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Abstract. Constantly growing demands on higher bandwidth and qual-
ity of service in modern communication networks motivate the introduc-
tion of fully optical network technologies that can eliminate the bottle-
necks of optical to digital signal conversions. Recent advances in elastic
optical networks enable fine-grained resource allocation technologies for
traffic demands, which introduces the Routing and Spectrum Allocation
(RSA) problem. In order to improve network resilience for multiple link
failures while avoiding double light-spectrum allocation, we present Ez-
pectAll—a novel approach and a tool for resilience and path/spectrum
allocation based on binary decision diagrams (BDDs). Our method effi-
ciently computes and stores all solutions to the RSA problem in the BDD
data structure, facilitating optimal and fast failover protection for failure
scenarios even with multiple failing links. FxpectAll surpasses the state-
of-the-art methods in both the speed of finding a single optimal solution
for a currently occurring failure scenario as well as in the preparation time
required to precompute all optimal route and spectrum assignments.

1 Introduction

With more than two-thirds of the global population having access to the internet
and the increasing amount of data that originates from more and more devices
being connected, modern data networks are put under pressure, heightening the
need for increased bandwidth and network resilience [16]. Elastic, all-optical
networks [I0] are a possible solution to deal with these challenges. Traditionally,
optical networks use wavelength-division multiplexing (WDM) [33] in order to
split the frequency spectrum into slots of 50 GHz. As the amount of traffic has
increased and is only predicted to increase more in the future, a new flexible
paradigm has been proposed using elastic Flexgrid technology to enable more
fine-grained splitting of the bandwidth down to 6.25 GHz slots [30]. In elastic
optical networks, data is transported along lightpaths, which are all-optical con-
nections between two access points in the network using one or more spectrum
slots. Given a set of traffic demands, the routing and spectrum allocation (RSA)
problem [31] involves finding a lightpath in the form of a route through the
network and a set of spectrum slots for each demand. A solution to the RSA
problem must comply with the constraints of:
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— Continuity: A lightpath must use the same spectrum slots throughout its
entire flow through the network.

— Contiguity: The spectrum slots used on a lightpath must be consecutive
(follow each other).

— Non-overlapping: For each link in the network, a spectrum slot can be used
by at most one lightpath.

With the increasing scale of networks and the amount of data that can be
transported through an elastic optical network, the consequences of link outages
become more severe [2827]. Examples include loss of business revenue and dis-
ruption of safety-critical networks [T2IT724]. It is therefore important that net-
works quickly recover from link failures to reduce the consequences by finding an
alternative routing for the demands affected by the link failures [19]. Current ap-
proaches in all-optical networks achieve quick recovery times for link failures by
reserving a backup path for each demand [9I3] through over-allocation, thereby
wasting network resources. Furthermore, this approach can only handle one-link
failures, but multiple links are likely to fail [25]; hence, preparing for only one
link failures can be inadequate. Ensuring resilience to multiple link failures with
quick recovery times in elastic optical networks therefore presents a relevant
challenge in the foreseeable future.

Our contributions We design and implement FxpectAll, a novel approach for
solving the RSA problem using Binary Decision Diagrams (BDDs) to ensure
failure resilience in elastic optical networks. The tool efficiently finds and com-
pactly stores all solutions to the RSA problem, which can be leveraged to quickly
provide real-time solutions to multiple link failure scenarios. To this end, our
contributions are as follows.

First, we investigate the possible application of existing approaches relying
on integer linear programming (ILP) for ensuring optimal failure resilience in
optical networks. We experiment on two real network topologies in multiple-link
failure scenarios and show that ILP is impractical for ensuring failure resilience,
both in terms of the time for synthesizing new network configurations as well as
in the excessive memory requirements.

As our second contribution, we leverage the BDD technology to solve the RSA
problem for the purpose of failure resilience, culminating in an open-source tool
ExpectAll. We prove that our approach finds all optimal solutions and present
improvements to increase its scalability w.r.t. the number of traffic demands.

Finally, we showcase two applications of the BDD technology for ensuring
resilience under multiple-link failures. The first application can handle an arbi-
trary number of link failures, whereas the second application provides quicker
recovery times at the cost of being able to handle only an a priori given maximum
number of failing links. The two applications are compared to the ILP approach,
where it is clear that they both outperform the ILP solver when comparing how
quickly they are able to recover from link failures, as well as how they scale when
increasing the number of link failures.
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Related work The Routing and Wavelength Assignment (RWA) problem is a
well-studied [46/4361] NP-complete problem [I4] in optical networks that use
Wavelength Division Multiplexing (WDM) technology [33] to partition the spec-
trum into a fixed number of wavelengths. Later on, the notion of fine-grained
spectrum allocation was introduced for elastic optical networks as an improve-
ment on the WDM optical networks, generalizing the problem to the routing
and spectrum allocation (RSA). This more recent RSA problem is, as expected,
also NP-hard [15].

