ∈ A and write s ̸→ if ⟨s, a, s′⟩ ̸∈→ for any a ∈ A, s′ ∈ S. We extend

the notion
a−→ inductively to traces w ∈ A∗ such that s

ϵ−→ s for all s ∈ S and
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s
wa−−→ s′ if s

w−→ s′′ and s′′
a−→ s′. Finally, →∗ is the reflexive and transitive closure

of →.

Definition 2 (Reachability and State Properties). Given a set Π of atomic
propositions, EFφ is a reachability property where state property φ (in nega-
tion normal form) is defined inductively by the grammar φ ::= π | ¬π | φ1 ∧φ2 |
φ1 ∨φ2 where π ∈ Π. Let Φ be the set of all state properties in negation normal
form.

We assume standard semantics and write s ⊨ φ if the state s satisfies φ,
and we write s ⊨ EFφ if s →∗ s′ and s′ ⊨ φ. The reachability problem involves
checking whether a reachability property holds in a given state. For this paper,
it is necessary to know that reachability properties are a strict subset of the
branching-time logic known as computation tree logic (CTL) but we refer to [8]
for further details on CTL.

Definition 3 (Petri Net with Inhibitor Arcs). A Petri net with inhibitor
arcs (PN) is a 4-tuple N = ⟨P, T,W, I⟩ where

– P is a finite set of places,
– T is a finite set of transitions such that P ∩ T = ∅,
– W : (P × T ) ∪ (T × P ) → N0 is an incidence matrix, and
– I : P × T → N ∪ {∞} is an inhibitor weight matrix.

Definition 4 (Marking). For a PN N with places P , a marking M : P → N0

is a function that assigns to each place a number of tokens present in the place.
The set M(N) is the set of all markings of PN N .

The effect matrix E : T ×P → Z is a function defined as E(t, p) =W (t, p)−
W (p, t). We also use the following notation where p ∈ P and t ∈ T :

•p = {t′ ∈ T |W (t′, p) > 0} is the preset of p,
p• = {t′ ∈ T |W (p, t′) > 0} is the postset of p,
•t = {p′ ∈ P |W (p′, t) > 0} is the preset of t,
t• = {p′ ∈ P |W (t, p′) > 0} is the postset of t,
+p = {t′ ∈ •p | E(t′, p) > 0} is the increasing preset of p,
p− = {t′ ∈ p• | E(t′, p) < 0} is the decreasing postset of p,
t+ = {p′ ∈ t• | E(t, p′) > 0} is the increased postset of t,
−t = {p′ ∈ •t | E(t, p′) < 0} is the decreased preset of t,
p◦ = {t′ ∈ T | I(p, t′) ̸= ∞} is the inhibited postset of p,
◦t = {p′ ∈ P | I(p′, t) ̸= ∞} is the inhibiting preset of t.

We extend the notation to sets such that for a set X of places or transitions,
•X =

⋃
x∈X

•x and likewise for the other preset and postset operators.
For PNs, without loss of generality, we consider atomic proposition π ∈ Π

to be of the form k ≤
∑

p vpp where k, vp ∈ Z. Marking M satisfies atomic
proposition π, written M ⊨ π, if the inequality holds when all occurrences of
places p ∈ P in π are replaced with M(p). For example, if p1, p2, p3 ∈ P then
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EF 3 ≤ p1 ∧ 1 ≤ p2 − p3 asserts that it is possible to reach a marking, where p1
contains at least 3 tokens and there is at least 1 more token in p2 than in p3.
The negation of π is achieved by negating all weights vp and replacing k with
−k + 1.

A PN N defines a TS T (N) = ⟨S,A,→, L⟩ overΠ where S = M(N), A = T ,

and M
t−→ M ′ if for all p ∈ P we have M(p) ≥ W (p, t) and M(p) < I(p, t) and

M ′(p) =M(p) + E(t, p). Finally, π ∈ L(M) iff M ⊨ π where π ∈ Π.

Definition 5 (Increasing and Decreasing Support). The increasing sup-
port is a function places⇑ : Φ→ 2P defined inductively as:

places⇑(k ≤
∑
p

vpp) = {p ∈ P | vp > 0}

places⇑(φ1 ∧ φ2) = places⇑(φ1) ∪ places⇑(φ2)

places⇑(φ1 ∨ φ2) = places⇑(φ1) ∪ places⇑(φ2) .

The decreasing support is a function places⇓ : Φ→ 2P defined inductively as:

places⇓(k ≤
∑
p

vpp) = {p ∈ P | vp < 0}

places⇓(φ1 ∧ φ2) = places⇓(φ1) ∪ places⇓(φ2)

places⇓(φ1 ∨ φ2) = places⇓(φ1) ∪ places⇓(φ2) .

Finally, we let places(φ) = places⇑(φ) ∪ places⇓(φ) be the support of the state
property φ.

The intuition is that places⇑(φ) (resp. places⇓(φ)) denote the set of places
where more (resp. fewer) tokens are potentially needed for φ to be satisfied if
not already satisfied. The set places(φ) is also said to be directly visible to φ,
because it is not possible to go from a marking where φ is not satisfied to one
where φ is satisfied without firing a transitions that affects one of these places
in the appropriate direction. Formally:

Lemma 1. Let N = ⟨P, T,W, I⟩ be a PN, M,M ′ ∈ M(N) markings, φ a state

property, and t /∈ +places⇑(φ) ∪ places⇓(φ)
− a transition. If M ̸⊨ φ and M

t−→
M ′, then M ′ ̸⊨ φ.

