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Stochastic process algebras

The semantics of process algebras is classically described by means
of Labelled Transition Systems (LTSs)

P Q

The semantics of stochastic process algebras is classically defined
by means of Continuous Time Markov Chains (CTMCs)

%Q

rate of an exponentially
distributed random variable
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Problems with a point-wise stochastic semantics

Typically, process algebras are endowed with a structural
equivalence relation = equating processes with the same behaviour

Example: modeling the parallel operator we expect no differences
between Q|R, R|Q, and R|Q|0.
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Problems with a point-wise stochastic semantics

Typically, process algebras are endowed with a structural
equivalence relation = equating processes with the same behaviour

Example: modeling the parallel operator we expect no differences
between Q|R, R|Q, and R|Q|0.

a,r

P = Q|R
by additivity
P25 RIQ ) £ (QRRIQRIQ)

P 25 RIQ|O
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A-Markov kernel [Mardare-Cardelli‘10]

Mardare and Cardelli generalized the concept of CTMC to generic
measurable spaces (M, X):

A-Markov kernel: (M, %, 0)
where 0: 4 — [[MK—> A(M, Z)]]

! 1 N\
, < measure

/
action label 7
current state on (M,X)
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A-Markov kernel [Mardare-Cardelli‘10]

Mardare and Cardelli generalized the concept of CTMC to generic
measurable spaces (M, X):

A-Markov kernel: (M, %, 0)
where 0: 4 — [[MK—> A(M, Z)]]

! 1 N\
, < measure

’
action label 7
current state on (M,X)

O(a)(m) is a measure on (M, %)

0(a)(m)(N) € R is the rate of m = A/



Stochastic bisimulation [Mardare-Cardelli‘10]

The definition of Markov kernel induces a new definition of
stochastic bisimulation

Stochastic bisimulation:
A rate-bisimulation relation R C M x M is an equivalence relation
such that for all & € A and R-closed measurable sets C € ¥.

(m,n)eR iff  6(a)(m)(C) = 0(a)(n)(C)



Stochastic bisimulation [Mardare-Cardelli‘10]

The definition of Markov kernel induces a new definition of
stochastic bisimulation

Stochastic bisimulation:
A rate-bisimulation relation R C M x M is an equivalence relation
such that for all & € A and R-closed measurable sets C € ¥.

(m,n)eR iff  6(a)(m)(C) = 0(a)(n)(C)

we say m and n are stochastic bisimilar, written m ~ 5 gy n, if
they are related by a stochastic bisimulation.
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Outline of the construction

Problem: the definition of a Markov kernel needs a
presentation of the semantics (SOS).

Brane Calculus
SOS for Brane Calculus

Markov kernel for Brane Calculus

6
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(Finite state) Brane calculus [Cardelli ‘04]

Systems P: P,Q: = ©<|odPD|PoQ nests of membranes
Membranes M: o,7 = 0|o|r|a.0 combinations of actions
Actions: a,b: = ... (not now)
oQPD o|TdPD
o
J !J
membrane membrane T
contents
patches



Brane Calculus Reactions

Actions: ..., | 95(0) | ©, | Oy | ©(0)

phago ®, exo®, pino®
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Reduction Semantics for Brane Calculus

Reduction relation (“reaction”): == CP x P

DL(p).7|00QD © ©,.0|00(PD = 7|75 plo|ooIPDD o QD (red-phago)

(red-exo)

0L 7|1000,.0]00CPD © QD = 5|op|7|T0dQD © P

(red-pino)

©(p).o|oo(PD = g|oo(pdeD o PD

P = Q N P - Q
o(PD = oqQp ) PoR=> QoR |

red-comp)

P=P P=Q Q=Q
P=Q

(red-equiv)
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Reduction Semantics for Brane Calculus

Reduction relation (“reaction”): == CP x P

D#(p)j"TO«QD o QD,,.O"UQGPD - T|TOGPGO"00GPDD o QD (red-phago)

(red-exo)

0L 7|1000,.0]|00CPD © QD = 5|op|7|T0dQD © P

o(p).c|loo(PD =» g|oo(pdeD o PD (red-pino)

P = Q N P = Q
o(PD = 5qQp PoR= QoR

red-comp)

P=F PlﬂQ/ Q/EQ
P=Q

(red-equiv)

I— not structural

9
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Towards a Structural Operational Semantics

We give a LTS for the Brane Calculus (along [Rathke-Sobocinski‘08])

Meta—syntax** (typed A-calculus)

Terms M:=0|¢|aM|MM|MoM| MIMD

X (variable)
AX:t. M (lambda abstraction)
M(M) (application)

a9, [ 0(M) [0, [0 | 0,(M)

Types t =sys|/mem  act|t—t

(**) It is not a language extension, A-terms are introduced only for a
structural definition of the LTS.
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Typing System for Brane Calculus

(=M :t (Judgement)
environment 7 X N
I: Vars — Types o \term To--type
NX)=t
rex.e
rXt-M:t Fr=M:t—t Fr=N:t
(lambda) (app)
FEAXE Mt st M- M(N): t
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Typing System for Brane Calculus

[ M:t (Judgement)
environment ~ 7 R AN -
I Vars — Types \term - - - type
ac{9,,9,59;} ac{95,0,} [+ M:mem
(act) (act-arg)
MFa:act It a(M): act
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Typing System for Brane Calculus

[ M:t (Judgement)

N T - - - type
term

environment .

