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Abstract

Hyperproperties express, e.g., information-flow properties of systems, which involves the simultaneous
reasoning about multiple execution traces of a system. Consequently, HyperLTL, the most important
specification logic for hyperproperties, extends LTL with quantification over traces. However, HyperLTL
can only express synchronous hyperproperties.

Recently, several logics for asynchronous hyperproperties have been proposed. Here, we focus on
AHLTL, asynchronous HyperLTL, which extends HyperLTL with quantification over trajectories that
control the relative speed at which time progresses on the quantified traces. Model-checking AHLTL is
known to be undecidable while satisfiability is known to be Σ1

1-hard, but the precise complexity of both
problems is open.

Here, we close these gaps and show that model-checking is equivalent to truth in second-order arith-
metic while satisfiability is Σ1

1-complete if the trajectory is existentially quantified and Σ1
1-hard and in

Σ1
2 if the trajectory is universally quantified.

1 Introduction

The introduction of temporal logics for hyperproperties [9] has enabled the specification and automated
verification of a wide variety of critical system properties, e.g., from information-flow security, privacy,
diagnosability, and system reliability. Initially, research focused on synchronous hyperproperties as expressed
by, e.g., HyperLTL and HyperCTL∗ [9], which extend LTL and CTL∗ by trace quantification, and thereby
express properties of sets of traces. For example, the HyperLTL formula ∀x∀x′(ℓx ↔ ℓx′) → G(ℓx ↔ ℓx′)
expresses observational determinism [25], i.e., that any two traces that start with the same low-security
observations should at any time have the same low-security observations.

Model-checking is decidable for both logics [9, 12], which makes them attractive specification languages,
witnessed by a plethora of model-checking tools [3, 4, 5, 10, 12, 16]. The complexity of the most important
verification problems for synchronous logics, including HyperLTL and HyperCTL∗, has been thoroughly
investigated; see the upper part of Table 1 on Page 3.

However, not every system is synchronous. Hence, today there are several specification logics for asyn-
chronous hyperproperties, all based on different approaches to asynchronicity:

• Asynchronous HyperLTL (AHLTL) [2] adds so-called trajectories to HyperLTL, which intuitively spec-
ify the rates at which time on different traces evolves.

• HyperLTL with stuttering (HyperLTLS) [7] changes the semantics of the temporal operators of Hyper-
LTL so that time does not evolve synchronously on all traces, but instead evolves based on LTL-
definable stuttering.

• HyperLTL with contexts (HyperLTLC) [7] adds a context-operator to HyperLTL, which allows to select
a subset of traces on which time progresses synchronously, while it is frozen on all others.

• Generalized HyperLTL with stuttering and contexts (GHyLTLS+C) [6] adds both stuttering and con-
texts to HyperLTL and additionally allows trace quantification under the scope of temporal operators,
which HyperLTL does not allow.
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Figure 1: The landscape of logics for asynchronous hyperproperties. Here, FO[E,<] is first-order logic with
the equal-level predicate E and order < evaluated over sets of infinite words, and HyperFO is a fragment
that is equivalent to HyperLTL [13]. Arrows denote known inclusions (where the inclusion of HyperLTL
into AHLTL requires an additional proposition) and the dashed line denotes the decidability border for
model-checking. For non-inclusions, we refer the reader to work on the expressiveness of asynchronous
hyperlogics [8, 6].

• Hµ [18] adds trace quantification to the linear-time µ-calculus with asynchronous semantics for the
modal operators.

• Hypernode automata (HA) [1] combine automata and hyperlogic with stuttering.

The known relations between these logics are depicted in Figure 1.
Unlike for synchronous hyperlogics, the complexity of many fundamental verification problems for asyn-

chronous hyperlogics is still open. A first step has recently been made for generalized HyperLTL with
stuttering and contexts and its fragments, e.g., HyperLTLS and HyperLTLC; see the middle part of Ta-
ble 1 for an overview. However, for the other logics the picture is wide open: typically model-checking is
undecidable for the full logic, but decidable for fragments, and satisfiability is Σ1

1-hard if HyperLTL can be
embedded.

Here, we study the complexity of model-checking, satisfiability, and finite-state satisfiability for AHLTL.
In AHLTL, one explicitly quantifies a trajectory that controls how time progresses on the different traces
quantified before, i.e., asynchronicity is semantic. For example, the AHLTL formula ∀x∀x′E(ℓx ↔ ℓx′) →
G(ℓx ↔ ℓx′) expresses observational determinism for asynchronous systems, i.e., for any two traces there
must be a trajectory such that if the traces start with the same low-security observations, then the states
visited under the stuttering induced by the trajectory have the same low-security observations.

We show that for existentially quantified trajectories (E-AHLTL), satisfiability is not harder than for
HyperLTL, which can also be embedded into E-AHLTL [8]. Thus, E-AHLTL satisfiability is Σ1

1-complete.
As the lower bound follows trivially from previous work, we only need to prove the upper bound. Here, we
show that every formula of AHLTL (i.e., independently of how the trajectory is quantified) has a countable
model. The existence of such a model, Skolem functions for it, and a trajectory, which are all second-
order objects, and their correctness can then be expressed using a Σ1

1 formula. For universally quantified
trajectories, we use the same approach and obtain a Σ1

2-upper bound, as we can still existentially quantify
the model and Skolem functions, but need universal second-order quantification to capture the trajectory
quantification. For the lower bound, we show that HyperLTL can also be embedded into A-AHLTL, i.e.,
A-AHLTL satisfiability is Σ1

1-hard.
Then, we show that model-checking A-AHLTL is as hard as truth in second-order arithmetic, i.e., much

harder than satisfiability. Intuitively, the reason is that one has to deal with uncountable models in model-
checking, while we have proven that countable models suffice for satisfiability. From the lower bound for
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A-AHLTL model-checking, we immediately also obtain the same lower bound for E-AHLTL model-checking.
This is complemented by showing that model-checking AHLTL (i.e., independently of how the trajectory is
quantified) is reducible to truth in second-order arithmetic, yielding a matching upper bound for the full
logic AHLTL.

Finally, as for other hyperlogics with highly undecidable model-checking (see, e.g., second-order Hyper-
LTL [15] and HyperQPTL+ [23]), model-checking for AHLTL (and its fragments) is inter-reducible with
finite-state satisfiability, i.e., we obtain the same complexity for the latter problem.

Our results are listed in the lower third of Table 1.

Table 1: List of complexity results for synchronous hyperlogics, fragments of GHyLTLS+C, and our results.
“T2A-equiv.” (“T3A-equiv.”) stands for “equivalent to truth in second-order (third-order) arithmetic”. The
result for HyperPDL-∆ satisfiability can be shown using techniques developed by Fortin et al. for HyperLTL
satisfiability [14], the result for HyperPDL-∆ finite-state satisfiability follows from the lower bound for its
fragment HyperLTL and HyperPDL-∆ model-checking being decidable.