3 Token Elimination

We now introduce our token elimination technique, which aims to identify (in a
dynamic or static way) a set of places where the number of tokens in any reach-
able marking can be reset to zero while preserving a given reachability property.
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We say that elements (places, transitions, tokens, or effects) are invisible if they
do not affect whether the reachability property holds, i.e. our techniques identify
invisible tokens. They do so by computing an over-approximation of the visible
transitions and visible effects. Remark that we will often describe the content
of our over-approximation as visible even though some of it may be invisible in
practice. We first present the static technique focusing on intuition and then the
dynamic technique with full proofs (of which static is a simplified case). For the
rest of this section, let us fix a PN N = ⟨P, T,W, I⟩ and reachability property
EFφ.

3.1 Static Token Elimination

Our static token-elimination technique computes two sets of places: Sφ
⇑ and Sφ

⇓
that exhibit the following properties. If M,M ′ ∈ M(N) are markings such that
M →∗ M ′ andM ′ ⊨ φ and w ∈ T ∗ is one of the shortest sequences of transitions
such that M

w−→M ′ (there can be more than one such sequence) then:

– if p ∈ places⇑(φ) or there exists a transition t in w that consumes from p,
then p ∈ Sφ

⇑ , and
– if p ∈ places⇓(φ) or there exists a transition t in w that is inhibited by p,

then p ∈ Sφ
⇓ .

In other words, Sφ
⇑ is a superset of places where we need more tokens and

positive effects are visible. Similarly, Sφ
⇓ is a superset of places where we need

fewer tokens and where negative effects are visible. We compute Sφ
⇑ and Sφ

⇓
inductively as the least fixed point of the following constraints:

(S1) if p ∈ places⇑(φ) then p ∈ Sφ
⇑ ,

(S2) if p ∈ places⇓(φ) then p ∈ Sφ
⇓ ,

(S3) if p ∈ Sφ
⇑ then •+p ⊆ Sφ

⇑ ,

(S4) if p ∈ Sφ
⇑ then ◦+p ⊆ Sφ

⇓ ,

(S5) if p ∈ Sφ
⇓ then (•(p−) \ {p}) ⊆ Sφ

⇑ ,

(S6) if p ∈ Sφ
⇓ then ◦(p−) ⊆ Sφ

⇓ ,

(S7) if p ∈ Sφ
⇓ and ∃t ∈ p−.W (p, t) > 1 then p ∈ Sφ

⇑ .

We briefly give the intuition for these constraints:

– (S1), (S2): If a place is in places⇑(φ) or places⇓(φ), then effects of the
appropriate direction are (directly) visible to the satisfaction of φ.

– (S3), (S4): If increases are visible in p, then any transition t with positive
effect on p is visible, and hence effects that enable t are also visible. That is,
increases in the preset of the positive preset of p are visible, and decreases
in the inhibiting preset of the positive preset of p are visible.

– (S5), (S6), (S7): Similarly, if decreases are visible in p, then any transition
t with negative effect on p is visible, and hence effects that enable t are also
visible. However, since we are interested in decreases to p, adding tokens to
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p would be counter-productive, which is why we do not require p in Sφ
⇑ in

(S5). However, this logic does not hold if some t ∈ p− must consume more
than one token from p to fire, in which case we may have to add tokens to
p before we can empty it with t. Hence, (S7).

Finally, let Tφ
sta = +(Sφ

⇑ )∪ (Sφ
⇓ )

− be the set of transitions that have a visible

effect, and let Pφ
sta = places(φ) ∪ •Tφ

sta ∪ ◦Tφ
sta be the set of places with visible

tokens. As we shall prove for the corresponding dynamic version of Tφ
sta, the

shortest trace to a marking satisfying φ does not include transitions outside of
this set. Therefore, it does not matter for the satisfaction of EFφ if we modify
the marking in a way that disables transitions not in Tφ

sta. Hence, we define a
reduction that removes these invisible tokens.

Definition 6 (Static Token Elimination). The static token elimination ab-
straction αφ

sta : M(N) → M(N) is given by

αφ
sta(M)(p) =

{
M(p) if p ∈ Pφ

sta

0 otherwise .

Theorem 1 (αφ
sta Preserves Reachability). Let M be a marking and EFφ

a reachability property. We have M ⊨ EFφ iff αφ
sta(M) ⊨ EFφ.

We note that Pφ
sta depends only on the structure of the net and φ. Hence, it

can be cached based on φ if it is a reoccurring subproblem on the same net. We
take advantage of this in our CTL algorithm implementation.

3.2 Dynamic Token Elimination

The dynamic token elimination is a refinement of the static technique. In addi-
tion to visible effects, we shall now also consider whether the effects are possible
from the current marking. Let us fix a current marking M . The set CM

⇑ (resp.

CM
⇓ ) is a set of places that may potentially have their number of tokens increased

(resp. decreased) in a future marking. Additionally, the set CM
F contains tran-

sitions that may be enabled in a future marking. We define CM
⇑ , CM

⇓ , and CM
F

inductively as the least fixed point of the following constraint:

(C) If t ∈ T and for all p ∈ P , we have (W (p, t) ≤ M(p) or p ∈ CM
⇑ ) and

(I(p, t) > M(p) or p ∈ CM
⇓ ), then t ∈ CM

F and t+ ⊆ CM
⇑ and −t ⊆ CM

⇓ .

