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Abstract. We present global and local algorithms for solving systems of
equations over Noetherian posets with a bottom element, a general set-
ting underlying many verification problems. Our algorithms compute the
solution of a selected variable by restricting exploration to those parts of
the system required to determine its value. We achieve this by comput-
ing variable dependencies by means of dependency oracles. Oracles guide
the exploration of the system and provide sound termination criteria for
local fixed-point computation. A key advantage of our approach is its
flexibility: oracles can be customized, composed, or over-approximated,
offering a principled way to trade precision for performance without com-
promising correctness.
We evaluate our solution against existing algorithms from the literature
and show that our prototype implementation is competitive and often
outperforms specialized solutions, while remaining simple and adaptable
across diverse application domains.

1 Introduction

Fixed point computation underlies a wide range of foundational techniques in
computer science, from program semantics to verification. In static analysis, for
example, control-flow invariants correspond to fixed points of systems of equa-
tions over abstract domains; in model checking, verifying temporal properties
reduces to computing fixed points (greatest for safety, least for liveness).

The simplest, yet most used [3,15,19,20], method for computing fixed points
is Kleene iteration, named after Kleene’s celebrated theorem. Given a monotone
function F over a poset with a least element ⊥, the least fixed point µF can be
computed by iteratively applying F , starting from ⊥. If the poset is Noetherian,
the chain ⊥ ⊑ F (⊥) ⊑ F (F (⊥)) ⊑ . . . stabilizes after finitely many steps,
guaranteeing termination.

In practice, most applications can be expressed as solving a system of equa-
tions, where an application of F updates all variables simultaneously. However,
in many cases one is interested in the solution of a specific variable x̃ (target),
which allows in certain situations to explore only a subset of the equations,
making it unnecessary to update every variable at each step. A more efficient
approach performs single updates via a function Fx that updates the variable
x and leaves all others unchanged. To make this effective, updates must follow
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precise selection criteria that identify the variables relevant to x̃ and prune the
search space, much like the locality principles of local model-checking algorithms
like [1,11,17,21].

Example 1. Consider the following system of equations on the Boolean lattice
{ff , tt}, where ∧ and ∨ are ordinary logical conjunction and disjunction.

x = y ∨ z , y = y ∧ z , z = tt , w = tt ∨ w .

Assume x is the target. The updates that would increase the initial assignment
⊥ = (x : ff ; y : ff ; z : ff ;w : ff) are for the variables z and w. However, an easy
inspection of the equations reveals that w has no influence on x, so should be
avoided and the assignment updated to Fz(⊥) = (x : ff ; y : ff ; z : tt;w : ff). Now
z is solved. By exploiting the laws of Boolean algebras (namely, tt = y ∨ tt),
one discovers that y has no influence on x. Now, the only useful update is on x,
which gives the assignment Fx

(
Fz(⊥)

)
= (x : tt; y : ff ; z : tt;w : ff), solving x. A

smart algorithm should terminate without any further updates of the variables.

In this paper, we propose global and local algorithms for computing the
solution of a target variable x̃, that exploit dependency analyses on the variables
of the system of equations. These analyses serve a dual purpose: they guide the
selection of the variables which are relevant to solve x̃, and they provide a precise
criterion for determining when x̃ has reached its least solution.

Our main theoretical contribution is the design of a general framework for an-
alyzing dependencies, both semantically and syntactically, on a system of equa-
tions interpreted over a Noetherian poset with a bottom element.

We identify two key relations, flow and now, which are used to describe how
updates to one variable may influence others within the system. Intuitively, if
x is related to y, then updating x can affect the future value of y. These two
relations support different analysis strategies. The now relation characterizes
variable dependencies by focusing on immediate influence: updating x now has
a direct effect on y. The flow relation focuses on eventual influence: a future
update of x has an impact on the value of y. Our interest in these relations is
motivated by the fact that they can be used to determine whether a variable
is solved independently of the others. This property is used to provide sound
termination criteria for our algorithms. The termination condition for the global
algorithm is derived from the now relation; the one for the local algorithm from
the flow relation. The difference is that for the former, we assume the equations
are known in advance, while in the latter, equations are discovered incrementally
during computation, and only partial information is available.

