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Abstract: Storm water detention ponds are used to manage the discharge of rainfall runoff
from urban areas to nearby streams. Their purpose is to reduce the hydraulic impact and
sediment loads of the receiving waters. Detention ponds are currently designed based on static
controls: the output flow of a pond is capped at a fixed value. This is not optimal with respect to
the current infrastructure capacity and for some detention ponds it might even violate current
regulations set by the European Water Framework Directive. We apply formal methods to
synthesize (i.e., derive automatically) a safe and optimal active controller. We model the storm
water detention pond, including the urban catchment area and the rain forecasts, as a hybrid
Markov decision process. Subsequently, we use the tool Uppaal Stratego to synthesize a
control strategy minimizing the cost related to pollution (optimality) while guaranteeing no
emergency overflow of the detention pond (safety). Simulation results for an existing pond show
that Uppaal Stratego can learn optimal strategies that prevent emergency overflows, where
the current static control is not always able to prevent it. At the same time, our approach can
improve sedimentation during low rain periods.

Keywords: Stochastic hybrid systems, Switching control, Safe and optimal control,
Hydroinformatics, Storm water detention ponds

1. INTRODUCTION

Urbanization poses two major risks related to storm wa-
ter runoff management: flooding of the urban area, and
environmental impact on receiving waters from hydraulic
loads and pollution. The roads, roofs and other man-
made surfaces of urban areas collect the rainwater and
generate runoff, which needs to be transported away from
the city to receiving waters to avoid urban flooding. The
urban runoff carries particulates and xenobiotics from de-
positions on the urban surfaces (Hvitved-Jacobsen et al.,
2010). Storm water detention ponds are the most com-
monly used storm water management tool for avoiding or
reducing the impacts of storm water runoff (Tixier et al.,
2011). Negative impacts of storm water runoff include un-
natural disturbances, stream bed erosion, and downstream
flooding (Walsh et al., 2005).

With the growth of urban areas as well as the change in
climate and its related rain events, water utility compa-
nies need to constantly construct, maintain, and upgrade
detention ponds to ensure efficient and safe storm water
discharge. For example, it is estimated by the Danish Wa-
ter and Wastewater Association that the cost of updating
the Danish storm water systems will be between 0.6 and
1.3 billion euros (DANVA, 2018). Mitigating the envi-
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ronmental impact has increasingly changed the discharge
permits over the last 15 years, so even recently constructed
storm water detention ponds do not comply with present
recommendations, see Jensen et al. (2020).

The requirements for the design of storm water detention
ponds are, in general, based on the maximum allowed
discharge flow rate into the nearby stream or river, the
probability of emergency overflow, and the concentration
of pollutants in the discharged water (Mobley and Culver,
2014). These regulations are derived from the European
Water Framework Directive (European Commission, 2000)
and discharge permits issued by the local authorities.

Currently, the most common discharge strategies involve
static flows (when there is storm water in the detention
pond) into the stream without taking into account the
actual capacity of the receiving stream. These strategies
do not necessarily comply with the regulations set by
the European Water Framework Directive, as pointed out
by Schütze et al. (2004).

Existing work on the design of active control strategies for
urban water systems primarily focus on sewer systems and
wastewater treatment plants, which do include detention
ponds as a subsystem, see for example Schütze et al.
(2004); Haverkort et al. (2010); Hoppe et al. (2011);
Sun et al. (2017). Controlled discharge from detention
ponds has also been studied. In Muschalla et al. (2014),
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Fig. 1. Satellite image of the Vilhelmsborg Skov pond
south of Aarhus, Denmark. A is the detention pond,
where the outlet is located at B. Storm water is
discharged in the stream labeled with C, which runs
from the south to the north. Image from Google Maps.

a real-time controller is designed improving the efficiency
of particle removal. Further improvements are presented
in Gaborit et al. (2013, 2016), where off-line strategies take
weather forecasts into account. However, these works focus
primarily on particle removal efficiency as the objective,
as most of the pollution is bound strongly to organic
and inorganic particles. Furthermore, the underlying rule-
based control strategies are manually derived and the
discharge output can only be changed infrequently, like
once a day.

In the field of cyber-physical systems, there is consider-
able research in deploying formal methods for verifying or
even synthesizing controllers for stochastic hybrid systems.
For example, the tool Uppaal Stratego (David et al.,
2015) is able to synthesize safe and near-optimal con-
trollers by combining model checking and reinforcement
learning. Case studies using Uppaal Stratego include
battery aware scheduling problems (Wognsen et al., 2015),
adaptive cruise control (Larsen et al., 2015), and floor
heating (Larsen et al., 2016).