We now state the properties of the sets defined by this constraint.

Lemma 2. Let p ∈ P be a place and t ∈ T be a transition.

– If p /∈ CM
⇑ then M ′(p) ≤M(p) for all M ′ s.t. M →∗ M ′,

– If p /∈ CM
⇓ then M ′(p) ≥M(p) for all M ′ s.t. M →∗ M ′,

– If t /∈ CM
F then M ′ ̸ t−→ for all M ′ s.t. M →∗ M ′.
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We can now use CM
⇑ , CM

⇓ , and CM
F to find refinements of Sφ

⇑ and Sφ
⇓ . The

refined sets Dφ,M
⇑ and Dφ,M

⇓ contain places where positive and negative effects,

respectively, are possible and visible. We define Dφ,M
⇑ and Dφ,M

⇓ inductively as
the least fixed point of the following constraints:

(D1) if p ∈ places⇑(φ) ∩ CM
⇑ then p ∈ Dφ,M

⇑
(D2) if p ∈ places⇓(φ) ∩ CM

⇓ then p ∈ Dφ,M
⇓

(D3) if p ∈ Dφ,M
⇑ then (•(+p ∩ CM

F ) ∩ CM
⇑ ) ⊆ Dφ,M

⇑
(D4) if p ∈ Dφ,M

⇑ then (◦(+p ∩ CM
F ) ∩ CM

⇓ ) ⊆ Dφ,M
⇓

(D5) if p ∈ Dφ,M
⇓ then (•(p− ∩ CM

F ) ∩ (CM
⇑ \ {p})) ⊆ Dφ,M

⇑
(D6) if p ∈ Dφ,M

⇓ then (◦(p− ∩ CM
F ) ∩ CM

⇓ ) ⊆ Dφ,M
⇓

(D7) if p ∈ Dφ,M
⇓ and ∃t ∈ p− ∩ CM

F .W (p, t) > 1 and p ∈ CM
⇑ then p ∈ Dφ,M

⇑

The constraints correspond to (S1)-(S7), but propagation is now limited
using CM

⇑ , CM
⇓ , and CM

F . Next, let

Tφ,M
dyn =

(
+(Dφ,M

⇑ ) ∪ (Dφ,M
⇓ )−

)
∩ CM

F (1)

be the set of fireable transitions with visible effects.

Lemma 3. Let M →∗ M ′ such that M ′ ⊨ φ. If w ∈ T ∗ is some shortest
sequence of transitions (there can be more than one) such that M

w−→ M ′ then

necessarily w ∈ (Tφ,M
dyn )

∗
.

Proof. Let w = t1 . . . tn ∈ T ∗ be some shortest sequence such that M
w−→ M ′

with M ′ ⊨ φ. If n = 0, then M = M ′ and the claim holds trivially. If n = 1
and hence w = t ∈ T , then M ̸⊨ φ, otherwise w would be shorter. By contra-
position of Lemma 1, we have that t ∈ +places⇑(φ) ∪ places⇓(φ)

−, otherwise it

is not possible that M ′ ⊨ φ. Since t is enabled, we know t ∈ CM
F . By (D1),

we know places⇑(φ) ⊆ Dφ,M
⇑ , so if t ∈ +places⇑(φ) then also t ∈ Tφ,M

dyn by

definition of Tφ,M
dyn . Alternatively, by (D2), we know places⇓(φ) ⊆ Dφ,M

⇓ , so if

t ∈ places⇓(φ)
− then again t ∈ Tφ,M

dyn . Thus, t = w ∈ (Tφ,M
dyn )∗ as required. Now,

let n > 1. For the sake of contradiction, let us assume that there exists an i such
that ti /∈ Tφ,M

dyn and let us assume that i is the largest index with this property.
Clearly, ti does not have any effect on the support places(φ), otherwise we can

use the same argument as when n = 1 and show that ti ∈ Tφ,M
dyn . Now, since w

is a shortest trace, it must be the case that ti enables tj for some i < j ≤ n.
That is, ti adds tokens to •tj and/or removes tokens from ◦tj . Let us consider
each case:

1. If ti removes tokens from ◦tj , then there exists p ∈ −ti ∩ ◦tj ∩CM
⇓ . Since j is

greater than i (the last index such that ti /∈ Tφ,M
dyn ) we have that tj ∈ Tφ,M

dyn

which implies that tj ∈ +Dφ,M
⇑ and/or tj ∈ (Dφ,M

⇓ )− by definition of Tφ,M
dyn .

Let us consider each sub-case:
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(a) If tj ∈ +Dφ,M
⇑ then there exists p′ ∈ Dφ,M

⇑ such that tj ∈ +p′. By (D4)

we have that ◦tj ∩ CM
⇓ ⊆ Dφ,M

⇓ which in turn implies p ∈ Dφ,M
⇓ . Since

ti ∈ p−, then ti ∈ (Dφ,M
⇓ )− and thus ti ∈ Tφ,M

dyn creating a contradiction.