Logic Satisfiability Finite-state Satisfiability Model-checking

HyperLTL Σ1
1-compl. [14] Σ0

1-compl. [11] Tower-compl. [21, 20]

HyperPDL-∆ Σ1
1-compl. Σ0

1-compl. Tower-compl. [17]

HyperQPTL Σ2
1-complete. [23] Σ0

1-compl. [21] Tower-compl. [21]

HyperQPTL+ T3A-equiv. [23] T3A-equiv. [23] T3A-equiv. [23]

Hyper2LTL T3A-equiv. [15] T3A-equiv. [15] T3A-equiv. [15]

HyperCTL∗ Σ2
1-compl. [14] Σ0

1-compl. [11] Tower-compl. [21, 20]

GHyLTLS+C Σ1
1-compl. [22] T2A-equiv. [22] T2A-equiv. [22]

HyperLTLS Σ1
1-compl. [22] T2A-equiv. [22] T2A-equiv. [22]

HyperLTLC Σ1
1-compl. [22] T2A-equiv. [22] T2A-equiv. [22]

simple GHyLTLS+C Σ1
1-compl. [22] Σ0

1-compl. [22] Tower-compl. [6, 21]

simple HyperLTLS Σ1
1-compl. [22] Σ0

1-compl. [22] Tower-compl. [6, 21]

AHLTL Σ1
1-hard/in Σ1

2 (Thms. 2,3) T2A-equiv. (Thm. 4) T2A-equiv. (Thm. 5)

A-AHLTL Σ1
1-hard/in Σ1

2 (Thm. 3) T2A-equiv. (Thm. 4) T2A-equiv. (Thm. 5)

E-AHLTL Σ1
1-complete. (Thm. 2) T2A-equiv. (Thm. 4) T2A-equiv. (Thm. 5)

2 Preliminaries

The set of nonnegative integers is denoted by N. We fix a countable set AP of atomic propositions.
An alphabet is a nonempty finite set Σ. The set of infinite words over Σ is denoted by Σω. Given w ∈ Σω

and i ∈ N, w(i) denotes the i-th letter of w (starting with i = 0). A trace σ over AP is an element of (2AP)ω.
A transition system is a tuple T = (V,E, I, ℓ) where V is a nonempty finite set of vertices, E ⊆ V × V

is a set of directed edges, I ⊆ V is a nonempty set of initial vertices, and ℓ : V → 2AP is a labeling function
that maps each vertex to a finite set of propositions. We require that each vertex has at least one outgoing
edge. A run of T is an infinite word v0v1 · · · ∈ V ω such that v0 ∈ I and (vi, vi+1) ∈ E for all i ∈ N. The
set Tr(T ) = {ℓ(v0)ℓ(v1) · · · | v0v1 · · · is a run of T } is the set of traces induced by T .

2.1 Asynchronous HyperLTL

Let VAR be a countable set of (trace) variables. The syntax of AHLTL is given by the grammar

φ ::=∃xφ | ∀xφ | Eψ | Aψ ψ ::= px | ¬ψ | ψ ∨ ψ | Xψ | ψUψ
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where p ∈ AP and x ∈ VAR. We use the usual syntactic sugar, e.g., ∧, →, ↔, F (eventually), and G
(always). We denote the set of trace variables occurring as subscripts of propositions in φ by vars(φ). A
formula is a sentence, if it has no free trace variables, which are defined as expected. Note that each sentence
must either contain the existential trajectory quantifier E or the universal trajectory quantifier A. We call
the corresponding fragments (of sentences) E-AHLTL and A-AHLTL.

To define the semantics of AHLTL, we need to introduce some more notation. A trace assignment is
a partial function Πtr : VAR → (2AP)ω that maps trace variables to traces. For x ∈ VAR and σ ∈ (2AP)ω,
the trace assignment Πtr[x 7→ σ] maps x to σ and each other x′ ∈ Dom(Πtr) \ {x} to Πtr(x

′). A pointer
assignment is a partial function Πpo : VAR → N that maps trace variables to positions. For I ⊆ VAR, the
pointer assignment Πpo+I maps each x in the domain of Πpo to Πpo(x)+1 if x ∈ I and to Πpo(x) otherwise.
Intuitively, Πpo(x) will denote the current time on Πtr(x).

A trajectory for a quantifier-free formula ψ is an infinite sequence t(0)t(1)t(2) · · · of nonempty subsets of
vars(ψ). Given a pointer assignment Πpo, a trajectory t, and i ∈ N, we define the one-step forward operator
as os-fwd t,i(Πpo) = Πpo + t(i) and the iterated forward operator as fwd t,i(Πpo, 0) = Πpo and

fwd t,i(Πpo, k + 1) = fwd t,i+1(os-fwd t,i(Πpo), k)

for k ≥ 0. Intuitively, fwd t,i(Πpo, k) increments each pointer Πpo(x) by

|{j ∈ {i, i+ 1, . . . , i+ k − 1} | x ∈ t(j)}|,

i.e., the trajectory determines how time progresses on the level of individual traces.
The semantics1 of AHLTL is defined for a set L of traces, a trace assignment Πtr, a pointer assignment Πpo,

a trajectory t, and a position i on the trajectory as follows (note that not all objects are needed for all kinds
of formulas):

• (L,Πtr) |= ∃x φ if there exists a σ ∈ L such that (L,Πtr[x 7→ σ]) |= φ,

• (L,Πtr) |= ∀x φ if for all σ ∈ L we have (L,Πtr[x 7→ σ]) |= φ,

• (L,Πtr) |= Eψ if there exists a trajectory t for ψ such that (Πtr,Π
init
po , t, 0) |= ψ, where Πinit

po is the
pointer assignment mapping all variables to 0,

• (L,Πtr) |= Aψ if for all trajectories t for ψ we have (Πtr,Π
init
po , t, 0) |= ψ,

• (Πtr,Πpo, t, i) |= px if Πtr(x) = σ and p ∈ σ(Πpo(x)),

• (Πtr,Πpo, t, i) |= ¬ψ if (Πtr,Πpo, t, i) ̸|= ψ,

• (Πtr,Πpo, t, i) |= ψ0 ∨ ψ1 if (Πtr,Πpo, t, i) |= ψ0 or (Πtr,Πpo, t, i) |= ψ1,

• (Πtr,Πpo, t, i) |= Xψ if (Πtr, fwd t,i(Πpo, 1), t, i+ 1) |= ψ, and

• (Πtr,Πpo, t, i) |= ψ0 Uψ1 if there is a k ≥ 0 such that (Πtr, fwd t,i(Πpo, k), t, i+ k) |= ψ1 and
(Πtr, fwd t,i(Πpo, k

′), t, i+ k′) |= ψ0 for all 0 ≤ k′ < k.

Remark 1. While AHLTL sentences are required to be in prenex normal form (with the trajectory quantifier
being the last one), the fragments E-AHLTL and A-AHLTL are closed under conjunction and disjunction,
e.g., (∀x0∃x1Aψ) ∨ (∃x2∀x3Aψ′) is equivalent to ∀x0∃x1∃x2∀x3Aψ ∨ ψ′. Here, as usual, we just have to
assume, w.l.o.g., that the sentences all use pairwise disjoint sets of trace variables.

We say that a nonempty set L of traces satisfies a sentence φ, if (L,Π∅
tr) |= φ, where Π∅

tr denotes the
trace assignment with empty domain. A transition system T satisfies φ, written T |= φ, if Tr(T ) |= φ.