Another key contribution is the introduction of dependency oracles: functions
that refine dependency analysis combining information from the current assign-
ment and the knowledge from the system of equations. An oracle is sound if it
preserves the correctness of the analysis, i.e., if it does not remove necessary de-
pendencies. The use of oracles allows us to improve performance by avoiding the
overhead of computing exact dependency analysis, while preserving correctness.
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Sound oracles are closed under composition, intersection, and union, allowing
for more precise analyses to be systematically derived. Oracles combine flexibility
and simplicity as they can be defined at varying levels of precision, reused across
domains, or specialized to exploit domain-specific properties.

Our global and local algorithms are implemented in a prototype tool written
in Java, which we use to evaluate performance against competing algorithms,
namely, WKTool [12], CAAL [2], and ADG [11]. Despite its prototypical nature,
our approach achieves substantial speedups across most benchmarks, reaching
up to 20 times faster performance.

Related Work. Several global and local algorithms have been proposed for fixed-
point computation [1,4,6,11,17,21]. The works most closely related to ours are [17]
and [11], which rely on dependency graphs: data structures encoding both equa-
tions and direct variable dependencies.

The dependency graphs of [17] modeled Boolean equation systems following a
rigid disjunctive-normal-form structure. Later extensions to more expressive do-
mains [9,12,13,14,18] required ad hoc adaptations. Abstract Dependency Graphs
(ADGs) [10] unified these approaches by supporting assignments over Noethe-
rian posets with customizable edge types and user-defined ignore functions. Our
algorithms operate at the same level of generality as ADGs, and our oracles gen-
eralize their ignore functions: every sound ignore function is a sound oracle in
our sense. Moreover, oracles support richer analyses while providing a systematic
framework for establishing soundness.

Outline. Section 2 introduces the preliminaries; Section 3 lays out the math-
ematical foundation behind our algorithms, which are presented in Section 4.
Section 5 is dedicated to oracles and local oracles, where we demonstrate their
properties. In Section 6, we focus on oracles designed for systems of equations
whose right-hand sides are syntactically expressed as terms over a signature of
operations. Section 7 outlines the experimental results of our Java prototype im-
plementations, and Section 8 concludes the paper. Full proofs of the results and
supplementary material are available in the extended version of this article [5].

2 Preliminaries and Notation

A poset (P,⊑) is a set P endowed with a partial order relation ⊑ on it (i.e., re-
flexive, transitive, and anti-symmetric). A poset is Noetherian if every ascending
chain p1 ⊑ p2 ⊑ p3 ⊑ . . . eventually stabilizes: there is n ∈ N such that pn = pj ,
for every j ≥ n.

A function f : P → P is monotone if whenever p ⊑ p′, then f(p) ⊑ f(p′). By
Kleene’s fixed point theorem [16], a monotone function on a Noetherian poset
with bottom element ⊥ has a least fixed point µf arising as the stabilising
element of the chain ⊥ ⊑ f(⊥) ⊑ f(f(⊥)) ⊑ . . . .

We will often work with sets of functions PX = {f | f : X → P} from a set
X to a poset P , with the point-wise order f ⊑ f ′ iff f(x) ⊑ f ′(x), for all x ∈ V.
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The bottom element is the function that assigns the bottom element in P to
each x ∈ X. When X is finite, PX is Noetherian if and only if P is.

Definition 2 (System of equations). Let D be a Noetherian poset with bottom
element. A system of equations E over D consists of a finite set V of variables
with an associated equation x = fx, for each x ∈ V, such that fx : DV → D (the
right-hand side) is monotone.

An assignment for E is a function A : V → D mapping variables to elements
in D. An assignment A is a solution to E if A(x) = fx(A), for all x ∈ V.

A system E induces a function F : DV → DV (update function) defined as
F (A)(x) = fx(A), which updates an assignment A ∈ DV by evaluating the
right-hand side of each equation. As fx is monotone for every x ∈ V, so is F .

Observe that the solutions to E are exactly the fixed points of F . In this
paper we are interested in the least solution, µF , which, under our working as-
sumptions, always exists by Kleene fixed point theorem. In the rest of the paper,
unless stated otherwise, the components of E are denoted as in Definition 2.
For instance, V denotes the set of variables and fx is the right-hand side of the
equation for the variable x.