(b) Hence, it must be the case that tj ∈ (Dφ,M
⇓ )−. Similarly, this implies

that there exists p′ ∈ Dφ,M
⇓ such that tj ∈ p′−. Now by (D6) we have

that ◦tj ∩ CM
⇓ ⊆ Dφ,M

⇓ which in turn implies p ∈ Dφ,M
⇓ . Again, since

ti ∈ p−, then ti ∈ (Dφ,M
⇓ )− and thus ti ∈ Tφ,M

dyn creating a contradiction.
2. Hence, it must be the case that ti adds tokens to •tj , that is, there exists

p ∈ t+i ∩ •tj ∩ CM
⇑ . Again, since j is greater than i we have that tj ∈ Tφ,M

dyn

which implies that tj ∈ +Dφ,M
⇑ and/or tj ∈ (Dφ,M

⇓ )−:

(a) If tj ∈ +Dφ,M
⇑ , then there exists p′ ∈ Dφ,M

⇑ such that tj ∈ +p′. So

by (D3) we have that •tj ∩ CM
⇑ ⊆ Dφ,M

⇑ which in turn implies p ∈
Dφ,M

⇑ . Since ti ∈ +p, then ti ∈ +Dφ,M
⇑ and thus ti ∈ Tφ,M

dyn creating a
contradiction.

(b) Hence, it must be the case that tj ∈ (Dφ,M
⇓ )−. This implies that there

exists p′ ∈ Dφ,M
⇓ such that tj ∈ p′−. Now by (D5) we have that •tj∩CM

⇑ \
{p′} ⊆ Dφ,M

⇑ , so unless p = p′, it must be the case that p ∈ Dφ,M
⇑ . Since

ti ∈ +p, then ti ∈ +Dφ,M
⇑ and thus ti ∈ Tφ,M

dyn creating a contradiction.

Now finally, if p = p′ for all p′ ∈ Dφ,M
⇓ where tj ∈ p′−, then we shall use

following facts:
– p /∈ ◦tj (follows from case 1.)

– p /∈ Dφ,M
⇑ (follows from case 2.a)

– W (p, tj) = 1, otherwise (D7) would imply p ∈ Dφ,M
⇑

– p /∈ places⇑(φ), otherwise p ∈ Dφ,M
⇑ by (D1)

We can thus conclude that p ∈ places⇓(φ). This follows from the fact

that Dφ,M
⇓ is a least fixed point and the only remaining possible way for

p ∈ Dφ,M
⇓ is (D2). Since none of the other cases applied, we can also

conclude that tj only appears in w in order to remove tokens from p.
Moreover, ti only appears in w in order to enable tj by adding tokens to
p. However, since W (p, tj) = 1, this is always redundant for the purpose
of satisfying φ and contradicts that w is some shortest trace.

As none of the cases above is possible, our original assumption that ti /∈ Tφ,M
dyn

is wrong, which implies that w ∈ (Tφ,M
dyn )∗.

Finally, let

Pφ,M
dyn = places(φ) ∪ •Tφ,M

dyn ∪ ◦T (2)

be a refined set of places with visible tokens. We remark that T is the set of all
transitions and every inhibiting place must be preserved to uphold the invariant
properties of the C-sets. We now consider the following abstraction.
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Definition 7 (Dynamic Token Elimination). The dynamic token elimina-

tion abstraction αφ,M
dyn : M(N) → M(N) is given by

αφ,M
dyn (M)(p) =

{
M(p) if p ∈ Pφ,M

dyn

0 otherwise .

Theorem 2 (αφ,M
dyn Preserves Reachability). Let M be a marking and EFφ

a reachability property. We have M ⊨ EFφ iff αφ,M
dyn (M) ⊨ EFφ.

In the example, Figure 1, we show all intermediary sets computed for the
dynamic method on the depicted PN. In this example, the dynamic method will
remove the tokens of p1 while static method will not. The difference arises from
the static method incorrectly assuming that t1 is fireable in a future marking.

The following corollary is essential for the applicability of our technique in
on-the-fly model-checking algorithms as it implies that our technique can be
applied to any marking reached during traditional state-space exploration. The
corollary follows directly from Lemma 3 and Theorem 2.

Corollary 1. Given marking M0 and reachability property EFφ, then M0 ⊨
EFφ if and only if there exist markings M1, . . . ,Mn such that Mn ⊨ φ and

α
φ,Mi−1

dyn (Mi−1)
ti−1−−−→Mi and ti−1 ∈ T

φ,Mi−1

dyn for all 1 ≤ i ≤ n.

The same corollary holds for the static abstraction αφ
sta, since the only dif-

ference is the sets CM
⇑ , CM

⇓ , and CM
F restricting visibility propagation in the

defining constraints.

4 Experimental Evaluation

We implemented our methods in the untimed engine of Tapaal2 [11] called
verifypn3 [2,7,10]. The methods are used in both the reachability and CTL
algorithm. The reachability algorithm is a simple state-space exploration with
heuristics [15] and here our method is applied to all successor states right before
they are inserted into the frontier. The CTL algorithm is a top-down on-the-fly
algorithm called CertainZero [10]. The algorithm recursively breaks problems
down into subproblems and structures them in a dependency graph [12,21] where
each node consists of a marking and a sub-property. An example dependency
graph is seen in Figure 2. The graph is explored in an on-the-fly manner until
a conclusion for the root node is found. Starting from the initial assignment
of false to all nodes, whenever all target nodes of a hyperedge have the value
true, the source of the edge is assigned true. This continues until the root is
assigned true or the process stabilizes at minimum fixed-point assignment on
a fully-explore dependency graph. Note that a hyperedge with an empty set of