1Our definition of the semantics differs syntactically from the original one by Baumeister et al. [2], e.g., we are updating
pointers on the traces when evaluating temporal operators instead of updating each trace with a suitable suffix. These differences
will simplify our proofs considerably. Nevertheless, both definitions are equivalent.

4



Remark 2 (cf. Section 3.1 of [8]). While there is no direct way for accessing the trajectory using AHLTL
formulas, one can still indirectly access it.

Let t be a trajectory, Πtr be a trace assignment, and let † be a proposition. If (Πtr,Π
init
po , t, i) |= †x ↔ ¬X †x

then x ∈ t(i). Hence, if (Πtr,Π
init
po , t, 0) |= G(†x ↔ ¬X †x) then x ∈ t(i) for all i.

Now assume Πtr(x) = σ satisfies † ∈ σ(n) if and only if † /∈ σ(n + 1) for all n, i.e., the truth value of
† alternates in σ. Then, (Πtr,Π

init
po , t, i) |= †x ↔ ¬X †x if and only if x ∈ t(i). Hence, (Πtr,Π

init
po , t, 0) |=

G(†x ↔ ¬X †x) if and only if x ∈ t(i) for all i.

We are interested in satisfiability, finite-state satisfiability, and model-checking for AHLTL:

• Satisfiability: Given a sentence φ of AHLTL, is there a nonempty set L of traces with L |= φ?

• Finite-state satisfiability: Given a sentence φ of AHLTL, is there a transition system T (which is finite
by definition) such that T |= φ?

• Model-checking: Given a transition system T and a sentence φ, do we have T |= φ?

2.2 Arithmetic and Complexity Classes for Undecidable Problems.

To capture the complexity of undecidable problems, we consider formulas of arithmetic, i.e., predicate logic
with signature (+, ·, <,∈), evaluated over the structure (N,+, ·, <,∈). A type 0 object is a natural number
in N and a type 1 object is a subset of N. In the following, we use lower-case roman letters (possibly with
decorations) for first-order variables, and upper-case roman letters (possibly with decorations) for second-
order variables. Every fixed natural number is definable in first-order arithmetic, so we freely use them as
syntactic sugar. For more detailed definitions, we refer to [24].

Our benchmark is second-order arithmetic, i.e., predicate logic with quantification over type 0 and type 1
objects. Arithmetic formulas with a single free first-order variable define sets of natural numbers. In
particular, Σ1

1 contains the sets of the form

{x ∈ N | ∃X1 ⊆ N, . . . ,∃Xk ⊆ N such that (N,+, ·, <,∈) |= ψ(x,X1, . . . , Xk)},

where ψ is a formula of arithmetic with arbitrary quantification over type 0 objects (but no second-order
quantifiers). Similarly, Σ1

2 contains the sets of the form

{x ∈ N | ∃X1 ⊆ N, . . . ,∃Xk ⊆ N,∀X ′
1 ⊆ N, . . . ,∀X ′

k′ ⊆ N we have (N,+, ·, <,∈) |= ψ(x,X1, . . . , Xk, X
′
1, . . . , X

′
k′)},

where ψ is a formula of arithmetic with arbitrary quantification over type 0 objects (but no second-order
quantifiers). Furthermore, truth in second-order arithmetic is the following problem: Given a sentence φ of
second-order arithmetic, do we have (N,+, ·, <,∈) |= φ?

3 Satisfiability

In this section, we study the satisfiability problem for AHLTL. Our upper bounds rely on a “small” model
property, which is proven similarly to the analogous result for HyperLTL (see the appendix).

Theorem 1. Every satisfiable AHLTL sentence has a countable model.

Proof. Let φ =

Q

0x0

Q

1x1 · · ·

Q

k−1xk−1Qψ be a satisfiable AHLTL sentence, where

Q

j ∈ {∃,∀} for all j and
Q ∈ {E,A}. Note that this implies that ψ is quantifier-free. As φ is satisfiable, there is a nonempty L such
that L |= φ. We construct a countable subset Lω ⊆ L with Lω |= φ.

For every existentially quantified trace variable x in φ, let Ux be the set of trace variables quanti-
fied universally before x. For every such x, say with Ux = {xj1 , . . . , xj|Ux|}, there exists a Skolem func-

tion fx : L|Ux| → L such that for each trace assignment Πtr mapping universally quantified variables to traces
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in L and each existentially quantified variable x to fx(Πtr(xj1), . . . ,Πtr(xj|Ux|)), we have (L,Πtr) |= Qψ. Note
that (L,Πtr) |= Qψ is independent of L, as Qψ does not contain trace quantifiers.

We fix such Skolem functions fx for the rest of the proof. For a set L′ ⊆ L of traces and an existentially
quantified variable x, we define

fx(L′) = {fx(σj1 , . . . , σj|Ux|) | σj1 , . . . , σj|Ux| ∈ L′}.

Note that if L′ is finite, then fx(L′) is also finite. Now, define L0 = {σ} for some arbitrary σ ∈ L and
Li+1 = Li ∪

⋃
x fx(Li) for all i ∈ N, where x ranges over the existentially quantified variables in φ. Then,

Lω =
⋃
i∈N Li is is a countable union of finite sets and therefore countable. Thus, it remains to show that it

is also a model of φ.
By definition of Skolem functions, every trace assignment Πtr that maps universally quantified variables

to traces in Lω and uses the Skolem functions for existentially quantified variables satisfies (L,Πtr) |= Qψ.
Thus, we also have (Lω,Πtr) |= Qψ, as there are no trace quantifiers in Qψ. Now, an induction over the
quantifier prefix of φ (from the inside out) shows that (Lω,Πtr) |=

Q

jxj . . .

Q

k−1xk−1Qψ for all j, i.e., Lω is
a model of φ. Here, we rely on the fact that Lω is closed under the application of the Skolem functions, i.e.,
if σj1 , . . . , σj|Ux| ∈ Lω, then fx(σj1 , . . . , σj|Ux|) ∈ Lω.

Recall that every AHLTL sentence is either in E-AHLTL (if the trajectory is quantified existentially) or
in A-AHLTL (if the trajectory is quantified universally). We treat both fragments individually.

Theorem 2. E-AHLTL satisfiability is Σ1
1-complete.

Proof. We begin with the upper bound. Due to Theorem 1, we can restrict ourselves to countable models,
i.e., an E-AHLTL-sentence is satisfiable if and only if it is satisfied by a countable set of traces. In the
following, we show how to express the existence of a countable model in arithmetic using only existential
second-order quantification and arbitrary first-order quantification.

So, let us fix an E-AHLTL-sentence φ. We assume w.l.o.g. that both the variables appearing in φ and
the propositions appearing in φ are natural numbers. More specifically, we can assume that φ uses the
variables {0, 1, . . . , ℓ− 1} for some ℓ > 0. For technical convenience we will restrict ourselves in this proof to
variable assignments with domain {0, 1, . . . , ℓ− 1}, as this is sufficient to capture the semantics.