Given x ∈ V and a system of equations E , let Fx : DV → DV denote the
partial update operator associated with x. Formally, for A ∈ DV and y ∈ V

Fx(A)(y) =

{
fx(A) if y = x,

A(y) otherwise.

As fx is monotone, so is Fx. Moreover, Fx(A)(x) = fx(A) = F (A)(x), thus
A = F (A) if and only if A = Fx(A) for every x ∈ V.

We will often consider sequences of updates, so we conveniently extend our
notation to strings of variables π = x1x2 . . . xn ∈ V∗, and define Fπ : DV → DV

as the composition Fxn
· · ·Fx2

Fx1
of the single partial updates1 performed in the

order of appearance in π.
The following is a variant of the celebrated theorem by Kleene that charac-

terizes the least fixed point in terms of repeated partial updates.
Theorem 3 (Partial Kleene). For every π ∈ V∗ the following hold true:
(a) Fπ(⊥) ⊑ FxFπ(⊥) for every x ∈ V, and
(b) there exists π′ ∈ V∗ such that Fπ′Fπ(⊥) = µF .
The original Kleene’s theorem considers the chain ⊥ ⊑ F (⊥) ⊑ F (F (⊥)) ⊑ . . .
of assignments. The variant above replaces this chain with the set of assignments

A = {Fπ(⊥) | π ∈ V∗} ⊆ DV (1)

obtained from ⊥ by repeatedly applying partial updates. In Theorem 3, (a) says
that Fx is extensive on A; and (b) that regardless of the past choices of variable
updates, there is always the possibility to reach the least fixed point µF via an
appropriate selection of future updates. Thus, µF is the top element of A.
1 Following standard conventions, the composition operator ◦ will often be omitted,

so for example Fx1x2(A) = Fx2Fx1(A) = Fx2(Fx1(A)). Moreover, as the empty
composition is the identity function, for the empty string ε ∈ V∗ we have Fε = id.
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3 Dependency Analysis on Systems of Equations

Given a target variable x̃, we can iteratively apply partial updates starting from
⊥ until x̃ appears to have stabilized. However, Theorem 3 guarantees that this
value is the correct solution only when the entire system has stabilized.

In this section, we establish criteria for certifying that a variable is solved
without waiting for the remaining variables to converge. We do this by means of
two relations, flow and now, which characterize variable dependencies according
to whether the influence is eventual or immediate.

Hereafter, we fix a system of equations E = {x = fx | x ∈ V} on a Noetherian
poset (D,⊑), with variables in V and least solution µF . The set A of assignments
is defined as in equation (1).

Definition 4 (Flow and Now relations). For an arbitrary A ∈ A, we define
two relations: FA ⊆ V × V (flow relation) and NA ⊆ V × V (now relation),
relating the variables of E according to how they influence each other relative to
a given assignment A:

FA = {(x, y) | ∃π, π′ ∈ V∗ such that Fππ′(A)(y) ̸= Fπxπ′(A)(y)} ,
NA = {(x, y) | ∃π ∈ V∗ such that Fπ(A)(y) ̸= Fxπ(A)(y)} .

Intuitively, (x, y) ∈ FA if updating x at some later stage can affect the future
value of y, whereas (x, y) ∈ NA reflects the influence of an immediate update
of x on the future of y. Thus, the difference is temporal: FA captures complex
long-term influence, while NA only captures direct influence.

Proposition 5. For every A ∈ A, it holds that that FA =
⋃

π∈V∗ NFπ(A) (and
so NA ⊆ FA). Moreover, FFx(A) ⊆ FA for every x ∈ V.

Example 6. Consider the system of equations from Example 1. We provide the
flow and now relations for the assignments ⊥, Fz(⊥) and Fzx(⊥):

N⊥ = {(z, x), (z, z), (w,w)} ⊆ F⊥ = {(x, x), (z, x), (z, z), (w,w)} ,
NFz(⊥) = {(x, x), (w,w)} = FFz(⊥), NFzx(⊥) = {(w,w)} = FFzx(⊥) .

Note that (x, x) /∈ N⊥, as ⊥ = Fx(⊥); moreover, NFz(⊥) ̸⊆ N⊥. In contrast,
(x, x) ∈ F⊥, as the value of x may change in the future, for instance after the
update of z has taken place: indeed, ⊥ ≠ Fzx(⊥).