2 Tapaal is available at www.tapaal.net.
3 verifypn is open-source on GitHub: https://github.com/TAPAAL/verifypn.

www.tapaal.net
https://github.com/TAPAAL/verifypn
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p1 t1

t2 p2

02 ⊨ ψ 11 ⊨ ψ 20 ⊨ ψ

02 ⊨ ξ 02 ⊨ p1 ≥ 1 11 ⊨ ξ 11 ⊨ p1 ≥ 1

20 ⊨ ξ 20 ⊨ p1 ≥ 1

02 ⊨ EF p2 = 0 11 ⊨ EF p2 = 0 20 ⊨ EF p2 = 0

02 ⊨ p2 = 0 11 ⊨ p2 = 0 20 ⊨ p2 = 0

∅

∅

∅

Fig. 2: Left: A Petri net with initial marking 02 (0 tokens in p1, 2 tokens in p2).
Right: The full dependency graph generated by verifypn for the CTL property
ψ ≡ AF ξ where ξ ≡ (p1 ≥ 1 ∧ EF p2 = 0). The nodes that are assigned true in
the minimum fixed-point assignment are drawn with thick borders.

target nodes always propagates the value true to its source. During the on-the-
fly fixed-point computation, whenever a node containing a reachability property
is generated, we apply the token elimination method to the associated marking.
In Figure 2, the method would be applied to each node with the sub-property
EF p2 = 0. Our techniques provide no benefits in this tiny example, but in
other dependency graphs several reachability nodes may be simplified by our
token elimination into the same node. Additionally, the simplified node likely
has fewer dependencies due to the reduced number of successors, resulting in a
smaller dependency graph.

Our tests use the Model Checking Contest (MCC) 2023 benchmark [18] that
contains 131 different models. Most models are parameterized, amounting to
1 426 different instances of Petri nets4. For each instance, the benchmark provides
32 CTL properties and 32 reachability properties. This gives us 45 632 queries
per category where 19 698 of the CTL queries contain a reachability subproperty.

We compare our implementations against the most recent version of Tapaal
(verifypn without our methods) since Tapaal has consistently dominated the
CTL category in the recent editions of the MCC competition [18]. We also briefly
compare with the latest version of ITS-Tools [25] which got second place in
MCC 2023. Each query is run with a timeout of 30 minutes and a memory limit
of 15 GB on an AMD EPYC 7642 CPU. All experiments use the default settings
of Tapaal, except for the search strategy which is set to random depth-first
search (RDFS). We refer to the three versions of verifypn as different methods
with Tapaal being the baseline. A reproducibility package containing binaries,
data, and plotting scripts is available on Zenodo [16].

4.1 Results

As expected, our methods achieve multiple improvements in the CTL category,
but marginal improvements in the reachability category of MCC. This is ex-

4 The MCC2023 benchmark does not contain any Petri net with inhibitor arcs.
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Tapaal Dynamic Static ITS-Tools

CTL (all) 32272 32392 (+120) 32319 (+47) 22998 (−9274)
CTLCardinality 16831 16923 (+92) 16849 (+18) 12056 (−4775)
CTLFireability 15441 15469 (+28) 15470 (+29) 10942 (−4499)

Table 1: Answers found by each method, per category. The numbers in paren-
theses show the difference to Tapaal.

pected since our methods are similar to the existing stubborn set reductions
and structural reduction rules I and M in Tapaal [7], and those (together with
all other optimization methods) are enabled. Similarly to our methods, struc-
tural reduction rules I and M maintain reachability properties. However, these
two reductions alter the net’s structure. Therefore, these rules are unsuitable
for verifying reachability sub-properties of CTL properties unless we accept the
overhead of allocating one or more new Petri nets. Our approach, on the other
hand, only changes the immediate marking by removing tokens. This makes it
applicable to reachability sub-properties of a CTL property without requiring
extra allocations. Our CTL results are hence more interesting to examine and
will be the main topic of discussion for the rest of this section.

The number of CTL answers found by each method and ITS-Tools is shown
in Table 1. The dynamic method finds 120 more answers than Tapaal, whereas
the static finds 47 more. When we distinguish between the cardinality and fire-
ability subcategories, we see that the dynamic method finds more cardinality an-
swers than the static one, but their additional answers with respect to Tapaal
are similar for fireability. ITS-Tools finds 9274 fewer answers than Tapaal
overall. As a result, we consider a comparison with ITS-Tools to be unin-
formative and we will exclude it in the following. The number of new answered
queries may seem small compared to the size of the benchmark. However, a large
portion of the queries in the MCC benchmark are straightforward to solve since
the queries are randomly generated [18] and the state spaces of some models are
small. For example, Tapaal solves 8275 queries using just query rewriting [2]
and linear equations [13,22], and 29608 queries are solved in less than 30 sec-
onds. However, some queries are too complex for any tool due to the extreme
size of the state space [6]. For this reason, we shall from now on focus on queries
where at least one of the three methods spends at least 2 minutes or 1 GB of
memory. We classify such queries as challenging. There are 13,863 challenging
queries in total, and 782 are answered by at least one of the three methods. A
similar projection to challenging queries was made in [1], but our projection is
not biased towards queries where our methods provide improvements, as it also
includes queries where our method causes slowdowns.