Integer Linear Programming (ILP) has originally been used to formalize and
solve the RSA lightpath constraints with the goal of minimizing the maximum
slot index used in the light spectrum [15/58/42]. The ILP formulations were later
improved to be more concise and efficient; example encodings are by Zhang et
al. [62] improving the work done in [58], and Esteban et al. [56] who introduce
even more efficient ILP encoding by employing the notion of channels to handle
the spectrum contiguity constraint. Wang et al. [57] contribute with a relaxed
ILP problem that establishes a lower bound of the optimal solution. In contrast
to our approach, the ILP implementations are relatively effective in finding a
single optimal solution to a given RSA problem. However, finding all optimal
solutions (as needed for the failover protection) is not feasible using the ILP
method as we demonstrate in our paper. While ILP formulations can find opti-
mal solutions, they are generally not applicable for time-critical purposes, such
as reacting to link failures in the order of miliseconds [19]. For more scalable ap-
proaches to solve the RSA problem, heuristics have been proposed [I5J3441], as
well as genetic algorithms [30U29I39] and reinforcement learning models [54160].
These approaches trade off optimality for computation speed, where the genetic
algorithms tend to be closer to achieving more optimal solutions than the heuris-
tics and reinforcement learning approaches at the cost of being computationally
slower. In contrast to these approaches, we are able to find and efficiently store
all optimal solutions for path and spectrum allocations, which can prove useful
for handling changes during the network operation, such as quickly recovering
from link failures.

While the study of fast failover protection [I1I] in IP networks [545], MPLS
networks [4455], Segment Routing networks [2221] and software-defined net-
works [53I13] has been well-studied, these approaches cannot be easily trans-
ferred to elastic optical networks due to the orthogonally different way of packet
forwarding in traditional networks (allowing us to e.g. analyze/modify packet
headers) and fully optical ones. The current approaches for ensuring link fail-
ure resilience in optical networks generally only prepare for one-link failures by
preallocating backup paths [9J3I23/50/51]. For example, Castro et al. [9] pro-
pose a MILP formulation that maximizes the total bitrate recovered in case of
a single-link failure scenario by allocating a backup path for each demand such
that when a demand is affected by a link failure, it can quickly switch over to
its backup path, and Singhal et al. [51] and Gao et al. [23] expand upon this
idea with the notion of a more resource-friendly cross-sharing, where groups of
demands with link-disjoint primary paths are allowed to share a backup path.
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These approaches based on preallocated backup paths assume only one link fail-
ure, but some research (see e.g. Athe and Singh [4] and Li et al. [40]) has been
carried out to extend the failure resilience to two link and network-bound link
failures. Common for the current approaches to ensuring failure resilience is that
they require additional spectrum resources to always be allocated for both the
primary and backup paths in the network to ensure quick failover, which entails
that they do not provide optimal solutions. Our approach finds optimal solu-
tions while being able to handle multiple link failures without having to resort
to resource over-allocation.

Organization The rest of the paper is organized as follows. First, we formally
define the RSA problem and the problem of handling link failures in Section
Then, in Section [3] we present and evaluate how to use an ILP formulation to
handle link failures. In Section [} we encode the RSA problem into BDDs which
we then use in Section [5|to handle link failures. Finally, in Section [6} we compare
our BDD-based approach with the ILP approach, and conclude on our work in
Section [

2 Problem Definition

Let us first introduce formally the routing and spectrum allocation problem
(RSA) and the problem of failover protection. We start with the definition of a
network and a routing path.

A network topology is a tuple G = (V, E, src,tgt) where V' is a finite set of
nodes, F is a finite set of edges and src,tgt : E — V denote the source and
target of an edge, excluding self-loops by imposing src(e) # tgt(e) for every
e € E. A path in G is a sequence of connected edges m = ejeses...e, € E* such
that tgt(e;) = src(e;4+1) for all 4, 1 < i < n. Let e € 7 denote that an edge e
is present in the path 7 and let 7 N7’ denote the set of all edges that the two
paths share. Let first(r) = e; and last(w) = e, be mappings that return the
first and the last edge on the path 7, respectively. A simple path is a path where
sre(e’) # sre(e) and tgt(e) # tgt(e') for all pairs of distinct edges e, e’ € m; let
Paths be the set of all simple paths in the topology G.

We assume a finite set of demands D with source and target nodes repre-
sented by the mappings ingress, egress : D — V respectively, and size : D — N
representing the amount of data of a given demand. Furthermore, we assume a
finite set of spectrum slots F = {1,2, .., fmaz - Finally, a channel is any subset
C C F of consecutive slots, and let C be the set of all channels. All possible
channels that can be used to transfer a given demand are represented by the
mapping channels : D — 2C.

Definition 1 (Routing and Spectrum Allocation Problem). Given an
input consisting of

— a network topology G = (V, E, src,tgt) with simple paths Paths,
— a set of demands D = {dy,ds, ...,dn},
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— a mapping DPaths : D — 2P of quailable paths for each demand d € D,
where for every m € DPaths(d) it holds that src(first(m)) = ingress(d) and
tgt(last(m)) = egress(d),

— a finite set of available slots F = {1,2, .., fmaxz}, and

— a modulation mapping A : Paths — N which returns the number of slots
required per sent unit of data on a given path,

our task is to find a solution (P,w) where

— P : D — Paths is the route assignment function such that P(d) € DPaths(d)
for every demand d € D, and

— w: D — 2F is the spectrum allocation function such that w(d) € channels(d)
and |w(d)| = A(P(d))-size(d) meaning that the allocated channel has enough
spectrum slots depending on the chosen modulation and the size of the de-
mand,

such that for all pairs of distinct demands d,d' € D either P(d) N P(d') =0 or
w(d)Nw(d") =0, i.e. either the chosen paths do not intersect or, if they do, then
the allocated frequency slots may not overlap.