Our interest in these two relations is motivated by the following result, which
yields a number of equivalent criteria to establish when a variable z is locally
solved at a given assignment A (i.e., A(z) = µF (z)).

Theorem 7. For every A ∈ A and z ∈ V, the following equivalences hold

A(z) = µF (z) ⇐⇒ ∀x ∈ V. (x, z) /∈ FA ⇐⇒ ∀y ∈ V. (z, y) /∈ FA

⇐⇒ ∀x ∈ V. (x, z) /∈ NA ⇐⇒ (z, z) /∈ FA .

Thus, solved variables are precisely those that can neither be influenced nor
influence any other variable, now or in the future.
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4 Partial Kleene Iteration with Dependency Oracles

We present two algorithms for computing the least solution of a target variable
based on partial Kleene iteration. The key novelty is the use of dependency
oracles, which help both to determine when the solution has been reached and
to narrow the selection of the updates.

Hereafter, we assume all functions fx appearing in the system of equations
are computable. This is a reasonable assumption that is needed only to prove
the termination of the algorithms.

4.1 Global algorithm

The result of a dependency analysis is a relation R ⊆ V×V that relates variables
according to how they influence each other. The analysis R is correct relative to
the assignment A if NA ⊆ R (i.e., it does not exclude real dependencies).

Our approach uses functions, called oracles, that refine dependency analysis
using the information from the system of equations and the current assignment.

Definition 8 (Oracle). We call a function O : A × ℘(V × V) → ℘(V × V) an
oracle for E. An oracle is sound if, for every A ∈ A and R ⊆ V× V,

NA ⊆ R implies NA ⊆ O(A,R) .

The soundness condition simply states that every correct dependency analysis
R, once refined by the oracle, remains correct.

Example 9. The following are some simple examples of sound oracles.

– Identity oracle. The function i(A,R) = R;
– Trivial oracle. The constant function triv(A,R) = V× V;
– Exact oracle. The function now(A,R) = NA.
– Not-stuck oracle. The function ns(A,R) = {(x, y) | A(x) ̸= fx(A), y ∈ V}.
– Reachable args oracle. The constant function args(A,R) = →∗, given by

the reflexive and the transitive closure of the relation y → x iff y ∈ Arg(fx),
where Arg(f) denotes the set of arguments of a function f : DV → D, i.e., the
smallest set S ⊆ V such that, there exists g : DS → D with f(A) = g(A|S)
for all A ∈ A.

Remark 10. While the exact oracle, now , could in principle be used, computing
it is impractical, as it is as costly as solving the entire system of equations. Using
a generic sound oracle O is a practical alternative: we replace an exact analysis
with an over-approximation. In Sections 5–6 we present more elaborate examples
of sound oracles, and a detailed discussion on how to craft them.

The algorithm GlobalK (Figure 1) takes as input a system of equations E ,
a target variable x̃, and a sound oracle O. It uses three variables: an assignment
A, a dependency analysis R, and the set todo of variables to be considered for
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GlobalK(E , x̃, O)

1 A = ⊥
2 R = O(A,V× V)
3 todo = {y | (y, x̃) ∈ R}
4 while todo ̸= ∅
5 extract x from todo
6 if A(x) ̸= fx(A)
7 A(x) = fx(A)
8 R = O(A,V× V)
9 todo = {y | (y, x̃) ∈ R}

10 return A(x̃)

LocalK(E , x̃, O)

1 A = ⊥, D = {x̃}, V = ∅
2 R = O(V,A,V× V)
3 todo = {y | (y, x̃) ∈ R} ∩D
4 while todo ̸= ∅
5 extract x from todo
6 V = V ∪ {x}
7 if A(x) ̸= fx(A) or Arg(fx) ̸⊆ D
8 A(x) = fx(A)
9 D = D ∪Arg(fx)

10 R = O(V,A,R)
11 todo = {y | (y, x̃) ∈ R} ∩D
12 return A(x̃)

Fig. 1. Two Kleene iteration algorithms enhanced with global (on the left) and local
(on the right) dependency analysis, performed by a user-provided oracle O.

an update. The analysis R is updated by invoking the oracle on the current
assignment A and the trivially correct analysis V × V (lines 2 and 8)2. The
analysis is used to guide the selection of the variables to update (line 5) by
collecting in todo only the variables that may have an influence on x̃. Initially,
A = ⊥. At each iteration of the while-loop (lines 4–9), a variable is extracted from
todo to undergo an update. If the assignment increases, the analysis R is updated
accordingly (lines 6–9). At the end of each iteration, either the assignment has
increased or todo has become smaller. Since the domain of the assignments is
Noetherian, A eventually stabilizes, and todo will become empty.