[': Vars — Types

MMFa:act o M:mem
M,MoFa.M:mem

(zero) (a-pref)

~0: mem

MMEM:mem T>2F N:mem
r,M2F M|N : mem

|
|
/

/
/
union of environments /

supposed to be disjoint

(par)
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Typing System for Brane Calculus

T-M:¢ (Judgement)
. A N ' R
environment _- \ ..
I Vars — Types \term - - type

[MEM:mem ToF N:sys

[0 :sys M, MAND : sys
MM M:sys ToF N:sys
rl,rzl—MoN:SyS

]

/
/

(comp)

union of environments /
supposed to be disjoint

(void) loc)
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Labelled Transition System (membranes)

Labels for mem-transitions: Amem = {95, 95(p), On, O5, 04(p)}

o, (0-pref) o:(7) (9*-pref)
On.0 - o oi(p).o 222 5
— (o-pref) o (o*-pref)
Op.0 — 0 Oio 5 o
(@-pref)
©n(p)
on(p)c —> 0o
Qe @
(L-par) (R-par)

(e «
olr = o'|T Tlo = 7|o’
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Labelled Transition System (systems)

Labels for sys-transitions: Al = {phago,, phago,,exo,} U {id}

Phago fragment**

D, / Bﬁ(p) /
c—"0 c—>0
phago,, (®) Shago o, (Bl)
odPd —— A\Z. Z(o'4PD) o@PD 225%5 AX. o'QpdXD o PD

p Pl phago, F p Pl phago,, A

Po phago, (LOS) phagon (LOB )
Q —> M. (F(2)° Q) PoQ —= AX. (A(X)° Q)
phago,, phago
P—F 89— ( -id®)
Po Q- F(A)

(**) Right-symmetric rules are omitted
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Labelled Transition System (systems)

Labels for sys-transitions: AJ¢ = {phago,, phago,,exo,} U {id}

Phago fragment™**

D) o5 (p
oo o 20, o i

» »
o () (")

oQPD == \Z. Z(o'(PD) oAPD P\ x o' QpdXD o PD
p phago,, F p Phago, phagon A\ L
phago (LOD) phago (LOD )
PoQ7ZAz.(F(Z)oQ) PoQ P X (A(X)o Q)

phago phago

has type P—-F Q@ —% (L ido) has type
(sys — sys) — sys -1d¥ H
PoQ _> F(A) sys — sys
(**) Right-symmetric rules are omitted
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Labelled Transition System (systems)

Labels for sys-transitions: AJ . = {phago,, phago,,exo,} U {id}

Sys

Exo fragment™**

S
o= o

exon (®)
(P =% AXy. o |yAXD o P

p =2 S
Po @ =25 A\Xy. S(X ° Q)(y)

(Loo)

n oy
pEZns o0l

o(PD 5 5(0)(o")

(id-v)

(**) Right-symmetric rules are omitted
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Labelled Transition System (systems)

Labels for sys-transitions: A = {phago,, phago,,exo,} U {id}

Pino fragment

P on(p) 0_/
d (id-@)
cdPD — o'qpdeD o PD
Cong-closures™*
P pr P pr

(id-loc)

(Loid)

(P % 5qP'D PoQ ! prog@

(**) Right-symmetric rules are omitted
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Labelled Transition System (properties)

LTS compatible with reduction semantics:

Proposition

+ I P Q then P == Q
+ |fP->chenPE—>Q’forsomeQ’EQ

LTS compatible with structural congruence:

If P2 P and P = Q then 3. Q' such that @ = P’ and Q < Q.

14 /23



Stochatic Model for the Brane Calculus

Action Labels: A" = Aem UAT

sys

Markov kernel: (T, %, 6)
6: At — [T — A(T, ¥)]
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Stochatic Model for the Brane Calculus

Action Labels: A" = Aem UAT

sys

the same used
by the LTS

Markov kernel: (T, %, 6)
6: At — [T — A(T, ¥)]

\ expected to be

adequate
w.r.t. the LTS

M5 M — ) (M)([M]<) >0
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Markov kernel from SOS

The structural representation of the semantics makes possible the
definition of 6 by induction on the structure of processes.

f(phago,)(F © O)T) = (Lov)

phago,
P—5 F

poq P 7 (F(2)° Q)

(Lov)

16
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Markov kernel from SOS

The structural representation of the semantics makes possible the
definition of # by induction on the structure of processes.