The cactus plots in Figure 3 depict the time and memory usage on the chal-
lenging queries. In both plots, the static method curve resembles that of Tapaal
but is shifted to the right, indicating that static often performs comparatively
to Tapaal, but for some cases, it achieves major savings. The dynamic method
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(b) Memory

Fig. 3: Cactus plots showing the number of challenging queries that can be an-
swered within the depicted time/memory limit. The plots are created by ordering
the queries independently of the method (on x-axis) by the verification time or
peak memory (on y-axis).

provides notable reductions in time and, especially, memory usage. The dynamic
method solves more than 200 challenging queries within a 10-second limit, in-
dicating that many queries that challenge Tapaal become significantly easier
with the dynamic method. Regarding memory, Tapaal answers 144 challenging
queries using less than 1 GB, while our dynamic method answers 405.

The dynamic and static methods answer different queries due to their dif-
ferent performance characteristics. For this reason, we also depict the minimum
time of the static and dynamic method in Figure 3a which for each query con-
siders the fastest time of our two methods. This is thus an approximation of
running both methods in parallel. As shown, this version outperforms all the
others by about 120 answers. The results indicate that the static and dynamic
methods complement each other despite their similar definitions, and it may be
useful to investigate strategies for selecting when to apply which in future work.

The number of configurations in the dependency graph explored by the CTL
algorithm of verifypn has been significantly reduced by the dynamic method.
Across all queries answered by all three methods, Tapaal explores 880K con-
figurations on average, the static method explores 866K (−1.7%), and dynamic
method explores 807K (−8.3%). On the challenging queries answered by all
three methods, Tapaal explores 16.7M configurations on average, static ex-
plores 15.3M (−7.8%), and dynamic explores 10.1M (−39.3%).

Next, we examine the impact of our methods on a query-by-query basis using
the challenging queries. To compare queries where one method finds an answer
while the other does not, we consider two scenarios: (i) a pessimistic one where
we assume that the unanswered queries require infinite time and memory, and
(ii) an optimistic one where we assume that the unanswered queries use exactly
the time/memory limit of our experiments. Both scenarios are shown on the
ratio plots in Figure 4, where a value of 0.5 means that the methods used the
same amount of time/memory on the same query. A value of 0.75 means that our
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Fig. 4: Query-to-query comparison of time and memory usage on the challenging
queries, showing the ratio between the Tapaal baseline and one of our meth-
ods, i.e. Tapaal

Tapaal+Ours . Queries are sorted by the ratio and then offset such that 0
on the x-axis is where the methods perform equally. Hence, queries on the left
(negative) are queries where Tapaal performs the best and queries on the right
(positive) are where our method performs the best. Each plot includes a pes-
simistic scenario (solid) where the unanswered queries require infinite resources
and an optimistic (dashed or dotted) where unanswered queries require the re-
source limit of our tests. The axis on the right-hand side shows the ratio as a
factor. I.e. a factor of 2 in subfigure (a) means our method was twice as fast.

method only used 25% of the summed time/memory while Tapaal used 75%.
We find that the performance impact of the dynamic method is generally more
extreme in magnitude. It provides speedups for about half the queries. The dy-
namic method is 10 times faster (ratio of ≥ 0.9 on the graph) at 290 queries in
the optimistic scenario and 341 queries in the pessimistic scenario, however, it
is also 10 times slower than Tapaal (ratio of ≤ 0.1) at 115 queries in the op-
timistic scenario and at 186 queries in the pessimistic scenario. When it comes
to memory comparison in Figure 4b, the dynamic method provides many sig-
nificant savings, matching what was concluded earlier. The dynamic method
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All models (N = 1426) Challenging models (N = 473)
Speed-up
factor Dynamic Static min(Dyn,Stat) Dynamic Static min(Dyn,Stat)

≤ 0.01 122 45 23 41 17 8
≤ 0.1 224 59 30 64 18 8
≤ 0.5 544 91 57 139 22 13

≥ 2 449 313 488 106 69 119
≥ 10 271 115 287 83 38 86
≥ 100 222 85 236 78 34 81

Table 2: Number of models where at least one of the associated queries saw the
given speedup or slowdown w.r.t. the Tapaal baseline.

occasionally finds answers with degraded memory efficiency. Most degradations
are likely attributed to the randomness of the search strategy, as the dynamic
method does not accumulate memory usage. Alternatively, the query may have
timed out, leading to inflated memory usage. The static method provides a time
and memory efficiency almost identical to that of Tapaal for a majority of the
challenging queries. On Figure 4c, if we focus on queries where the methods
have a significant performance difference, i.e. a ratio ≥ 0.6 or ≤ 0.4, equating
to a 3:2=150% time usage by one of the methods, then the numbers favor the
static method. The static method has 131 queries above 0.6 while Tapaal has
82 queries below 0.4. This implies that the static method has some overhead,
but it does not significantly impair its overall benefits. The memory plot in Fig-
ure 4d shows a small advantage of the static method over Tapaal with about
half of the queries having very similar peak memory usage, and of the remaining
queries a larger portion sees significant memory savings with the static method
(shown on the right of the plot).