Let us remark that the input to the RSA problem contains also the set of
allowed paths for each demand (typically the shortest paths from the ingress to
egress nodes). This allows us to restrict the routing to an (often small) subset
of simple paths and we assume that these can be enumerated to become a part
of the input.

Different metrics have been used to define optimal solutions to the RSA
problem, such as minimizing unserved bandwidth of demands [56], the number
of frequency slots used [I5], and the highest frequency slot index used by any
demand [42]. We are aiming to minimize the highest used frequency slot as this
supports our intended application discusssed later on. Hence for a given spectrum
allocation function w, let usage(w) = max{f € w(d) | d € D} define the highest
used frequency slot in w. A network optimal solution is then a solution (P,w)
to the RSA problem where usage(w) < usage(w’) for any other solution to the
RSA problem (P',w’).

Ezxample 1. Figure |14 illustrates a simple example of the RSA problem with a
small network topology consisting of six nodes and seven edges and a spectrum
width of two frequency slots. There are two demands, d; from v; to vs and do
from vy to vg, both of size 1. Each demand has two possible paths. If the demand
dj uses the longer path 71, then it must be allocated two frequency slots due to
the modulation. The same holds true for the demand ds if it uses the path ms.
Hence, there are three different possible channels for both demands, as seen in
Figure An example of an optimal solution to this RSA problem is Solution 1
where the demand d; is assigned the path 7y and channel w(d;) = {1} while the
demand dj is assigned the path 73 and channel w(dz) = {1}. Solution 2 is not
optimal as its highest used frequency slot is 2.

Having introduced the RSA problem, we now formally define the problem of
protecting a network for up to k link failures.
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Problem: .

D = {di, dp} (optimal)
size(dr) = size(dy) = 1 P(dy) = o
P(dy) = m
DPaths(dr) = {mo,m} w(dy) = {1}
DPaths(dy) = {ms, s} w(dy) = {1}

Alm) = {i :)fth:riz{szl =

Solution 2:

F={1,2} P(d1) = mo

€= {1}, {25, {12} Pldr) =ms
chanmels(d;) = {{1}, {2}, {1,2}} | “(%) = {1}

channels(dy) = {{1}, {2}, {1,2}} [*(%2) = {1, 2}

(a) Example of RSA problem and two corresponding solutions. Solution 2 is highlighted
in yellow, and uses 2 slots. Solution 1 uses only 1 slot. In the case where the thick red
edge fails, only solution 2 is valid.

(d)  rsa-all =
(b) noClash (c) assignment assignment A noClash

Fig.1: BDD for noClash, assignment, and rsa-all for the example shown in
Figure[lal The red highlighted path in[Ldshows the path assignments P(d;) = m
and P(dy) = w3, and the channel assignments w(d;) = w(ds) = {1,2} in which
the two demands clash. Clashing assignments are filtered in the BDD rsa-all.
The yellow highlighted path in Figure[ld|corresponds to two solutions: Solution 2
from Figure [la] and a similar one where we instead have w(d;) = {2}.
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Definition 2 (k-Link Failover Problem). Given a set of link failures Egqi C
E where |Efqu| < k, we want to find a solution (P,w) to the RSA problem where
P(d) N Efgiy =0 for all d € D.

Ezxample 2. Let us assume that the link between vy and wvg has failed in our
running example from Figure Our goal is to find a solution where no demand
is assigned a path that uses the failed link. Clearly, Solution 1 from Figure [La]is
now not a valid option anymore. However, Solution 2 is still a valid solution as
the demand ds is assigned the path w3 which does not use the failed link. Now
Solution 2 becomes an optimal solution in this failure scenario.

The goal is now to be able to quickly react to all possible k-link failure
scenarios and suggest an alternative solution that does not use any of the failed
links. In the next section, we shall discuss the possible applicability of integer
linear programming to adress the failover problem.

3 Failure Resilience via ILP

The goal of fast failover resiliece is to provide an optimal RSA solution for any
failure scenario. According to the Metro Ethernet Forum [I9], we aim for an
average reaction time of less than 50 ms with an upper limit of 200 ms when
link failures occur. In order to achieve this goal, we first examine whether the
classical approach via integer linear programming (ILP) can be employed. We
implement a slight modification (relaxation of the requirement of biderectional
demands) of the state-of-the-art ILP formulation of the RSA problem from [42].
The ILP program presented in [42] minimizes for the highest used spectrum
slot. For completeness, we now present the implemented encoding that uses the
integer variables z4rf € {0,1} where Tarf = 1 signifies that the demand d uses
the path m € DPaths(d) with the start frequency slot f € F. Additionally, it uses
the parameters ng, to denote the number of frequency slots that the demand d
needs to be transmitted along the path m € DPaths(d), i.e. ng, = size(d)- A(w).
The ILP formulation is then as follows:

minimize fmaz (1)
Y Y a=t vdeD (2
fEF neDPaths(d)
Z Z Z xd‘n’f’ S 1, Ve S E,Vf S F (3)
deD weDPaths(d) f'er

ecm F—na-+1<f'<f
Z(f + ngr — ]-) * Tdnf S fmaa: vd € D,V’ﬂ' € DPaths(d) (4)
feF

Constraint [2] assigns a single path and a start slot to each demand. Con-
straint [3] ensures that there is no spectrum clash between demands on any edge
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(a) Deutsche Telecom Backbone (DT) [36] (b) Kanto 11 Network [36]

Fig. 2: Evaluation networks; numbers on edges indicate the distance in kilometers

of the paths. Finally, Constraint [4] checks that the slots used by the demands
are not exceeding the variable f,q, (highest used frequency slot) that we are
minimizing.