We begin by explaining how to encode the different objects we need to handle to capture the semantics
of AHLTL using natural numbers and sets of natural numbers (equivalently, functions from Nm to Nn for
some n and m). For example, we can name the traces of a nonempty countable set of traces by natural
numbers (if the set is only finite, the naming is not injective, which is inconsequential for our construction).
So, we can encode a nonempty countable set of traces by a function mapping natural numbers (i.e., trace
names), positions on traces, and propositions to {0, 1} indicating whether a propositions holds at a position
of a trace, i.e., such a set of traces is encoded by a function from N3 to N, i.e., by a type 1 object.

Next, we consider trace and pointer assignments: We can encode a trace assignment by a list of natural
numbers of length ℓ containing the names of the traces the variables are mapped to. Similarly, we can
encode a pointer assignment by a list of natural numbers of length ℓ containing the positions the variables
are mapped to. Hence, both are type 0 objects, as finite lists of numbers can be encoded by numbers. Using
this encoding, we can encode a Skolem function for an existentially quantified variable by a function mapping
natural numbers (encoding trace assignments) to natural numbers (encoding trace names), which is again
a type 1 object. Finally, a trajectory maps natural numbers to sets of variables. We encode each such set
by a finite list of natural numbers, which is again a type 0 object. So, a trajectory is encoded by a type 1
object. All these encodings can be “implemented” in first-order arithmetic.

Thus, we can intuitively use existential second-order quantification to express the existence of (the en-
coding of) a countable model, of (the encoding of) Skolem functions for the existentially quantified variables,
and of (the encoding of) a trajectory. Thus, it remains to capture that every trace assignment (a type 0
object) that is consistent with the Skolem functions satisfies, with respect to the trajectory, the maximal
quantifier-free subformula ψ of φ, when all pointers are zero.
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To this end, let Ψ be the set of subformulas of ψ, let t be a trajectory, and let Πtr be a trace assignment.
The (ψ,Πtr, t)-expansion is the function eψ,Πtr,t mapping a pointer assignment Πpo, a position i ∈ N for the
trajectory t, and a subformula ψ′ ∈ Ψ to

eψ,Πtr,t(Πpo, i, ψ
′) =

{
1 if (Πtr,Πpo, t, i) |= ψ′,

0 otherwise.

The (ψ,Πtr, t)-expansion is uniquely characterized by the following consistency requirements:

• eψ,Πtr,t(Πpo, i, px) =

{
1 if Πtr(x) = σ and p ∈ σ(Πpo(x)),

0 otherwise,

• eψ,Πtr,t(Πpo, i,¬ψ′) = 1 if and only if eψ,Πtr,t(Πpo, i, ψ
′) = 0,

• eψ,Πtr,t(Πpo, i, ψ0 ∨ ψ1) = 1 if and only if eψ,Πtr,t(Πpo, i, ψ0) = 1 or eψ,Πtr,t(Πpo, i, ψ1) = 1,

• eψ,Πtr,t(Πpo, i,Xψ′) = 1 if and only if eψ,Πtr,t(fwd t,i(Πpo, 1), i+ 1, ψ′) = 1, and

• eψ,Πtr,t(Πpo, i, ψ0 Uψ1) = 1 if and only if there is a k ≥ 0 such that eψ,Πtr,t(fwd t,i(Πpo, k), i+k, ψ1) = 1
and eψ,Πtr,t(fwd t,i(Πpo, k

′), i+ k′, ψ0) = 1 for all 0 ≤ k′ < k.

We argue that these consistency requirements can be captured in arithmetic. Then, we can existentially
quantify a type 1 encoding the (ψ,Πtr, t)-expansion for a given Πtr and t and thus check whether Πtr and t
satisfy ψ.

To this end, we first argue that one can “implement” the (one-step) forward operator in arithmetic.
We can write a formula αos−fwd(T, i, ap, a

′
p) with free variables T (second-order, encoding a trajectory t),

i (first-order, interpreted as a position on t), and ap and a′p (first order, each encoding a pointer assign-
ment Πpo and Π′

po) that is satisfied in (N,+, ·, <,∈) if and only if os-fwd t,i(Πpo) = Π′
po. Then, we can write

a formula αfwd(T, i, ap, a
′
p, k) with free variables T (second-order, encoding a trajectory t), i (first-order,

interpreted as a position on t), ap and a
′
p (first order, each encoding a pointer assignment Πpo and Π′

po), and
k (first-order) that is satisfied in (N,+, ·, <,∈) if and only if fwd t,i(Πpo, k) = Π′

po: The formula expresses
that there exists a list (a0, a1, . . . , ak) of length k+1 such that a0 = ap, ak = a′p, and αfwd(T, i+n, an, an+1)
holds for all 0 ≤ n < k.

Now, we can complete the proof: We can construct a formula α(x) of arithmetic with a single free first-
order variable x so that we have for all E-AHLTL sentences φ: (N,+, ·, <,∈) |= α(enc(φ)) if and only if φ is
satisfiable. Here, enc(φ) is some suitable encoding of E-AHLTL sentences by natural numbers, which can be
implemented in first-order arithmetic. The formula expresses, for a given enc(φ), that there is a countable
model, there are Skolem functions for the existentially quantified variables in φ, there is a trajectory t, and
there is a function E from N4 to N such that for all trace assignments Πtr (encoded as some at ∈ N) that are
consistent with the Skolem functions, the function ap, i, p 7→ E(at, ap, i, p) is the (ψ,Πtr, t)-expansion and we
have E(at, a0, 0, p

∗) = 1. Here, ap encodes a pointer assignment, p encodes a quantifier-free subformula of φ,
and p∗ is the encoding of the maximal quantifier-free subformula of φ. We leave the tedious, but standard,
details to the reader.

The matching lower bound follows from previous work by Bozzelli, Peron, and Sánchez who presented a
satisfiability-preserving embedding of HyperLTL in E-AHLTL [8, Theorem 3]. Thus, as HyperLTL satisfia-
bility is Σ1

1-hard [14], so is E-AHLTL satisfiability.
As we generalize the later, let us present it here for the sake of completeness: Let φ = Q0x0 . . .Qk−1xk−1ψ

be a HyperLTL sentence with quantifier-free ψ and let † be a proposition not appearing in φ. Then, due to
Remark 2, φ is satisfiable if and only if Q0x0 . . .Qk−1xk−1E

∧k−1
j=0 G(†xj ↔ ¬X †xj ) ∧ ψ is satisfiable, i.e.,

we existentially quantify a trajectory t(0)t(1)t(2) · · · and then require that each xj is in each t(i), i.e., time
on all traces quantified in φ progresses normally. Then, the semantics of the temporal operators in AHLTL
and HyperLTL coincide.
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Next, we consider satisfiability for formulas with universally quantified trajectories. A Σ1
1 lower bound can

again be obtained by embedding HyperLTL in A-AHLTL. However, recall that we existentially quantified
a model, Skolem functions, the expansion, and a trajectory to obtain the matching Σ1

1 upper bound for
E-AHLTL. However, for A-AHLTL, the trajectory is universally quantified, i.e., we obtain a Σ1

2 upper
bound, as we existentially quantify a model, Skolem functions, and the expansion, and then universally
quantify the trajectory. The full proof can be found in the appendix.