Our method relies on the structure of the Petri nets, so we investigate whether
the performance improvements are concentrated on a certain subset of the mod-
els. First, we extend the notion of challenging from queries to models. A model is
challenging if at least 1/4th of its queries are challenging. In Table 2, we group
queries by model and check whether at least one query in the group exceeds
a speedup or slowdown factor of 2, 10, and 100. Out of the 1426 models, 222
(15.6%) feature a query solved two orders of magnitude faster by the dynamic
method compared to Tapaal, and similar speedups occur on 85 models (6.0%)
when using the static method. The static method has significantly fewer queries
that see slowdowns, especially small slowdowns to ≤ 0.5 speed (91 compared to
the dynamic method’s 544). Slowdowns occur on 122 (8.6%) of all models when
using the dynamic method, about half as frequent as the two orders of magni-
tude speedups. On the 329 challenging models, we have 78 models (23.7%) that
find a two-order-of-magnitude speedup for at least one query when using the
dynamic method. These 78 models belong to 34 different families (a group of
similar models scaled to various sizes) out of 131 in total. Again, we also consider
the minimum of the dynamic and static methods as if they were run in parallel,
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and we see that the dynamic and static method complement each other. The
number of models with slowdowns is significantly reduced—only half as many as
the static method alone which is otherwise the method with fewest slowdowns.
Meanwhile, there are also a few additional models with high speedups than when
considered individually.

Overall, it is clear that our methods amplify the verification of CTL proper-
ties through their reductions of the state space, often leading to time and, espe-
cially, memory savings compared to the state-of-the-art methods implemented
in Tapaal. Since they only modify the immediate markings, we can use them
in situations where other methods are not applicable.

5 Conclusion

We presented a new token elimination technique to reduce the state-space size in
Petri net model checking. Our technique has two phases. First, we approximate
sets of impossible transition firings and effects and then we compute sets of
visible effects based on the possible firings and effects. This allows us to identify
a set of transitions, such that the shortest trace to any goal marking consists
exclusively of transitions from this set. Based on this, we derive a set of places
where all tokens can be removed without affecting the satisfaction of a given
reachability property. We also presented a static instance of our technique that,
in contrast to the dynamic one, is computationally cheaper as it does not require
recomputations based on the current marking. Since our technique only modifies
the marking it can be used in contexts where other reductions are unsuitable
while providing similar benefits.

We implemented our techniques in the state-of-the-art CTL algorithm of
Tapaal, winner of the recent editions of the Model Checking Contest in the
CTL category. Our implementation eliminates tokens in every reachability node
according to the computed visible effects. Through experiments on the Model
Checking Contest 2023 benchmark, we showed that our technique improves the
performance of CTL model checking. The static technique improves time and
memory usage, while the dynamic technique provides even greater time and
memory savings at the cost of occasionally high overhead. Due to their different
performance characteristics, running them in parallel is also a viable option,
avoiding some of the time overhead.

While our experiments focus on the CTL properties, our technique can be
adapted to other kinds of properties such as UpperBound queries which ask
for the count of a maximum number of tokens in a given set of places. Not all
tokens may be relevant to determine such upper bounds when using a state space
search. Similarly, it can be used for liveness checks, as this can be rewritten to
the CTL query asking if AG EF enabled(t) for all t. Further applications of the
token elimination technique to other types of logics are part of the future work.
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born Set Reduction for Timed Reachability and Safety Games. In: Dima, C.,
Shirmohammadi, M. (eds.) Formal Modeling and Analysis of Timed Systems.
LNCS, vol. 12860, pp. 32–49. Springer International Publishing, Cham (2021).
https://doi.org/10.1007/978-3-030-85037-1 3

4. Bønneland, F.M., Jensen, P.G., Larsen, K.G., Muñiz, M., Srba, J.: Start
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A Proofs for Section 2 (Petri Nets and the Reachability
Problem)

Lemma 1. Let N = ⟨P, T,W, I⟩ be a PN, M,M ′ ∈ M(N) markings, φ a
state property, and t /∈ +places⇑(φ) ∪ places⇓(φ)

− a transition. If M ̸⊨ φ and

M
t−→M ′, then M ′ ̸⊨ φ.

Proof. Let N = ⟨P, T,W, I⟩ be a PN, M ∈ M(N) a marking and φ a state

property. For the sake of contradiction, assume that M ̸⊨ φ and M
t−→ M ′ such

that M ′ ⊨ φ for some t /∈ +places⇑(φ) ∪ places⇓(φ)
−. The proof proceeds by

structural induction on φ.

– Case φ = k ≤
∑

p vpp: SinceM ̸⊨ k ≤
∑

p vpp then we know k >
∑

p vpM(p).
In order for M ′ ⊨ φ it must be the case that

∑
p vpM

′(p) >
∑

p vpM(p).
This is possible in two ways:
• There exists place p′ s.t. vp′ > 0 and M ′(p′) > M(p′). This implies that
t ∈ +p′. However, by definition places⇑(φ) = {p ∈ P | vp > 0} and thus
t ∈ +places⇑(φ) creating a contradiction.

• There exists place p′ s.t. vp′ < 0 and M ′(p′) < M(p′). This implies that
t ∈ p′−. However, by definition places⇓(φ) = {p ∈ P | vp < 0} and thus
t ∈ places⇓(φ)

− creating a contradiction.
Hence there is no t /∈ +places⇑(φ) ∪ places⇓(φ)

− such that
∑

p vpM
′(p) >∑

p vpM(p), and so it must be that M ′ ̸⊨ φ.
– Case φ = φ1∧φ2: Since M ̸⊨ φ there exists i ∈ {1, 2} s.t. M ̸⊨ φi. By defini-

tion +places⇑(φi) ⊆ +places⇑(φ) and places⇓(φi)
− ⊆ places⇓(φ)

− which by
induction hypothesis implies M ′ ̸⊨ φi. By semantics of conjunction M ′ ̸⊨ φ
too, creating a contradiction.