In this paper, we deploy formal methods to automatically
synthesize active control strategies for storm water deten-
tion ponds, where we optimize for particle sedimentation
while also guaranteeing safety with respect to emergency
overflows. As basis for the control synthesis, we model the
storm water detention pond as a hybrid Markov decision
process utilizing a combination of differential equations
and (stochastic) timed automata. The synthesized con-
troller is able to periodically change the discharge flow,
thus allowing a more rapid and precise response to un-
certain weather events. Simulation experiments of a real-
world detention pond show that the synthesized strategies
are better at utilizing the pond’s capacity compared to the
current static control while also honoring the stated safety
requirements.

2. STORM WATER DETENTION PONDS

Storm water detention ponds collect storm water from ur-
ban areas, like streets, roofs, parking lots, and recreational
parks. When it is raining or snow is melting, two main risks
arise. First, the runoff flow in urban areas can exceed the
capacity of nearby streams. Second, urban area particles
collected by the storm water can pollute the ecosystem
of the stream and downstream waterbodies. Storm water
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Fig. 2. Overview of the storm water detention pond

detention ponds aim to reduce or avoid the impact of both
risks.

An example of such a pond is shown in Figure 1. The
satellite image shows the Vilhelmsborg Skov pond south
of Aarhus, Denmark. Labeled by A is the storm water
detention pond, partially filled with water. It collects the
water from from the neighborhoods south of it through the
storm water sewer system next to the roads. The pond’s
outlet is indicated by B, which connects to the stream
labeled with C. This stream runs from south to north and
discharges the water from the neighborhood.

Storm water detention ponds can be characterized by
being either a wet or a dry detention pond. A wet detention
pond always has a minimal amount of water in it, while a
dry one can empty completely (hence the names). In our
case study, we focus on a wet detention pond.

Currently, storm water detention ponds are designed with
static outlet flow regulator creating a capped outlet flow
into the stream. The capacity of the stream (reflected in
the issued permits) dictates the maximum outlet flow of
the pond. This capped outlet flow determines, together
with other criteria like the urban catchment size and the
emergency overflow risk, the size of the pond.

Recent research has focused on the design of energy
efficient dynamic outlet flow regulator 1 . Having these flow
regulators allows utility companies to incorporate active
(or real-time) control into their design of the storm water
detention ponds. This has the potential to enable more
efficient detention pond designs and reduce the negative
effect of the two aforementioned main risks.

Figure 2 shows a schematic overview of the wet storm
water detention pond. Rain water falls into an urban area,
like a neighborhood, university campus area, or a highway,
and is transported to a nearby pond. Rain water enters the
pond through inlet Qin and exits it through outlet Qout

into a nearby stream or river. A valve in the outlet limits
the outflow. Due to the positioning of the outlet pipe,
there is a permanent water level in the pond (indicated
with the lower horizontal dashed line in the figure). The
variation of the water level above this permanent water
level is indicated by w. When the maximum water level,
indicated by W , is reached, the pond will overflow.

We neglect the rain falling directly on the pond surface,
the water evaporating into the atmosphere, the water
infiltration into the pond from the bottom and the sides,
and the water leaking through the bottom and sides. It is
shown in Thomsen et al. (2019) that these water flows are
negligible compared to the storm water flow.

1 See project webpage at https://www.danva.dk/viden/vudp/

projektuddelinger/relevand/ (in Danish).
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Fig. 3. A small HMDP example.

3. PRELIMINARIES

We use the mathematical modeling framework of hybrid
Markov decision process (HMDP), adapted from Ashok
et al. (2019); Larsen et al. (2016). The formal definitions
can be found in the full conference paper (Goorden et al.,
2021a). Here we will introduce HMDP with an example.

Figure 3 shows a small HMDP example. Rain can fall
into a storage tank, from which water can be drained
with a controlled valve. The uncontrollable environment
is modeled with the (stochastic) timed automaton Rain.
The two locations, depicted with circles, represent the two
modes Dry and Raining. The clock variable x keeps track
of the duration of modes. The model indicates that the dry
mode has a duration between 6 and 12 time units, while the
raining mode has a duration between 8 and 12 time units,
both uniformly distributed. Once an uncontrollable edge
is taken from Dry to Raining (indicated by the dashed
arrow), the rain intensity r is chosen uniformly between
5 and 10 volume unit per time unit. The initial location
is indicated by the small incoming arrow at location Dry.
The initial value of clock variables is assumed to be 0 when
not depicted.