Theorem 3. A-AHLTL satisfiability is Σ1
1-hard and in Σ1

2.

Proof. For the lower bound, we adapt the embedding of HyperLTL into E-AHLTL [8] discussed above. Thus,
as HyperLTL satisfiability is Σ1

1-hard [14], so is A-AHLTL satisfiability.
Let φ = Q0x0 . . .Qk−1xk−1ψ be a HyperLTL sentence with quantifier-free ψ and let † be a proposition not

appearing in φ. Due to Remark 2, φ is satisfiable if and only if Q0x0 . . .Qk−1xk−1A
(∧k−1

j=0 G(†xj
↔ ¬X †xj

)
)
→

ψ is satisfiable, i.e., we universally quantify a trajectory t(0)t(1)t(2) · · · and then require that if each xj is
in each t(i), then ψ has to hold. Then, the semantics of the temporal operators in AHLTL and HyperLTL
coincide.

For the upper bound, we reuse the encodings developed in the proof of Theorem 2 and construct a
formula α(x) of arithmetic with a single free first-order variable x so that we have for all A-AHLTL sen-
tences φ: (N,+, ·, <,∈) |= α(enc(φ)) if and only if φ is satisfiable. Intuitively, the formula should express,
for a given enc(φ), that there is a countable model, there are Skolem functions for the existentially quantified
variables in φ, for all trajectories t, there is a function E from N4 to N such that for all trace assignments Πtr

(encoded as some at ∈ N) that are consistent with the Skolem functions, the function ap, i, p 7→ E(at, ap, i, p)
is the (ψ,Πtr, t)-expansion and we have E(at, a0, 0, p

∗) = 1. Here, ap encodes again a pointer assignment, p
encodes a quantifier-free subformula of φ, and p∗ is the encoding of the maximal quantifier-free subformula
of φ.

However, this naive formula involves two (second-order) quantifier alternations, i.e., it only shows mem-
bership in Σ1

3. To improve this, recall that the expansion is unique for a given trajectory and trace assignment.
Hence, we can alternatively quantify E universally and then require that the function ap, i, p 7→ E(at, ap, i, p)
is the (ψ,Πtr, t)-expansion then we must have E(at, a0, 0, p

∗) = 1. The resulting formula has only one
(second-order) quantifier-alternation, which shows that A-AHLTL satisfiability is indeed in Σ1

2.

4 Model-Checking

In this section, we study the model-checking problem, which turns out to be harder than satisfiability.

Theorem 4. Model-checking AHLTL is equivalent to truth in second-order arithmetic. The lower bound
holds for A-AHLTL and E-AHLTL.

Proof. For the upper bound, we present a polynomial-time translation mapping pairs (T , φ) of transition
systems and AHLTL sentences to sentences φ′ of second-order arithmetic such that T |= φ if and only if
(N,+, ·, <,∈) |= φ′. To this end, we capture the semantics of AHLTL in second-order arithmetic. At first
glance, this approach bears resemblance to the upper bound proofs for AHLTL satisfiability (Theorem 2
and Theorem 3). However, there we had to only handle countable sets of traces. Here, as Tr(T ) may be
uncountable, we have to generalize the techniques to be able to quantify traces, trace assignments, pointer
assignments, and trajectories. We begin by introducing their encodings.

So, let us fix T and φ as above. To encode traces of T, we fix a bijection hprops : AP → N and use
Cantor’s pairing function pair : N×N → N defined as pair(i, j) = 1

2 (i+ j)(i+ j+1)+ j, which is a bijection
that can be implemented in first-order arithmetic.

Then, we encode a trace σ = σ(0)σ(1)σ(2) · · · over AP by the set

Sσ = {pair(i, hprops(p)) | i ∈ N and p ∈ σ(i)} ⊆ N.
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Note that σ 7→ Sσ is injective, but not every set encodes a trace of T . But there is a formula αtrc(X) of
second-order arithmetic with a single free second-order variable X such that (N,+, ·, <,∈) |= αtrc(X) if and
only if X encodes a trace of T [15, Proof of Theorem 11], which relies on the fact that each transition system
uses only finitely many propositions.

To encode trace and pointer assignments, we fix a bijection hvars : VAR → N. Then, we encode a trace
assignment Πtr by the set

SΠtr
= {pair(hvars(x), n) | x ∈ Dom(Πtr) and n ∈ SΠtr(x)} ⊆ N.

Similarly, we encode a pointer assignment Πpo by the set

SΠpo
= {pair(hvars(x),Πpo(x)) | x ∈ Dom(Πpo)} ⊆ N.

Again, the functions Πtr 7→ SΠtr and Πpo 7→ SΠpo are injective, but not every set encodes a trace (pointer)
assignment. However, one can write second-order formulas αta(X) and αpa(X) that hold in (N,+, ·, <,∈) if
and only if X encodes a trace assignment (mapping to traces of T ) respectively a pointer assignment. The
first formula relies on αtrc. Furthermore, one can write a formula αempty(X) with a single free second-order
variable that is satisfied in (N,+, ·, <,∈) if and only X encodes the trace assignment with empty domain.
Also, there is a formula αinit(X) with a single free second-order variable that holds in (N,+, ·, <,∈) if and
only if X encodes the initial pointer assignment mapping every x ∈ VAR to zero.

Finally, we encode a trajectory t = t(0)t(1)t(2) · · · for the maximal quantifier-free subformula ψ of φ
(i.e., each t(i) is a subset of the variables occurring in ψ) by the set

St = {pair(i, hvars(x)) | i ∈ N and x ∈ t(i)} ⊆ N.

Once more, the function t 7→ St is injective, not every set encodes a trajectory for ψ, but there is a second-
order formula αtrj that holds in (N,+, ·, <,∈) if and only if X encodes a such a trajectory.

With these encodings and auxiliary formulas, we can construct the following formulas:

• αlo(At, Ap, p, j) with free second-order variables At (encoding a trace assignment Πtr) and Ap (encoding
a pointer assignment Πpo) and free first-order variables p (encoding the proposition p = h−1

props(p))
and j (encoding the variable x = h−1

vars(j)) such that (N,+, ·, <,∈) |= αlo(At, Ap, p, j) if and only if
p ∈ σ(Πpo(x)) for σ = Πtr(x), i.e., αlo looks up whether p holds on the trace assigned to x at the
position induced by Πpo. This captures exactly the semantics of atomic propositions.

• αup(At, A
′
t, X, j) with free second-order variables At, A

′
t (encoding trace assignments Πtr and Π′

tr), and
X (encoding a trace σ of T ), and a free first-order variable i (encoding the variable x = h−1

vars(j)) such
that (N,+, ·, <,∈) |= αup(At, A

′
t, X, j) if and only if Π′

tr = Πtr[x 7→ σ], i.e., αup implements the update
of trace assignments.

• αfw(Ap, A
′
p, T, i, k) with free second-order variables Ap, A

′
p (encoding pointer assignments Πpo and

Π′
po), and T (encoding a trajectory t), and free first-order variables i (interpreted as a position on

t) and k such that (N,+, ·, <,∈) |= αfw(Ap, A
′
p, T, i, k) if and only if Π′

po = fwd t,i(Πpo, k), i.e., αfw
implements the iterated forward operator on pointer assignments.