By the soundness of O, the inclusion {y | (y, x̃) ∈ NA} ⊆ todo is satisfied
throughout the computation. Thus, by Theorem 7, when todo becomes empty
we have that x̃ is solved in A.

Theorem 11. If O is a sound oracle, GlobalK(E , x̃, O) terminates and re-
turns µF (x̃).

Example 12. The computation informally described in Example 1 corresponds
to the formal execution of GlobalK shown below. For clarity, we explicitly
report the dependency analysis R used at each iteration, anticipating that it is
obtained using the Boolean oracle introduced later in Section 6.

Iteration A R todo

0 ⊥ {(z, z), (w,w)}∪
(
{y, z, w} × {x}

)
∪
(
{x, z, w} × {y}

)
{y, z, w}

1 (extract z) Fz(⊥) {(x, x), (w,w)} ∪
(
{x, z, w} × {y}

)
{x}

2 (extract x) Fzx(⊥) {(w,w)} ∪
(
{x, z, w} × {y}

)
∅

2 We always use V×V instead of using the current analysis R because it may happen
that NFx(A) ̸⊆ O(Fx(A), R) even though NA ⊆ R (cf. Example 6).
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4.2 Local algorithm

For some systems, the equations are produced as needed during execution, and
the full system need never be constructed. Algorithms that follow this principle
are known as local. In our local algorithm, the exploration proceeds incremen-
tally, much like traversing a graph: the equation is constructed only when its
variable is visited. Once visited, its equation remains available for later use (e.g.,
for a dependency analysis), and all new variables occurring in the equation are
marked as discovered. To ensure locality, the next variable to update is chosen
from the set of already discovered variables, rather than the entire system. This
restriction adds two challenges. First, the now relation is no longer a sound basis
for dependency analyses, since variables that may influence x̃ according to now
might not yet have been discovered (cf. Remark 18); we address this by rely-
ing on the flow relation, which provides stronger soundness guarantees. Second,
oracles must perform their analysis using only the information available at the
moment they are invoked. To support this, we extend oracles with an additional
parameter that specifies which variables have been visited.

Definition 13 (Local Oracle). We call O : ℘(V)×A×℘(V×V) → ℘(V×V)
a local oracle for E. It is sound if, for every V ⊆ V, A ∈ A, and R ⊆ V× V,

FA ⊆ R implies FA ⊆ O(V,A,R) .

Apart from the difference in type, i and triv are sound local oracles, whereas
now is not. The local variant of the exact oracle is flow(V,A,R) = FA.

For the local exploration, LocalK (in Figure 1) uses three sets: D contains
the discovered variables; V the visited ones; and todo the variables that the local
oracle O suggests to consider for the next update. Observe that the inclusion
todo ⊆ D is enforced throughout the entire computation.

Initially (line 1), only x̃ is known (D = {x̃}) but its equation is not yet
available (thus, V = ∅). Consequently, todo is either empty or contains only x̃.
In the first case, the algorithm terminates immediately, as x̃ is already solved
(Theorem 7). Otherwise, x̃ is extracted (line 5) and its equation is revealed
(line 6). If this update increases the assignment A, or if the equation introduces
previously undiscovered variables (line 7), todo is recomputed through a new
dependency analysis using the local oracle O (line 11) by refining the analysis R
from the previous iteration (line 10). This process is iterated until todo becomes
empty (line 4). The reuse of previous analyses (line 10) is a feature which is
absent in GlobalK, and it is based on the last part of Proposition 5.

Theorem 14. If O is a sound local oracle, LocalK(E , x̃, O) terminates and
returns µF (x̃).