The timed automaton Controller models the controllable
valve, which is either in control mode Closed or Open. The
solid edges indicate controllable actions. Clock variable
y keeps track of the control period duration, where the
control period is set to 1 (see guards y = 1 on the edges).
When switching to the Closed mode, the output flow o is
set to 0 volume units per time unit, while switching to the
Open mode it is set to 8 volume units per time units.

Finally, the Water model describes the evolution of the
water volume V over time with a simple differential
equation: the volume change is the difference between the
water inflow r and the water outflow o.

3.1 Strategies for HMDP

For a given HMDP, a memoryless and possibly non-
deterministic strategy σ determines which of the control
modes can be used in the next period. A strategy is called
deterministic if exactly one control mode is permitted in
each configuration.

A strategy σ is called safe with respect to a set of states
if all states encountered are within the safe set . A safe
strategy is called maximally permissive if for each state it
returns the largest set of possible actions (David et al.,
2015). For the example, the safety objective could be
maintaining a minimal water level Vmin .

The optimality of a strategy can be evaluated for the
HMDP M with a given optimization variable. Let H ∈
R≥0 be a given time-horizon and D a random variable on

finite runs, then EM,γ
σ,H (D) ∈ R≥0 is the expected value

of D on the space of runs of HMDP under strategy σ
of length H starting in state γ. For the example, the
optimization objective is to minimize the expected average
(accumulated) water level.

3.2 Uppaal Stratego

We use the modeling tool Uppaal Stratego (David
et al., 2015) for control synthesis. It integrates Uppaal
with the two branches Uppaal SMC (Bulychev et al.,
2012) (statistical model checking for stochastic hybrid
systems) and Uppaal Tiga (Behrmann et al., 2007)
(synthesis for timed games). Therefore, Uppaal is able
to synthesize safe and optimal strategies. To synthesize
a safe and optimal strategy σopt , Uppaal Stratego
first abstracts the HMDP into a 2-player timed game,
ignoring all stochasticity. A safe strategy σsafe is afterwards
synthesized for this timed game. A simplified version
of timed computational tree logic (TCTL) (Behrmann
et al., 2007) is used to formulate the safety specification.
Subsequently, reinforcement learning is used to obtain
an optimal sub-strategy σopt based on the HMDP under
supervision of the safe strategy and the given random
optimization variable (David et al., 2015).

Several learning algorithms are at the modelers disposal
in Uppaal Stratego. Recently, in Jaeger et al. (2019)
Q-learning and M-learning were introduced. With Q-
learning, sample runs are drawn from the HMDP model
and are used afterwards to calculate the so-called Q-
values. These values are refined into a new strategy and
the previous step is repeated with this new strategy until
some termination criteria is met. M-learning works sim-
ilar to Q-learning, except that the HMDP model is now
used to approximate the transition and cost functions,
which are used to calculate the Q-values instead of sample
runs. To efficiently cope with continuous state spaces,
Uppaal Stratego uses online partition refinement tech-
niques.
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Fig. 4. The model of the controller. The select statement
is a simplification of having a set of edges with one
for each value in the select range.

4. MODELING

Our model of a detention pond consists of the components
Pond, Controller, Rain, and UrbanCatchment. The model
can be downloaded from Goorden et al. (2021b).

Pond The dynamics of the water level w in the pond can
be derived using the mass balance equation, see Thomsen
et al. (2019). Assuming constant density of water, this
translates into a volume balance equation. Using Figure 2,
we see that the difference in inflow and outflow contribute
to the change in water inside the pond. Therefore,

Qin −Qout =
dV

dt
, (1)

where Qin is the water inlet flow from the urban drainage
system, Qout is the water outlet flow into a nearby stream,
and V the water volume of the pond above the permanent
water level. The outlet flow is assumed to more or less
constant and equal to the discharge permission, but in
reality, there will be non-linear relationship to the water
level. This is however simplified in this model.

The change in volume over time can also be expressed
using the geometry of the pond:

dV

dt
=

d(wAp(w))

dt
, (2)

where Ap(w) is the pond surface area at height w. Equa-
tions (1) and (2) together describe the dynamics of the
pond’s water level under ‘normal’ circumstances.