Now, we can translate AHLTL into second-order arithmetic. The translation depends on the fixed
transition system T whose traces the quantifiers range over. Furthermore, each formula of second-order
arithmetic constructed by the translation has at most three free second-order variables (encoding a trace
assignment, a pointer assignment, and a trajectory) and at most one free first-order variable (encoding a
position on the trajectory).

• arith(∃x.ψ′) = ∃Xαtrc(X) ∧ ∃A′
t(αup(At, A

′
t, X, hvars(x)) ∧ arith(ψ′)), where A′

t is the free variable of
arith(ψ′) encoding the trace assignment and At is the free variable of arith(∃xψ′) encoding the trace
assignment. The other free variables are the same for both arith(∃xψ′) and arith(ψ′).
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• arith(∀xψ′) = ∀Xαtrc(X) → ∃A′
t(αup(At, A

′
t, X, hvars(x)) ∧ arith(ψ′)) with the same setup of free

variables as in the previous case.

• arith(Eψ′) = ∃T∃Ap∃i αtrj(T ) ∧ αinit(Ap) ∧ i = 0 ∧ arith(ψ′) where T is the free variable of arith(ψ′)
encoding the trajectory, Ap is the free variable of arith(ψ′) encoding the pointer assignment, and i
is the free variable of arith(ψ′) encoding the position on the trajectory. Hence, arith(Eψ′) does not
have these free variables. The other free variable encoding the trace assignment is the same for both
arith(∃xψ′) and arith(ψ′).

• arith(Aψ′) = ∀T∃Ap∃i αtrj(T ) → (αinit(Ap) ∧ i = 0 ∧ arith(ψ′)) with the same setup of free variables
as in the previous case.

• arith(px) = αlo(At, Ap, hprops(p), hvars(x)), i.e., At and Ap are the free variables for the assignments.

• arith(¬ψ′) = ¬arith(ψ′). Here, the free variables of arith(¬ψ′) are the free variables of arith(ψ′).

• arith(ψ′
1∨ψ′

2) = arith(ψ′
1)∨arith(ψ′

2) where we assume w.l.o.g. that the free variables of arith(ψ′
1) are

equal to the free variables of arith(ψ′
2), which are then also the free variables of arith(ψ′

1 ∨ ψ′
2).

• arith(Xψ′) = ∃i′∃A′
p i

′ = i + 1 ∧ αfw(Ap, A
′
p, T, i, 1) ∧ arith(ψ′) where A′

p is the free variable of
arith(ψ′) encoding the pointer assignment and Ap is the free variable of arith(Xψ′) encoding the
pointer assignment, i′ is the free variable of arith(ψ′) encoding the position and i is the free variable of
arith(Xψ′) encoding the position, and both formulas share the same free variables encoding the trace
assignment and the trajectory (which is T ).

• arith(ψ′
1 Uψ′

2) = ∃k∃A′
p i′ = i + k ∧ αfw(Ap, A

′
p, T, i, k) ∧ arith(ψ′

2) ∧ ∀k′ k′ < k → ∃A′′
p i′′ =

i+ k′ ∧ αfw(Ap, A′′
p , T, i, k

′) ∧ arith(ψ′
1) where A

′
p (A′′

p) is the free variable of arith(ψ′
1) (of arith(ψ

′
2))

encoding the pointer assignment and Ap is the free variable of arith(ψ′
1 Uψ′

2) encoding the pointer
assignment, i′ (i′′) is the free variable of arith(ψ′

1) (of arith(ψ′
2)) encoding the position and i is the

free variable of arith(ψ′
1 Uψ′

2) encoding the position, and both formulas share the same free variables
encoding the trace assignment and the trajectory (which is T ).

Now, we define φ′ = ∃Apαempty(Ap) ∧ arith(φ), where Ap is the free variable of arith(φ) encoding the trace
assignment. Then, we indeed have (N,+, ·, <,∈) |= φ′ if and only if T |= φ as required, which can be shown
by an induction over the construction of φ.

For the lower bound, we first consider universal trajectory quantification: We present a polynomial-time
translation mapping sentences φ of second-order arithmetic to pairs (T , φ′) of transition systems T and
A-AHLTL sentences φ′ such that (N,+, ·, <,∈) |= φ if and only if T |= φ′. Intuitively, we will capture the
semantics of arithmetic in A-AHLTL.

We begin by formalizing our encoding of natural numbers and sets of natural numbers using traces.
Intuitively, a trace σ over a set AP of propositions containing the proposition # encodes the set {n ∈ N |
# ∈ σ(n)} ⊆ N. Thus, a trace σ encodes a singleton set if it satisfies the LTL formula (¬#)U(# ∧XG¬#).
In the following, we use the encoding of singleton sets to encode natural numbers as well. Obviously, every
set and every natural number is encoded by a trace in that manner. Thus, we mimic first- and second-
order quantification by quantification over traces. Later, we use an additional proposition $ to implement
multiplication. Furthermore, we use a proposition † whose truth value will alternate on every trace. This is
used to apply Remark 2 to “access” the trajectory.

Fix a transition system T whose set of traces is

Tr(T ) ={σ(0)σ(1)σ(2) · · · ∈ (2{#,†})ω | † ∈ σ(i) ↔ † /∈ σ(i+ 1) for all i ∈ N}∪
{σ(0)σ(1)σ(2) · · · ∈ (2{$,†})ω | † ∈ σ(i) ↔ † /∈ σ(i+ 1) for all i ∈ N}.

We call traces in the first set “set traces” and traces in the second set “auxiliary traces”. Note that (∅{†})ω
and ({†}∅)ω are both set and auxiliary traces. This is inconsequential for our construction.

10



Let αalt(x) = G(†x ↔ X¬†x) and let Πtr be a trace assignment with Πtr(x) ∈ Tr(T ). Then, we have
(Tr(T ),Πtr) |= Aαalt(x) → G¬$x if and only if Πtr(x) is a set trace. Similarly, we have (Tr(T ),Πtr) |=
Aαalt(x) → G¬#x if and only if Πtr(x) is an auxiliary trace.