0(phago,)(” © Q)(T) = O(phago,)(P)(Fq) (Lov)

where Fgo = {F : (sys = sys) = sys | \Z. (F(Z)° Q)€ T)}/=

phago,
P—5 F

poq M N7 (F(Z)° Q)

(Lov)

16
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Markov kernel from SOS

The structural representation of the semantics makes possible the
definition of # by induction on the structure of processes.

0(phago,)(F © Q)(T) = 0(phago,)(P)(Fq) + (Low)
0(phago,)(Q)(Fp) (Rov)

where Fp = {F : (sys = sys) = sys | \Z. (P° F(Z)) € T)}/=

hago,,
Q=0 F

poQ PR \7 (Po F(Z))

(Ro®)

16
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Markov kernel from SOS

The structural representation of the semantics makes possible the
definition of # by induction on the structure of processes.

0(id)(P o Q)(T) = 0(id)(P)(To@) + 0(id)(Q)(Top) +  (Loid) (Reid)

PP (Loid) Qﬁ) @ (Reid)
PoQpoq PoQpog

16
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Markov kernel from SOS

The structural representation of the semantics makes possible the
definition of # by induction on the structure of processes.

0(id)(F o Q)(T) = 0(id)(P)(Toq) + 0(id)(Q)(Top) (Loid) (Reid)

neN

0(phago,,)(P)(F) - (phago,)(Q)(A) |
Z . + (L-ido)
FACT “(®n)
law of nen .
[ aw ol 3 9(phagon)(0)(f)\ O(phagon)(P)(A) .
FACT ()
p Phagon, phago, F Q phago Q phago,, F p Phagon, phagon A

(L—idt)) (R-id®)
PoQ Y FA) Po Q% FA)
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Markov kernel and adequacy w.r.t. LTS

The Markov kernel is adequate w.r.t. the LTS

1 if 0(a)(M)(T) > 0then I M € T st. M-S M
2. if M S M then I MeNst. M €T and 0(a)(M)(T) >0

Corollary

M % M iff 0(a)(M)([M']=) > 0

<
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Stochastic Structural Operational Semantics

M=

AT-indexed measure
p: AT — A(T, X)

€€ {9,,9,,95}
e.o — [€,

(pref)

(zero)

0 — wmem

ce{v;,0,} o—u T
(pref-arg) / m
o Fols o7 > Wor A

(par)

L oY P—>uI P— Q —
o — wsYs (veid) o(PD — @%v (loc) PoQ— pp®qgu” (comp)
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Stochastic Bisimulation (on systems)

Adequacy w.r.t. Markov kernel
P—p iff bsys(P)(a)(P) = p(a)(P)

This lead us to define:

A rate-bisimulation relation is an equivalence relation R C P x P
such that for arbitrary P, @ € P with P — p and Q — 1/,

(P,Q) e R iff u(a)(C)=p'(a)(C) V.CeMN(R)and ac A:'ys

Two systems P, @ € P are stochastic bisimilar, written P =~ Q, iff
there exists a rate bisimulation relation R such that (P, Q) € R.

19/23



Stochastic bisimulation (properties)

Theorem (= smallest stochastic bisimulation)

The stochastic bisimulation relation = is the smallest equivalence
such that for arbitrary P, Q@ € P with P — p and Q — 4/,

P~ Q iff p(a)(C)=p'(a)(C) V.CeN(=)andac Af

sys*

Theorem (= C ~)

+ IfP=Q then P~ Q
+ 0(oc@®D ~ < and 04dodDD £ <.
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Conclusions & Future Work

Done:

To

Structural Stochastic Semantics for the Brane Calculus
Labelled Transition System for the Brane Calculus (SOS)
Proved the generality of the approach of [Mardare-Cardelli'10]

do:

Is &~ a congruence?

metrics for stochastic Brane processes
refinements (volume, temperature, pressure)
Full Brane Calculus (with bind&release)

comparing the approach with Gillespie algorithm
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Thanks :)



» back to LTS

(®-pref) (o*-pref)

D) o
Op.0 2 o ok (p).r 22
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Example: phago derivation

- (®-pref) = (©*-pref)
S aL
On.o 2 D5 (p).T 2 r
(0) e (o)
0n.0(PD P 7 Z(50PD) 0%(p).74Q@D 2% A X 70pAXD o @D
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Example: phago derivation

——— (®-pref) ) (©*-pref)
¥ @l
On.o 2 D5 (p).T 2 r
(®) — (®4)
0n.0(PD P 7 Z(50PD) 0%(p).74Q@D 2% A X 70pAXD o @D

(L-id®)
9,.00PD 0 9% (p). 7AQRD , 7QplodPDD © QD
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