There are two boundary cases that need to be taken into
account. The first case is when the outflow is larger than
the inflow and the water level reaches the permanent water
level. The second case is when the inflow is larger than the
outflow and the water level reaches the maximum height
W of the pond, which results in an emergency overflow. In
both cases, the water level w remains stationary.

Now, Equation (1) can be reformulated taking these
boundary cases into account:

dV

dt
=


0 if Qout ≥ Qin ∧ w = 0,

0 if Qin ≥ Qout ∧ w = W,

Qin −Qout otherwise.

(3)

Controller The controller is able to change the size of the
pond outlet valve periodically. Figure 4 shows the model
of the controller.

It starts in the urgent location on the right from where
it choses with a controllable action one of the C control
options. The actual output Qout is set to one of the
predefined constant outputs for each mode Qoptions

out and
the clock d, measuring the duration of the current control

Dry

d ≤ dryU [i]

Raining

d ≤ rainU [i]

d ≥ dryL[i]
d := 0, rain := rain[i] · uniform(1− ε, 1 + ε)

d ≥ rainL[i]
d := 0, i++, rain := 0.0

Fig. 5. The model generating rainfall.

period, is reset to 0. Note that d is local to the controller
and does not interfere with clock d from the Rain model.

In the left location, the controller waits until the period
with duration P is over, indicated with invariant d ≤ P .
When the controller has waited for P time units, it goes
to the right urgent location and above process is repeated
for the next control period.

Rain Figure 5 shows the rain model including its uncer-
tainty. It generates the uncontrollable input to the system.
The rain profile is modeled as alternating dry and raining
intervals, each modeled with a location. For each interval
period, indicated with i, the duration of the dry (raining)
period is bounded between dryL[i] (rainL[i]) and dryU [i]
(rainU [i]), all being positive integers. Clock d tracks the
duration of the current interval. The actual dry or rain
duration is chosen uniformly at random between dryL[i]
and dryU [i] or rainL[i] and rainU [i], respectively.

When it is raining in the i-th interval, the actual rain
intensity rain ∈ R used as input for the UrbanCatchment
model is chosen uniformly random between rain[i] · (1− ε)
and rain[i] · (1 + ε), where ε is a fixed uncertainty factor.
Within an interval, the rain intensity is constant.

The concrete values for dryL[i], dryU [i], rainL[i], rainU [i],
and rain[i] are derived from historical rain data from
the Danish Meteorological Institute (2020).

UrbanCatchment The model of the urban catchment
area can be found in the full version of this paper (Goorden
et al., 2021a).

5. CONTROLLER SYNTHESIS

5.1 Problem definition

The main objective of the controller is to ensure a safe op-
eration of the storm water detention pond. In this context,
safety is defined as preventing the pond from overflowing.
In case of an overflow event, the water discharge in the
nearby stream or river is temporarily much higher than
normal. This excessive discharge might have environmen-
tal impacts or cause downstream flooding.

We measure overflow with a continuous variable o that
represents the accumulated overflow duration. Formally,

do

dt
=

{
1 if w = W,

0 if w < W.
(4)

The secondary objective is to capture as much urban area
particles as possible from the storm water. This is done
to prevent contamination of the nearby stream or river.
Particles are captured through particle sedimentation onto



the pond’s floor surface. Hence, the more water in the
pond, the more time particles have to be deposited on
the floor.

In the model, we associate a cost c to the ability of
particle sedimentation. A linear cost function is used such
that higher water levels, related to higher possibilities for
particle sedimentation, result in lower cost. Formally,

dc

dt
= 1− w

W
. (5)

Therefore, c represents the accumulated cost, where a cost
of 1 per time unit is associated with w being the permanent
water level and a cost of 0 with w being at the maximum
height W .

Now, the controller synthesis problem is formulated as
follows. Synthesize the safe strategy σsafe with respect to
the safe state set S specified by TCTL predicate φ ≡
�(o = 0) 2 , i.e., no overflow is encountered in all states
of the runs according to the safe strategy. Subsequently,
the optimal strategy is calculated with

σopt = arg min
σ⊆σsafe

EM,γ
σsafe ,H

(c), (6)

where the particle sedimentation cost is minimized while
adhering to the synthesized safe strategy σsafe . Up-
paal Stratego is used to synthesize controllers for this
problem .

5.2 Experimental results

We calibrated our model to the Vilhelmsborg Skov pond
south of Aarhus, Denmark. It has an urban catchment area
of Auc = 0.59 ha, a permitted discharge of 95 L/s, and an
average pond area Ap = 5, 572 m2 (data from Thomsen
et al. (2019)). We estimated the maximum water level to
W = 300 cm.