We can now begin with our translation from second-order arithmetic to A-AHLTL. To this end, we
assume w.l.o.g. that φ is a sentence of second-order arithmetic in prenex normal form, say

φ =

Q

0ν0

Q

1ν1 · · ·

Q

k−1νk−1φ
′

where each

Q

j is in {∃,∀}, each νj is either a first- or second-order variable, and φ′ is quantifier-free. For
each such variable νj , we introduce a trace variable xj and define

φ′ =

Q

0x0

Q

1x1 · · ·

Q

k−1xk−1∃xa0 · · · ∃xak′−1Aαe ∧ (αa → hyp(φ′))

where αe, αe and hyp(φ′) are defined below and where xa0 , . . . , x
a
k′−1 is a collection of fresh trace variables,

four for each atomic formula of the form y = y′ · y′′ in φ, that we will use to implement multiplication in
A-AHLTL. In the following, all our explanations assume that the trajectory is universally quantified, as it
is the case in φ′. To define αe, αe and hyp(φ′), we rely on the universal quantification of the trajectory,
as it allows us to “select”, using guard formulas, which trajectory we use to mimic, e.g., the semantics of
quantifier-free second-order arithmetic formulas. We define

αe =
∧
j

αalt(x
a
j ) → (G¬#xa

j
) ∧

∧
j′

αalt(xj′) → (G¬$xj′ ) ∧
∧
j′′

αalt(xj′′) → (¬#xj′′ )U(#xj′′ ∧XG¬#xj′′ )

where j ranges over {1, 2, . . . , k′ − 1}, j′ ranges over all indexes such that

Q

j′ = ∃ and j′′ ranges over all
indexes such that

Q

j′′ = ∃ and νj′′ is a first-order variable, i.e., αe requires that the auxiliary variables xaj
are assigned to auxiliary traces, and that traces assigned to existentially quantified trace variables xj copied
from φ correctly mimic their original in φ. Now, αa is defined analogously, we just let j′ and j′′ range
over universally quantified variables and universally quantified first-order variables, respectively (and, for
completeness, j ranges over the empty set). In the following, we assume that αe and αa are satisfied.

Finally, hyp is defined inductively as follows:

• hyp(¬ψ) = ¬hyp(ψ).

• hyp(ψ1 ∨ ψ2) = hyp(ψ1) ∨ hyp(ψ2).

• hyp(νj ∈ νj′) = (αalt(xj) ∧ αalt(xj′)) → F(#xj
∧ #xj′ ).

• hyp(νj < νj′) = (αalt(xj) ∧ αalt(xj′)) → F(#xj
∧XF #xj′ ).

At this point, it remains to consider addition and multiplication. Let Πtr be a trace assignment that
maps some trace variables xj , xj′ , xj′′ to set traces σ, σ′, σ′′ encoding encoding singleton sets {n}, {n′}, {n′′},
respectively. Our goal is to write quantifier-free formulas hyp(νj = νj′ + νj′′) and hyp(νj = νj′ · νj′′) with
free variables xj , xj′ , xj′′ such that Πtr |= Ahyp(νj = νj′ + νj′′) if and only if n = n′ + n′′ and such that
Πtr |= Ahyp(νj = νj′ + νj′′) if and only if n = n′ · n′′ (note satisfaction of these formulas only depends on a
trace assignment, not a set of traces, so we drop it).

For addition, we define

hyp(ν = νj′ + νj′′) =
[(

(†xj′′ ↔ X †xj′′ )U(#xj′ ∧ αalt(xj′′))
)
∧ αalt(xj′) ∧ αalt(xj)

]
→ F(#xj′′ ∧ #xj

).

Intuitively, if time is frozen on the trace assigned to xj′′ until # is encountered on the trace assigned to xj′

(and progresses normally otherwise), then n must satisfy n = n′ + n′′ as required.
To conclude, we consider multiplication, which is more involved than addition. Our construction here is

inspired by a similar construction developed for HyperLTLC, but needs to replace contexts by trajectories.
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xa

xa′

1

1

Figure 2: The formula ensuring that the traces assigned to xa (and xa′) are periodic. Here, “ ” (“ ”) denotes
a position where $ holds (does not hold).

We consider four different cases. If n′ = 0 or n′′ = 0, then we must have n = 0 as well. This is captured
by the formula ψ1 = (#xj′ ∨ #xj′′ ) ∧ #xj

. Further, if n′ = n′′ = 1, then we must have n = 1 as well. This is
captured by the formula

ψ2 = (αalt(xj) ∧ αalt(xj′) ∧ αalt(xj′′)) → X(#xj′ ∧ #xj′′ ∧ #xj
).

Next, let us consider the case 0 < n′ ≤ n′′ with n′′ ≥ 2. Let z ∈ N \ {0} be minimal with

z · (n′′ − 1) = z′ · n′′ − n′ (1)

for some z′ ∈ N \ {0}. It is easy to check that z = n′ is a solution of Equation (1) for z′ = n′. Now, consider
some 0 < z < n′ to prove that n′ is the minimal solution: Rearranging Equation 1 yields −z+n′ = (z′−z)·n′′,
i.e., −z+n′ must be a multiple of n′′ (possibly 0). But 0 < z < n′ implies 0 < n′ − z < n′ ≤ n′′, i.e., −z+n
is not a multiple of n′′. Hence, z = n′ is indeed the smallest solution of Equation (1). So, for the minimal
such z we have z · (n′′ − 1) + n′ = n′ · n′′, i.e., we have expressed multiplication of n′ and n′′. Our goal is to
implement this reasoning in A-AHLTL.

To this end, let xa and xa′ be two of the fresh trace variables quantified in φ′ for the purpose of
implementing multiplication. The formula

(αalt(x
a) ∧ αalt(xa′)) → [G($xa ↔ $xa′) ∧GF $xa ∧GF¬$xa ∧ $xa ]

expresses that the traces assigned to xa and xa′ are, after projecting away †, both of the form

{$}m0∅m1{$}m2∅m3{$}m4∅m5 · · ·

with mj > 0 for all j. Then, the formula[
αalt(x

a) ∧ ($xa ∧ (†xa′ ↔ X †xa′))U(¬$xa ∧ αalt(xa′))
]
→ $xa U(¬$xa ∧G($xa ↔ ¬$xa′))

expresses that all mj are equal: The antecedent of the implication requires that time progresses normally
on xa, but is frozen on xa′ until $ does not hold for the first time in the trace assigned to xa. From there
onward, time also progresses normally on xa′. In this situation, the until in the consequent then updates the
pointer of xa to the last position of the first {$}-block in the trace assigned to xa′ and the pointer of xa′ to
zero. These positions are marked by “1” in Figure 2 which illustrates the construction. From these positions
onward, the always compares the pairs of positions connected by the diagonal arrows, thereby ensuring that
the blocks all have the same length.

Let αper(x
a, xa′) be the conjunction of the two formulas enforcing that the traces assigned to xa and xa′

are periodic. Furthermore, let xaj′ , x
a
j′+1, x

a
j′+2, x

a
j′+3 be the auxiliary variables designated to implement the

multiplication νj = νj′ + νj′′ in φ. We use the formulas αper(x
a
j′ , x

a
j′+2) and αper(x

a
j′+1, x

a
j′+3) as introduced

above to ensure that xaj′ and x
a
j′+1 are periodic and then discard xaj′+2 and xaj′+3, as they are only used in

these formulas. Then, we ensure that xaj′ has period n
′′ and that xaj′+1 has period n′′−1 and then implement
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the reasoning behind Equation 1. To this end, consider the formula

ψ3 =(αalt(xj′) ∧ αalt(xj′′)) → (XF(#xj′ ∧ F #xj′′ ) ∧XXF #xj′′ )∧
αper(x

a
j′ , x

a
j′+2) ∧ αper(xaj′+1, x

a
j′+3)∧

(αalt(xj′′) ∧ αalt(xaj′)) → $xa
j′
U(¬$xa

j′
∧ #xj′′ )∧

(αalt(xj′′) ∧ αalt(xaj′+1)) → $xa
j′+1

U(¬$xa
j′+1

∧X #xj′′ )∧[(
αalt(x

a
j′) ∧ αalt(xj) ∧ αalt(xj′) ∧

([
†xa

j′+1
↔ X †xa

j′+1

]
U

[
#xj′ ∧ αalt(x

a
j′+1)

]))
→

F(#xj′ ∧ (¬αalgn)U(αalgn ∧X #xj
))

]

where αalgn = ($xa
j′
↔ ¬X $xa

j′
) ∧ ($xa

j′+1
↔ ¬X $xa

j′+1
) holds if the pointers for xaj′ and x

a
j′+1 point to the

ends of a block in the respective trace.
Intuitively, the formula expresses the following:

• The first line holds if we are indeed in the case 0 < n′ ≤ n′′ with n′′ ≥ 2.