When link failures occur in the network, the ILP formulation can be used to
compute an optimal route and spectrum assignment that avoids the failed links.
We evaluate this approach through an experiment, using the Gurobi ILP solver
in Python [26], and run the experiment on a Ubuntu 18.04.5 cluster with 2.3
GHz AMD Opteron 6376 processors, with a memory limit of 30GB. For the ex-
periment, we use the Deutsche Telecom Backbone (DT) and Kanto 11 network
topologies (see Figure , two highly connected topologies where nodes/cities
have their correct population sizes as referenced in [59/49]. The population sizes
are used to generate demands using the standard gravity model [48]. T'wo short-
est paths are generated for each demand using the semi-disjoint path generation
algorithm from [32], and we assume a standard 320 slot spectrum capacity [36]
with modulation 1 for all paths.

We generate random k-link failure scenarios with uniform probability of link
failures and Figures [3a] and [3b] show box plots of the time it takes to compute
a new solution for 1-5 link failures for 3, 6, and 9 demands in the DT network
and Kanto network respectively. We see that the response time for finding a
solution to the problem is in seconds, even for a smaller number of demands,
clearly exceeding the expected average of 50 ms response time. As a conclusion,
the ILP approach is too slow (by several orders of magnitude) in order to be
applied for fast failover recovery.

As an alternative approach, one can consider to precompute and store all
possible optimal solutions for any k-or-fewer link failure scenarios such that a
solution can be provided almost instantaneously once we encounter link failures.
This implies that for each possible combination of failed edges Eyq C E where
|Efeir] < k, we need to precompute a solution using the ILP formulation. This
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o

Query time[s]
N w

Query time[s]
N w

.
.
b

1 2
Link failures Link failures
—— 3 Demands - 6 Demands --- 9 Demands —— 3 Demands - 6 Demands -—- 9 Demands
(a) DT network (b) Kanto network

Fig. 3: Box plots of ILP query times based on 1000 random link-failure scenarios;
dotted and dashed vertical lines show the 50 ms and 200 ms threasholds

Table 1: Estimated precomputation time for failure resilience using ILP

DT/Kanto Demands
3 6 9
1(42s/23s| 2m/2m |3m/3m
2 [17m/7m{40m/19m|2h/35m
Failures| 3 | 5h/2h | 11h/4h |17h/6h
1] 2d/10h | 5d/23h | 8d/2d
5119d/3d | 39d/5d |60d/8d

approach clearly does not scale (neither in CPU time nor the required memory)
due to its high combinatorial complexity. Table[l|shows the estimated precompu-
tation times, based on the average of 1000 randomly generated failure scenarios,
for up to 9 demands and 5 link failures (the first number is for DT and the second
for Kanto). We can observe that already for three failing links, the precompu-
tation takes hours, for four link failures days and for five several weeks, even
for as little as three demands. Additionally, the memory required to store all
these solutions grows exponentially too. We hence conclude that precomputing
solutions to link failures using ILP is not feasible either.

In the next sections, we present a different method based on binary decision
diagrams to efficiently compute and store all solutions to a given RSA problem:;
our method scales orders of magnitude better than the ILP approach, both in
the reaction time as well as the precomputation time/memory.

4 BDD Encoding of RSA

We shall now discuss our method and tool ExpectAll that relies on binary decision
diagrams for computing and compactly storing all solutions to the RSA problem.
Binary Decision Diagrams (BDDs) were introduced in [I] and [38] as a data
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structure to efficiently represent and manipulate Boolean functions. The concept
was later refined in [7] with more efficient Boolean operations. As such, BDDs
have been revolutionary at efficiently representing finite state spaces [§] and have
by now been applied in various problem domains [2827I37IT847].

A BDD is a rooted, directed and acyclic graph [2]. Every non-leaf node in a
BDD is labeled with a Boolean variable, while there are exactly two leaf nodes
labelled with the value 0 (False) and 1 (True). Each non-leaf node u has two
outgoing edges denoted as low(u) and high(u); following an edge corresponds to
setting the variable at node u to either Fulse (low edge) or True (high edge). The
edges are commonly visualized by using a solid line for high(u) and a dotted line
for low(u). In the graphical notation, the leaf node 0 and all its incomming arcs
are usually omitted. An example of a BDD can be seen in Figure [Ib] Following
the right-most branch from the root to the terminal node 1 represents a single
assignment where all variables are true except for c¢i, ¢? and c2. The left-most
branch, on the other hand, represents a whole set of assignments where pi is
false and all other variables can be set arbitrarily.

A BDD is ordered (OBDD) if the variables in the BDD come in the same
order 1 < o < ... < x,, on all paths from the root to a leaf. An OBDD can be
reduced by merging nodes with identical subgraphs, and by deleting nodes where
the subgraphs for low(u) and high(u) are equivalent. Such a BDD is called a
reduced OBDD (ROBDD) [2]. In the rest of the paper, we write simply BDD
instead of ROBDD. In our encoding, we shall use a BDD extension that supports
first-order quantifiers and is closed under all Boolean operations and quantifiers;
for details see e.g. [38].