Historical rain data for the period September 5 - Septem-
ber 7 2019 are used, obtained from the Danish Meteorolog-
ical Institute (2020). For each rain event, we averaged the
rain intensity. Subsequently, an uncertainty of ε = 10% is
added to the observed interval durations and rain intensi-
ties to obtain a weather forecast. In this period, five rain
events occurred with varying lengths and intensities. Full
rain details can be found in Goorden et al. (2021a).

Figure 6 shows the results of five simulated runs in
Uppaal Stratego with an initial water height w = 100
cm and the current static control strategy, i.e., the number
of control modes C for the valve is 1. In blue and solid lines
the water level is plotted, in black and dotted lines the rain.
We observe that one of the five runs eventually results in
an emergency overflow of the pond around 2700 minutes (9
pm on September 6). This is also confirmed by analyzing

the expected value of o: EM,w=100

σstatic ,3 days
(o) = 1.8 ± 0.4, i.e.,

the pond is expected to be overflowing for 1.8 minutes.

An actively controlled valve can have three different
modes: small, medium, and large. We set the medium
setting to the current static output flow capacity of 95
L/s. The low setting is 0.25 times medium and high 1.5

2 In Uppaal Stratego, we actually implemented it with ♦(o =
0 ∧ t = H), which is equivalent as o is a monotonically increasing
variable, and integrated it with Equation 6.
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Fig. 6. Five simulations of the model with the current
static control and active control. Blue and solid lines
indicate the water level in the pond for static control
and red and dashed lines the water level for active
control. The rain fall is depicted in black, dotted, and
in reverse y-axis. For one run, overflow occurs around
t = 2700 min, as the maximum water level is W = 300
cm. As a quick reference, 720 minutes is a half day,
and the total time scale is three days.

times medium. Due to power constraints, the valve can
only change once every hour, so P = 60 min. We use Q-
learning to synthesize strategies .

With these control modes, we synthesized an optimal
controller using Equation (6). Figure 6 shows five runs
in Uppaal Stratego of the model using the synthesized
optimal controller (depicted in red and dashed). As can
be seen from the figure, in order to ensure safety, the
controller keeps the water level in the pond lower than
the static controller. For some runs the pond water level
even reaches the permanent water level, i.e., it cannot go
lower.

Yet, having a safe strategy comes with higher cost for
particle sedimentation. For static control, the expected

cost is EM,w=100

σstatic ,3 days
(c) = 2026 ± 8, while for the optimal

control it is EM,w=100

σopt3 days
(c) = 2480±8. This is an increase of

22%, but accepted as our primary aim is to avoid flooding.

Finally, Uppaal Stratego can also report when no
optimal and safe strategy can be synthesized. For example,
if the initial water level is w = 150 cm, the query for
Equation (6) cannot be satisfied. This means that no safe
strategy can be found against the uncontrollable opponent
(in this case the weather forecast) such that the pond
will never overflow. This can be useful in predicting when
emergency overflows will occur, acting as a warning system
for the pond’s operational organization, such that they
can take additional measures at the pond in question,
like maximizing the discharge flow, or in the potentially
affected area downstream.

More experimental results can be found in the full confer-
ence paper (Goorden et al., 2021a).



6. CONCLUSION AND FUTURE CHALLENGES

We applied formal controller synthesis to automatically
derive controllers for storm water detention ponds where
the water discharge into the nearby stream can be regu-
lated. We showed that the problem can be modeled as a
hybrid Markov decision process, such that symbolic and
reinforced learning techniques from Uppaal Stratego
can be applied. Simulation results of an existing detention
pond in Denmark shows that safe and near-optimal active
controllers can be synthesized.

This first step opens several future research directions.
First, weather forecasts change over time and are increas-
ingly used in urban hydrology research (Thorndahl et al.,
2017). Therefore, the presented model setup should be
adapted to an on-line model-predictive control setting.
Second, to increase the explainability of the synthesized
strategies, it is to be investigated whether exporting strate-
gies to decision trees, see Ashok et al. (2019), is possible.
Third, it would be interesting to validate the approach
with real-life data. Yet, actual data of water levels in ponds
are scarce. Finally, only a single storm water detention
pond is analyzed in isolation from the discharge stream.
It is interesting to see whether collaborative strategies
can be synthesized for a collection of detention ponds all
discharging into the same stream.
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