• The second line holds if the auxiliary traces are indeed periodic and the third and fourth one ensure
that they have the right periods, i.e., xaj′ has period n

′′ and that xaj′+1 has period n′′ − 1.

• The fifth line, which is the antecedent of an implication, holds if time progresses normally on xaj′ , xj′ ,
and xj , and if time is frozen on xaj′+1 until the (unique) position on the trace assigned to xj′ is reached
where # holds, from which point onward, time on xaj′+1 also progresses normally.

• If the antecedent holds, then the consequent in the sixth line implements the reasoning of Equation 1
as follows (see also Figure 3):

– The eventually updates the pointers of xj and xaj′ to n′ (the unique position where # holds on
xj′), while the pointer of xaj′+1 stays zero. These positions are marked with “1” in the figure.

– Then, the until operator relates positions i+n′ on xaj′ and i on x
a
j′+1 as indicated by the diagonal

lines in the figure. Hence, it updates the pointer of xaj′+1 to z · (n′′ − 1)− 1 for the smallest z > 0
such that z · (n′′−1) = z′ ·n′′−n′ for some z′. Accordingly, the pointers of xaj′ and xj are updated
to z ·(n′′−1)−1+n′, as time progresses normally on these traces after the position n′, as required
by the precedent. These positions are marked with “2” in the figure.

– Finally, the next increments the pointer of xj by one (this position is marked with “3”). Here, #
must hold on the trace assigned to xj .

As argued above, the minimal z satisfying the above requirement is equal to n′, i.e., the pointer of xj after
the application of the next operator is then equal to z · (n′′− 1)− 1+n′+1 = n′ ·n′′. Hence, we have indeed
implemented multiplication for the case 0 < n′ ≤ n′′ with n′′ ≥ 2.

Finally, the construction for the last case 0 < n′′ < n′ is analogous. Let the resulting formula be ψ4.
Then, define hyp(νj = νj′ · νj′′) = ψ1 ∨ψ2 ∨ψ3 ∨ψ4. An induction over the construction of φ shows that we
have (N,+, ·, <,∈) |= φ if and only if T |= φ′, where T is the transition system introduced above.

Finally, let us consider E-AHLTL: As second-order arithmetic is closed under negation, checking whether
a given sentence φ holds in (N,+, ·, <,∈), i.e., truth in second-order arithmetic, is equivalent to checking
whether ¬φ does not hold in (N,+, ·, <,∈). Thus, applying the reduction above and pushing the negation
over the trace and trajectory quantifiers shows that truth in second-order arithmetic can be reduced to
model-checking T against E-AHLTL sentences.

13



xaj′

xaj′+1

xj
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25

1

1

1

2

2

2 3

Figure 3: The formula ψ3 implementing multiplication, for n1 = 3 and n2 = 7, i.e., xaj′ has period 7 and
xaj′+1 has period 6. Here, “ ” (“ ”) denotes a position where $ holds (does not hold).

5 Finite-state Satisfiability

In this section, we consider the finite-state satisfiability problem for AHLTL. As model-checking is hard for
a fixed transition system, one can easily adapt the lower bound proof to show that finite-state satisfiability
is also as hard as truth in second-order arithmetic. Similarly, the upper bound can also be adapted, as one
can quantify (encodings of) finite transition systems in second-order arithmetic. This is in line with similar
results for, e.g., HyperQPTL [23], and proven along the same lines (see the appendix).

Theorem 5. AHLTL finite-state satisfiability is equivalent to truth in second-order arithmetic. The lower
bound holds for A-AHLTL and E-AHLTL.

Proof. Recall that we have reduced AHLTL model-checking to truth in second-order arithmetic by encoding
the semantics of AHLTL in second-order arithmetic, using the formula αtrc that checks whether a set X
encodes a trace of a fixed transition system (see the proof of Theorem 4). In second-order arithmetic, one
can also quantify (an encoding of) a finite transition system and then check whether that transition system
satisfies a given AHLTL sentence (cp. [22, Theorem 6.3]). Thus, AHLTL finite-state satisfiability can also
be reduced to truth in second-order arithmetic.

For the lower bound, recall that we have reduced truth in second-order arithmetic to model checking
A-AHLTL with respect to a fixed transition system T (see the proof of Theorem 4). The set of traces of T
can be expressed in A-AHLTL, i.e., we can write a A-AHLTL sentence αm (using additional propositions)
such that the projection of every model of αm to {#, $, †} is Tr(T ) (cp. [22, Theorem 6.1]). Thus, the finite-
state satisfiability of αm∧φ (brought into prenex normal form (see Remark 1)) is equivalent to model-checking
T |= φ, which is as hard as truth in second-order arithmetic.

6 Conclusion

We have studied the complexity of satisfiability, finite-state satisfiability, and model-checking for AHLTL
and showed that the former problem is Σ1

1-complete for existentially quantified trajectories and Σ1
1-hard

and in Σ1
2 for universally quantified trajectories, while the latter two problems are equivalent to truth in

second-order arithmetic, where the lower bounds hold for both types of trajectory quantification. Hence, all
three problems are highly undecidable.

This work extends a line of research that has settled the complexity of synchronous hyperlogics like Hyper-
LTL [14], HyperQPTL [23], and Hyper2LTL [15] as well as asynchronous ones like generalized HyperLTL
with stuttering and contexts and its fragments [22]. In future work, we aim to extend this to the remaining
logics mentioned in Figure 1. Also, one can extend AHLTL with arbitrary trajectory quantification [19]. As
trajectories are objects of type 2, this does not influence the complexity of model-checking and finite-state
satisfiability, but we expect the complexity of satisfiability to increase.
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Zentrum fÃ¼r Informatik, 2016.

[12] Bernd Finkbeiner, Markus N. Rabe, and César Sánchez. Algorithms for model checking HyperLTL and
HyperCTL∗. In CAV 2015, Part I, volume 9206 of LNCS, pages 30–48. Springer, 2015.

[13] Bernd Finkbeiner and Martin Zimmermann. The First-Order Logic of Hyperproperties. In STACS 2017,
volume 66 of LIPIcs, pages 30:1–30:14. Schloss Dagstuhl - Leibniz-Zentrum fÃ¼r Informatik, 2017.
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[15] Hadar Frenkel, Gaëtan Regaud, and Martin Zimmermann. The complexity of second-order HyperLTL.
Log. Methods Comput. Sci., 22(1), 2026.

15
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