4.1 Representing a set as a Boolean function

Given a finite set S = {so,51,...,5/5-1}, let X = [X,...,X1] be a vector of
Boolean variables where k = [log2(|S])]. Now any truth assignment a to X can
be interpreted as a natural number n(a) € N written in binary notation. Thus X
encodes the n(a)’th element of S. Let X(s) denote the Boolean expression over
X with just the single truth assignment corresponding to the element s. Given a
Boolean expression b(X), let [6(X)] denote the encoded subset {s,(q) | « satisfies
b(X)} C S such that [b(X)] is a set consisting of all elements that are encoded
by all possible Boolean assignments satisfying the expression b.

Ezample 3. Let us consider the set of paths {mg,m, 7, 73} from Figure We
need two boolean variables p = [p2, p1] to encode any of the given paths. For
instance, we encode the path 7y by p(m9) = =p2 A —p1. In a Boolean expression
such as b = pj, where the variable py is free, the Boolean function b(p) is
satisfied both when [pz — 0,p1 — 1] and [p2 — 1,p1 — 1], which means

[6(P)] = {m1, w3}
4.2 Construction of BDDs with all valid RSA assignments

We shall now describe how, for a given instance of RSA problem, we construct a
BDD representation of all its solutions. As shown in Table 2] for each demand d,
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Table 2: Variables used in the BDD encodings of RSA problem

Variables Description

E: [c? ct_1,...,cf] where n = [log,(|channels(d)|)] |Encoding of channels(d)
pi = [pd,pl_4,...,pd] where n = [log,(|DPaths(d)|)]|Encoding of paths DPaths(d)

we use a vector of Boolean variables E to encode the path assigned to demand
d, and another vector of Boolean variables c? to encode the channel assigned to
demand d. To encode a solution (P,w) to the RSA problem (see Definition [I)),

we use the vector of vectors p7D = [p?, pdz,...,p?P!] to encode P and the vector

of vectors P = [cd1,cdz, ..., cIP1] to encode w.

Ezample 4. We can see that the BDD assignment shown in Figure[Idrepresents
all 32 = 9 possible combinations of P and w for the running example. For example
the assignment where P(dy) = 71, P(d2) = 73 and w(d;) = w(d2) = {1,2} is
highlighted in red.

We now define three BDDs which enforce that p? and c? encode only valid
solutions of the RSA problem. Specifically, the BDDs must ensure that each
demand d is assigned a path m € DPaths(d) and a channel C' € channels(d)
such that |C| = A(w) - size(d). Moreover, whenever a demand shares an edge
with another demand, they cannot be assigned overlapping channels.

To enforce that no two demands are allowed to clash, we define the BDD

noClash (Figure by

noClash(pP,cP) = (5)

AA (ﬂw)ww)v A ﬂ<cd<o>w<c'>>)

d,d’eD, m€DPath(d), Cé€channels(d),

d#d’ w'€DPaths(d’), C'echannels(d’),
m N’ #) |Cl=A(7)-size(d),
|C'|=A(r")-size(d),
CNC'#D

satisfying that (P,w) € [noClash(pD,cP)] iff for all d,d’ € D where d # d’
either P(d) N P(d') =0 or w(d) Nw(d') = 0.

Ezxample 5. Consider again the network from Figure There is only one way
the two demands can clash. The BDD noClash therefore has to encode that it is
satisfied by all path and channel assignments, except when d; and ds are assigned
the paths 7 and 73 respectively, and the channels w(d;) = w(d2) = {1,2}. As
shown in Figure the BDD noClash encodes exactly this, as the only way
not to satisfy this BDD is taking the right-most path down to the node labeled
c2, and then set the value of the Boolean variable ¢ to True, corresponding to
this single clashing assignment.
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Next, we must enforce that each demand d is assigned a correct path and
channel assignment pair. To this end, we define the BDD assignment as

assignment (pP /\ \/ <pd(7r)/\( \/ CCI(C’))) (6)

deD weDPath(d) Cechannels(d),
|C|l=A(r)-size(d)

and clearly (P,w) € [assignment (pP,cD)] iff for all d € D, it holds that
P(d) € DPaths(d), w(d) € channels(d) and |w(d)| = A(P(d)) - size(d).

Finally, we use assignment and noClash to define the BDD rsa-all as

rsa-all (pP,cP) = assignment (pP,cP) A noClash(p?,cP). (7)

FEzample 6. In our running example, we can see in Figure[ld|that rsa-all con-
tains all valid solutions for the given RSA problem. All the assignments from
the BDD assignments are valid solutions, except the assignment that is marked
red in Figure since it is the only assignment that does not satisfy the BDD
no-clash, as noted in Example [l Hence, this is the only assignment that does
not appear in rsa-all. The highlighted path in rsa-all corresponds to the two
valid solutions, one solution being Solution 2 from Figure the other being
the same as Solution 2 except for that the demand d; is assigned the channel
{2} instead of {1}.

We can now state the correctness theorem of our BDD construction.

Theorem 1. The pair (P,w) is a solution to the RSA problem iff (P,w) €
[rsa-ali(pP,cD)].

Proof (Proof sketch). ? =7 Assume (P,w) is a solution to the RSA prob-
lem. By Definition |1 l the encodings pP,cP of (P,w) satisfy both the con-
straints enforced by assignment and noClash and it thus follows that (P,w) €
[rsa-all (pP,cP)].

