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Abstract. Inspired by Martin Fréanzle’s persistent and influential work
on capturing and handling delay inherent to cyber-physical systems in
the formal verification of such systems, we study timed games where
controllable actions do not take effect immediately, but only after some
delay, i.e., they are scheduled for later execution.

We show that solving such games is undecidable if an unbounded num-
ber of actions can be pending. On the other hand, we present a doubly-
exponential time algorithm for games with a bound on the number of
pending actions, based on a reduction to classical timed games. This
makes timed games under delayed control with bounded schedules solv-
able with existing tools like UPPAAL.
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1 Introduction

For more than 30 years, Martin Franzle has been a main contributor to the
foundations of real-time and cyber-physical systems with contributions to mod-
eling, specification, monitoring, shielding, model checking and synthesis. Some
of the earliest work of Martin Frénzle was targeting the expressive and very el-
egant Duration Calculus [7] with contributions to efficient model checking [11]
and even synthesis [10]. The latter work was presented by Martin Frianzle at the
conference FTRTFT already in 1996 at Uppsala University coinciding with the
very first tutorial on UPPAAL [4] provided by the first author of this paper. In
all likelihood, the conference FTRTFT marked the first encounter of the two.

The most recent collaboration between Martin Frinzle and (now) both au-
thors of this contribution was concerned with capturing delays in the monitoring
of real-time systems. Such delays are an inherent feature of all complex cyber-
physical systems, but are often ignored due to the complexity they incur. How-
ever, delays may be of crucial importance for the faithful analysis of a given
system. They may arise, for example, in the following situations:
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Processing and Computation Delays: Many control systems use complex algo-
rithms, like object recognition in autonomous vehicles or predictive models
in industrial control. These computations take time, creating delays before
control commands are issued. To ensure accurate control, data from sensors
often needs to be filtered to reduce noise, which introduces additional pro-
cessing time. Also, digital control systems operate on discrete samples, so
a low sampling rate can lead to delays in recognizing system changes and
responding to them.

Actuator Dynamics: Actuators, like motors and hydraulic systems, have phys-
ical limitations in how quickly they can respond. For example, the time it
takes for a large motor to accelerate or decelerate causes delays. Further-
more, systems with large masses or physical resistance, like robotic arms or
ship rudders, experience delays because they must overcome inertia before
moving.

Communication and Transmission Delays: In networked control systems, espe-
cially those connected remotely, data transmission introduces delays. For
instance, a remote control signal sent to a drone might take time to reach it
over the internet. For long-distance systems, such as satellite controls, there
is an inherent delay because of the time it takes for signals to travel.

Synchronization and Coordination: Some systems require synchronization in-
volving multiple components or operations. For example, in manufacturing,
a robotic arm might need to wait for a previous operation to finish before
starting the next. In complex systems, certain tasks are prioritized, which
can lead to delays in lower-priority control actions, especially in multi-tasking
environments like autonomous vehicles or robots.

Intentional Delay for Stability and Safety: Control actions may be delayed by
design to ensure conditions are safe for operation. For example, chemical
plants often have safety verifications before initiating changes. Furthermore,
to prevent oscillations or over-corrections, some systems use intentional de-
lays, such as damping or time lags, to smooth out responses and ensure
stability.

All of the above factors can lead to delays between when a control command
is issued and when the action actually occurs, impacting the responsiveness of
the system and often requiring compensatory design measures. The importance
of delays in control systems was very early on recognized by Martin Franzle! and,
in a series of groundbreaking results, he made contributions to the theoretical
foundations of real-time and cyber-physical systems which include delays as a
first-class citizen. We recall in particular:

Delay Dilerkential Equations: In several papers, Martin Frianzle and collabora-
tors have studied and applied Delay Differential Equations (DDEs) as a
natural model of networked control systems, where the communication de-
lay in the feedback loop cannot always be ignored. Iterating bounded degree
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interval-based Taylor over-approximations of the time-wise segments of the
solution to a DDE has been proposed as a method for analysing stability
and safety [25]. Further contributions on DDE’s by Martin Fréanzle include
the verification of temporal logic [22, 23].

Safety Shielding under Delay: Shields are correct-by-construction runtime en-
forcers that guarantee safe execution by correcting any action that may cause
a violation of a formal safety specification. Most recently, Martin Frénzle
together with co-authors proposed synthesis algorithms to compute delay-
resilient shields that guarantee safety under worst-case assumptions on the
delays of the input signals [9]. This work also introduced novel heuristics
for deciding between multiple corrective actions, designed to minimize the
number of future shield interferences caused by delays.

Controller Synthesis under Delay: Martin Franzle and his co-authors studied

the problem of synthesizing controllers that can effectively operate in the
presence of delays during interactions with their environments [8]. The au-
thors model this problem using two-player games, where one player repre-
sents the controller and the other represents the environment. The paper
explores the complexity of finding winning strategies for the controller un-
der various types of delay, including constant delays, out-of-order delivery
of messages, and bounded message loss. In particular a novel incremental
algorithm for synthesizing delay-resilient controllers is presented that out-
performs existing reduction-based approaches [24].
More recently, Martin Frénzle, Sarah Winter, and the second author of this
paper [13, 14] have studied the relation between controller synthesis under de-
lay as discussed above and so-called delay games, another model of controller
synthesis under delay due to Hosch and Landweber [15], thereby allowing to
transfer results for delay games [17,18] to the model introduced by Martin
Franzle and his co-authors.

Monitoring under Delay: The two authors of this paper — together with Thomas
M. Grosen — have had the pleasure of a recent collaboration with Martin
Franzle on online monitoring of real-time systems in the setting of delayed
observations of actions [12]. In fact, a purely zone-based online monitoring
algorithm has been presented for MITL specifications, which handles para-
metric delays without recurrence to costly verification procedures for para-
metric timed automata. The monitoring algorithm has been implemented
on top of the real-time model checking tool UPPAAL [19] with encouraging
initial results.

The joint work on monitoring was initiated during a research visit of Martin
Frénzle in Aalborg in early 2023. Here, one of the research questions on the
joint wish-list was precisely delayed control in a timed game setting, thereby
generalizing the work on controller synthesis from the discrete-time setting to
the real-time setting. We are happy to provide an initial study of this question
with this Festschrift contribution.

To provide a first illustration of the concepts, Figure 1 shows a LEGO Mind-
storm production system involving a box moving on a conveyor belt. Now the