– Case φ = φ1 ∨ φ2: Since M ̸⊨ φ then M ̸⊨ φ1 and also M ̸⊨ φ2. By
definition +(places⇑(φ1) ∪ places⇑(φ2)) ⊆ +places⇑(φ) and (places⇓(φ1) ∪
places⇓(φ2))

− ⊆ places⇓(φ)
− which by induction hypothesis implies M ′ ̸⊨

φ1 and M ′ ̸⊨ φ2. By semantics of disjunction M ′ ̸⊨ φ too, creating a contra-
diction.

B Proofs for Section 3 (Token Elimination)

Theorem 1 (αφ
sta Preserves Reachability). Let M be a marking and EFφ

a reachability property. We have M ⊨ EFφ iff αφ
sta(M) ⊨ EFφ.

Proof. The proof of Theorem 1 is a special instance of Theorem 2 and we refer
to the proof of that theorem.

Lemma 2. Let p ∈ P be a place and t ∈ T be a transition.

– If p /∈ CM
⇑ then M ′(p) ≤M(p) for all M ′ s.t. M →∗ M ′,

– If p /∈ CM
⇓ then M ′(p) ≥M(p) for all M ′ s.t. M →∗ M ′,

– If t /∈ CM
F then M ′ ̸ t−→ for all M ′ s.t. M →∗ M ′.
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Proof. We prove all three claims by showing that if t ∈ T is a fireable transition,

i.e. if M
wt−→ for some w ∈ T ∗, then t ∈ CM

F and t+ ⊆ CM
⇑ and −t ⊆ CM

⇓ . The
proof is by induction on the length of w. t If |w| = 0, then t is enabled in M , i.e.
W (p, ti) ≤M(p) and I(p, ti) > M(p) for all p ∈ P . Thus, by constraint (C), we
have t ∈ CM

F and t+ ⊆ CM
⇑ and −t ⊆ CM

⇓ .
Now let |w| > 0. If t is enabled in M , then as by the base case the claim

holds. Otherwise, we have that t is enabled after firing w. Hence, for all p ∈ P ,
either W (p, t) ≤M(p) or there must exist a transition tw in w such that p ∈ t+w .
Similarly, for all p ∈ P , either I(p, t) > M(p) or there must exists a t′w in w such
that p ∈ −t′w. By the induction hypothesis, we have t′+w ⊆ CM

⇑ and −t′w ⊆ CM
⇓ .

Now by constraint (C), it follows that t ∈ CM
F and t+ ⊆ CM

⇑ and −t ⊆ CM
⇓ .

Theorem 2 (αφ,M
dyn Preserves Reachability). Let M be a marking and EFφ

a reachability property. We have M ⊨ EFφ iff αφ,M
dyn (M) ⊨ EFφ.

Proof. Let M̄ = αφ,M
dyn (M).

⇒: We argue thatM ⊨ EFφ implies that M̄ ⊨ EFφ. AssumeM ⊨ EFφ, then
Lemma 3 implies that there must exist w ∈ (Tφ,M

dyn )∗ such that M
w−→ M ′ for

some M ′ ⊨ φ. The proof proceeds by showing that M̄
w−→ M̄ ′ for some M̄ ′ ⊨ φ.

For the sake of contradiction, assume that M̄ ̸ w−→. This means that there exists
a transition tw in w that was disabled by αφ,M

dyn . This can happen only in two
ways:

– There exists a p ∈ •tw such that M(p) > M̄(p). But this is not possible

since tw ∈ Tφ,M
dyn and •Tφ,M

dyn ⊆ Pφ,M
dyn , which implies that M(p) = M̄(p) for

all p ∈ •tw.
– There exists a p ∈ ◦tw such thatM(p) < M̄(p). But this is not possible since

◦T ⊆ Pφ,M
dyn .

Hence, it must be the case that M̄
w−→. Since places(φ) ⊆ Pφ,M

dyn , the tokens in

places(φ) are not modified by αφ,M
dyn , so combined with the effect of firing w we

have that M ′(p) = M̄ ′(p) for all p ∈ places(φ) and therefore M̄ ′ ⊨ φ implying
that M̄ ⊨ EFφ.

⇐: We argue that M̄ ⊨ EFφ implies that M ⊨ EFφ. By definition of αφ,M
dyn ,

it is clear that tokens are only removed, but never from ◦T . Hence, αφ,M
dyn only

removes behavior, and any trace fireable in M̄ is also fireable inM . So assuming
M̄

w−→ M̄ ′ with M̄ ′ ⊨ φ then alsoM
w−→M ′. And again, since places(φ) ⊆ Pφ,M

dyn ,

the tokens in places(φ) are not modified by αφ,M
dyn , the effect of firing w results in

M ′(p) = M̄ ′(p) for all p ∈ places(φ) and thus M ′ ⊨ φ implying that M ′ ⊨ EFφ.
This concludes the proof for Theorem 2. Theorem 1 can be proved in a similar
manner with the relaxation that CM

⇑ = CM
⇓ = P and CM

F = T .
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