7 <=7 Let (P,w) € [rsa-all(p?,cP)]. By the constraints enforced by
assignment we know that each demand has been assigned a valid path and
channel combination given the used modulation, and due to the constraints
enforced by noClash we know that the path and channel assignments given to
each demand result in a solution, with no clashing between any of the demands.
Hence (P,w) is a solution to the RSA problem. O

As the BDD rsa-all (pP,c”) now contains all solutions to the RSA prob-
lem, it is possible for a network operator to query it to find for example an
optimal solution or a solution matching any particular property desired by the
operator. For the k-link failover problem, there is no need to store all possible
solutions, as we need only to represent all optimal path and channel assignments
for each possible scenario of up to k link failures. To limit the set of solutions,
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we can disallow a fragmenation of the spectrum space i.e. restrict possible gaps
of slots between the assigned channels. Concretely, we require that a channel
assignment w must assign all slots smaller than or equal to usage(w) to at least
one demand. This is enforced by specifying that the channel assigned to a de-
mand either uses the first slot, or follows directly after a channel assigned to
another potentially path-overlapping demand.

Definition 3 (Gap-free solution). A solution to the RSA problem (P,w) is
gap-free if for all d € D, either min(w(d)) = 1 or there exists a d' € D, 7’ €
DPaths(d") and m € DPaths(d) s.t. 7N # 0 and min(w(d)) = maz(w(d’))+1.

Theorem 2. If (P,w) is a solution to an RSA problem, then there exists a gap-
free solution (P,w') such that usage(w') < usage(w).

Proof. Assume a channel allocation w for the demands d1, ds, ..., d,, such that
d; < dj iff min(w(d;)) < min(w(d;)). A new w’ can now be constructed, such that
W' is gap-free. For d;, let D; be the set of demands dy < d; where w(dy)Nw(d;) = 0
and there exists m € DPaths(dy) and m; € DPaths(d;) s.t. m N # 0. Let o’
initially be undefined for all demands. We now add each demand to w’ one by one
in the specified order, such that if D; = () then w’(d;) = {1, ..., |w(d;)|}, otherwise
let the highest slot assigned by w’ to a demand in D; be 2 = Z%%x(maa:(w’(d)))

and then the new channel of d; is specified as w'(d;) = {2+ 1,2+ 2,...,2 +
|w(d;)|}. Tt follows that usage(w’) < usage(w) since at any step min(w’(d;)) <
1+ | U w(d)]. O
deD;
The gap-free property can be imposed on the solutions encoded by the BDD
rsa-all using the following gapfree BDD defined as

gapfree(cP) = (8)
A (( \ @) vV V el(o) Acd’<0'>)>
deD Céechannels(d), d'eD, Céechannels(d),

min(C)=1 IreDPaths(d), C’€echannels(d’),
In’€DPaths(d’), min(C)=maz(C’)+1
' £

where we have w € [gapfree(cP)] iff w satisfies the gap-free property as de-
scribed in Definition [3| Additionally, since the gap-free property preserves an
optimal solution for each routing assignment, it can handle the same link failure
scenarios as rsa-all.

We now define a new BDD rsa-gapfree using gapfree as follows

rsa-gapfree(pP,cP) =

assignment (pP,cP) A gapfree(cP) A noClash(pP,cP) (9)

and clearly (P,w) € [rsa-gapfree(pP,cP)] iff (P,w) is a valid solution to the
RSA problem and w satisfies the gap-free property. Since assignment, gapfree
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and noClash are just Boolean expressions, their order in the conjunction is
semantically irrelevant; in the implementation, the conjunction is evaluated in a
left-to-right order, resulting in an improved performance.

In addition to removing spectrum gaps, any optimal solution will never oc-

cupy any spectrum slot higher than mazy = Y, maz (A(r)-size(d)) and
deDTrEDPathS(d)

thus all channels where max(C) > maxy can be disregarded. By enforcing this
upper limit, we effectively prune the candidate channels for each demand (and
hence improve the performance) without losing optimality. A more greedy ap-
proach to approximate the candidate channels is to assign channels based on
an established ordering of the demands. The idea is to remove symmetry in the
channel assignments by imposing the following property.

Definition 4 (Limited). Let D = {dy,ds,...,dn} be a list of demands in a
fized ordering. A solution to the RSA problem (P,w) is limited if min(w(d;)) <
Cmaz + Y [w(d;)| for all d; € D, where ¢pmqer = maz|w(d)|.
i< deD

This means that the demand d; should start at a frequency slots that is no
larger than the sum of cardinalities of the already scheduled frequency slots plus
the size of the largest possible demand. Both the maximum spectrum slot limit as
well as the limited property can be applied by restricting the mapping channels
in the definition of gapfree in Equation [§| We note that the greedy approach
can in some rare instances make it impossible to find a channel assignment for
a particular path assignment, however, we never experienced this issue on any
of the topologies from the Topology Zoo benchmark [35] (with more than 250
ISP topologies) as long as the demands are ordered from the largest one to the
smallest. From now on, we shall use rsa(p?,c?) to refer to the BDD from
Equation [0] where both the limited property as well as the highest spectrum slot
bound are applied.

4.3 Extraction of optimal solutions from a BDD

Once we built a BDD representing valid solutions to an RSA problem, we
are interested in finding an optimal solution that minimizes the highest used
spectrum slot. To this end, we introduce a new vector of Boolean variables
st" = [s1,82,...,8f,,,.] with the meaning that s’ encodes a subset F' C F of
spectrum slots such that f € F’ iff s; is true. The intuition behind the use of
these variables is that if a variable s; is false, then we know that no demand has
been assigned a channel with a slot greater than or equal to f, meaning that
the usage is at most f — 1. We can enforce this using the BDD rsa-slotBound
defined as

rsa-slotBound (pP,cl, sF) (10)

= rsa(pP,cP) A < /\ \/ (Cd(c) A /\ Sf))
()

deD Céechannels(d)
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and we observe that (P,w,F’) € [rsa-slotBound(pP,cD,sF)] iff (P,w) €
[rsa(pP,cP)] and F’ contains all f < usage(w).

An optimal solution can now be found by iteratively (e.g. using the binary
search) identifying the smallest value of f € F for which we can still find a
solution

(P,w, F') € [rsa-slotBound (pP,cP, sF)]

where the corresponding variable sy can take the value false, i.e. f ¢ F’, since
it can then be inferred that the usage(w) = f — 1.

5 Failure Resilience via BDD Encoding

As shown in the previous section, we can build a BDD that stores all optimal
solutions of the RSA problem. We now describe how to quickly extract optimal
solutions from such a BDD for the purpose of providing time-critical responses
to multiple links failing. In particular, the BDD rsa as defined in Section
contains at least one solution for all failure scenarios, if such a solution exists.
Furthermore, we know that at least one of these solutions is optimal under
the corresponding failure scenario. To extract these solutions, we present two
approaches. The first method supports an arbitrary number of link failures based
on the idea of deleting solutions that use invalid paths given the link failures.
The second method uses a precomputation in which link failures are directly
encoded into the BDD.

5.1 Pruning by deletion

Solutions encoded in a given BDD rsa that use invalid paths based on the set
of link failures Eyq; are no longer valid solutions. The invalid solutions can be
deleted from rsa as follows

path-pruned-rsa(pP, cP) = rsa(pP,cP) A /\ /\ -pd(r) (11)
deD meDPaths(d),
Je€ By,
eem

and clearly (P,w) € [path-pruned-rsa(pP,cD)] iff (P,w) € [rsa(p?,cP)]
and it holds for all d € D that P(d) N Efe = 0. Since there is no limitation
on the size Ejq, this pruning method can be used to prune the BDD for an
arbitrary number of failed links.

5.2 Pruning by precomputation

As failure scenarios with a high number of concurrently failing links are less
likely, we can focus on preparing a failover protection for an a priori given max-
imum number k of failing links. We hence construct a parameterized BDD with
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additional variables representing the failed edges; these can be specified to re-
trieve the valid solutions for any given link failure scenario up to some sufficiently
large k.

Let E,, = EU{eynused} where the auxiliary edge eypnused signifies a non-failing
link. For a given k-link failover problem, we introduce a vector of k variable en-
codings eX = [el, ..., eF] such that e’ = [e},, e _,...,el] fori e K = {1,2,...,k},
where n = [log,(|E,|)]. The variable e thus either encodes a specific link-failed
edge or the auxiliary edge eynuseq Signifying that it does not encode any link
failing. This makes it possible to encode up to k link failures, rather than being
limited to exactly k links failing.

We shall first define a BDD path-edge-overlap to associate each path with
its edges

path-edge-overlap (pP,€) = \/ \/ \/ pi(m) AE(e) (12)
deD weDPaths(d) e€m

where (P,e) € [path-edge-overlap (pP,€)] iff there exists a 7 € P(D) such
that e € 7.

We can now define the BDD failover® that encodes all valid path assign-
ments for every combination of k or fewer link failures:

failover®(pP,cP,eK) = rsa(pP,cP) A /\ & (Cunused)

m<j<k
\/ /\ (g(ei) A —path-edge-overlap (pP, g)) . (13)
El:{ehe%---aem}g E 1<i<m
|E'|<k

Theorem 3. Let Ef; C E be a subset of failed edges where |Efqy| < k, and
let the vector of variable encodings eK encode the set Etai. Then (P,w, Efq;1) €
[failover®(pP,cP,eK)] iff (P,w) € [rsa(pP,cP)] is a solution to the k-link
failover problem with link failures Ej,q.

Proof (Proof sketch). "= Let (P,w, Ejait) € [failover®(pD,cP,eK)] where
|Efeir] < k. From Condition we know that (P,w) € [rsa(pP,cP)] and
thereby is a valid solution to the RSA problem. Furthermore, as eX encodes
Ei1, we know that for every edge e in Ey,; that there exists a variable encoding

e’ from eX that encodes e. Additionally, we know that for all e in El,; that
(P,e) ¢ [path-edge-overlap (pP,e?)] and thus none of the paths assigned to
the demands contain any of the failed edges, which means that (P,w, Efq) is a
solution. o

"= Let (P,w) € [rsa(p?,cP)] be a solution to the k-link failover problem
for a set of failed edges Ef,y C E where |Efq;| < k, and demands D. By
Definition [2| we know that for all 7 € P(D) that = N Ef,y = (0. Hence, the
BDD —path-edge-overlap (pP,e?) is satisfied for all e. As such, Condition
is satisfied and (P,w, Ef,i) € [failover®(pP, cP, eX)]. O
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Using the BDD failover®, we can finally define the BDD path-pruned-rsa
which encodes all valid solutions given a set of specific link failures Ey,;; where
|Efai] <k

path-pruned-rsa(pP,cP) = (14)
3e7.( /\ g(ei))/\( /\ g(eumsed)) Afailoverk(p, ciD, 67)
ei€Epai={e1,e2,....em} m<j<k

satisfying that (P,w) € [path-pruned-rsa(p?,cP)] iff (P,w) € [rsa(p?,cP)]
and P(d)NEyqy = () for alld € D. Note that we reuse the name path-pruned-rsa
from Equation [T1] since the BDDs in Equations [11] and [I4] are idential for any
given failure scenario of size at most k.

5.3 Lightpath-preserving solutions

A property that is often desirable in fast failover protection in a given a failure
scenario is that we update the routes and spectrum allocations only for the
demands that are affected by some of the failing edges while preserving the
remaining lightpaths. This will minimize the number of configuration updates
and result in fewer traffic interruptions.

Let (P,w) be an existing routing and spectrum assignment and let Ey,;; C E
be a given failure scenario. A solution (P’,w’) to the failover problem for the set
Efqq is lightpath-preserving if P(d) N Efy = 0 implies that P(d) = P’(d) and
w(d) =w'(d) for all d € D. We can identify all lightpath-preserving solutions for
a given failure scenario Fy,; as follows:

rsa-lightpath-preserving (pP,cP) = (15)
path-pruned-rsa(pP,cP) A ( /\ pd(P(d)) A g(w(d)))
deD,
P(d)ﬁEﬂul:@

where (P',w') € [rsa-lightpath-preserving (pP, cP)] iff (P',w’) is a lightpath-
preserving solution to the given RSA solution (P,w) for the link failures Ej,;.

6 Implementation and Evaluation

We implemented the BDD encoding of the RSA problem presented in Section 4.2
and the two approaches for solving the k-link failover problem from Section
in our open-source tool FxpectAll, using the improvements from Section
The tool is implemented in Python using a Cython wrapper [20] of the library
CUDD [52] to perform BDD operations. The source code of EzpectAll, including
the reproducibility package, is publicly available at [6].

We now evaluate our two BDD approaches to the k-link failover problem
against the ILP approach presented in Section[3}] The BDD approach using path-
deletion pruning is called deletion, and the one using precomputation pruning
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Fig.5: Query time to find an optimal lightpath-preserving solution. Lines are
shown for 50 ms and 200 ms.

is called precomputation. We compare the query times for finding an optimal
solution and an optimal lightpath-preserving solution, by simulating 1000 ran-
dom k-link failure scenarios using the same experimental setup as described in
Section [3] The results are depicted in Figures [4] and [f] for five link failures. We
observe that both BDD approaches significantly outperform the ILP model (note
the logarithmic scale on the y-axis). The query time of the deletion method how-
ever increases with the number of demands, exceeding the 200 ms threshold at
8-9 demands. On the other hand, the precomputation method has lower variance
and maintains average query times consistently below 50 ms, demonstrating its
suitability for a reliable, optimal and fast failover recovery. Furthermore, the
results in Figure [5] show that while the ILP approach is slightly faster at finding
an optimal lightpath-preserving solution compared to a general optimal solution,
both our BDD approaches are still significantly faster.

We shall now focus on the time required to compute the BDD representation
of all solutions. While a fast (< 50 ms) reaction time to the link failure is high
priority, link failures are in general infrequent and we can afford to spend more
time (hours) to precompute the BDDs for a given topology and set of demands.
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The experiments, presented in Figure [f] for 7, 8 and 9 demands, indicate that
as expected the ILP computation time grows exponentially with the number of
failed links. In contrast, the build time for the deletion method remains nearly
constant because the BDD always represents the same number of solutions,
rendering the method independent of the number of link failures. The build
time of the precomputation method increases with the number of link failures,
though still remains within acceptable bounds and clearly outperforms the ILP
approach (again the y-axis is logarithmic).

The plots also depict a limitation of our method as the precomputation does
not yet scale for instances with 10 or more demands. This indicates that our
current method is suitable for fast and effective failover protection of a smaller
number of critical, high-bandwidth lightpaths that are stable over time. For the
remaining, less critical and short-lived demands, we suggest to use e.g. existing
heuristic approaches for failover protection at higher spectrum frequency slots,
even though optimality is not guaranteed and this approach can lead to possible
issues with lack of spectrum slots.

7 Conclusion

We introduced and implemented EzpectAll, a novel approach and a tool to ef-
ficiently compute and represent all valid route and spectrum allocations for a
given all-optical network topology. Our approach guarantees optimality and fast
reaction time in case of multiple link failures. It outperforms the state-of-the-art
approaches based on integer linear programming by orders of magnitude, both
in the response time to link failures as well as the precomputation time for three
and more concurrently failing links. If we relax the optimality criterium, heuris-
tic approaches for the route and spectrum allocations can be also considered
for fast failover protection and we suggest a combination of the heuristic path
allocation with EzxpectAll so that the critical and long-lived lightpath requests
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can be dealt with in an optimal way using our method, while the remaining
demands can be protected in a less optimal way using the heuristic approaches.

Our experimental evaluation indicates that we can handle up to 9 critical

demands in an optimal manner. Even though this is currently the best-scaling
technique that guarantees optimality, in the future work we plan to focus on
further improving the scalability of the method, e.g. by exploring ideas that can
eliminate symmetries in spectrum allocation.
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