Termination follows similarly to GlobalK. Establishing correctness, however, is
more challenging. When LocalK terminates, todo is empty, and this can occur
in one of two ways: either because line 3 or 11 clears todo, or because repeated
removals at line 5 eventually exhaust it. In the first case, Theorem 7 guarantees
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that x̃ is solved. In the second case, todo contained only variables that failed the
test in line 7, meaning that updating them neither increased the assignment nor
did their equations allow the discovery of new variables. Some of these variables
may be unsolved (see Example 17), so why should x̃ itself be solved?

To answer this, we introduce the notion of almost self-closed set. A set X ⊆ V
is almost self-closed for x̃ and A ∈ A, if x̃ ∈ X and every x ∈ X satisfies:

A(x) = fx(A) and {y | (y, x̃) ∈ FA} ∩Arg(fx) ⊆ X .

where Arg(f) are the arguments of f . Intuitively, an almost self-closed set for x̃
contains all the variables that possibly influence x̃ but none of them can increase.

Example 15. Let x be the target variable of the Boolean equation system below:

x = y ∧ z , y = y ∨ w , z = ff , w = tt .

All the almost self-closed sets for x and ⊥ are {x}, {x, y}, {x, z} and {x, y, z}.
Indeed, by Theorem 7 {v | (v, x) ∈ F⊥} = ∅, as µF (x) = ff .

Theorem 16. If x̃ and A admit an almost self-closed set, then A(x̃) = µF (x̃).

Theorem 16 justifies the correctness of LocalK in the second case of termi-
nation discussed earlier: when todo is set for the last time in line 11, it becomes
an almost self-closed set for x̃ and A. Indeed, for all x ∈ todo, A(x) = fx(A) and

{y | (y, x̃) ∈ FA} ∩Arg(fx) ⊆ {y | (y, x̃) ∈ R} ∩D = todo

because FA ⊆ R and Arg(fx) ⊆ D for all x ∈ todo.
An advantage of almost self-closed sets is that LocalK can terminate before

all visited variables are fully solved. Example 17 illustrates this behavior.

Example 17. Consider the system of equations from Example 15 and take x as
target variable. Pick a local oracle O such that {v | (v, x) ∈ O(V,⊥, R)} =
{x, y, z} for every V ⊆ V and R ⊆ V × V. Below are shown the details of an
execution of LocalK:

Iteration A D (discovered) V (visited) todo (to update)
0 ⊥ {x} ∅ {x}

1 (extract x) ⊥ {x, y, z} {x} {x, y, z}
2 (extract y) ⊥ {x, y, z, w} {x, y} {x, y, z}
3 (extract z) ⊥ {x, y, z, w} {x, y, z} {x, y}
4 (extract y) ⊥ {x, y, z, w} {x, y, z} {x}
5 (extract x) ⊥ {x, y, z, w} {x, y, z} ∅

In the last three iterations of the while-loop, x, y and z are extracted from
todo by failing the test in line 7. From Example 15, we know that previous to
these extractions, todo is an almost self-closed set for x and ⊥. Observe that,
while the algorithm terminates correctly solving x, the variable y is not solved
yet. In comparison to the local algorithm based on dependency graphs from [11],
LocalK terminates earlier, because the “early termination” in [11] still requires
all the variables in todo to be solved.
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Remark 18. Next we show that the now relation fails to capture the necessary
dependencies, thereby justifying the use of the flow relation for local oracles.

Suppose, for the sake of contradiction, that we execute LocalK on the sys-
tem of equations from Example 1 with target variable x, using now as oracle,
which is sound in the sense of Definition 8. At the start of the execution, A = ⊥,
and D = {x}. From Example 6, we know that N⊥ = {(z, x), (z, z), (w,w)}. As a
result, LocalK (line 3) initializes todo = {z}∩D = ∅. This causes the algorithm
to terminate immediately, incorrectly returning ff as the least solution for x.

5 A Compositional Theory of Oracles

This section demonstrates the flexibility and ease of working with oracles and
their local variants, which stem from their compositional properties. While tech-
nically distinct, global and local oracles share similar foundations. We will spend
most of the space describing global oracles. Once these are understood, it is easy
to adapt them to their local variants, which we do at the end of the section.

One wishes to obtain new oracles from existing ones by composing them via
operations. The easiest operations one can think of are union, intersection, and
composition. Formally, for O,O′ : A× ℘(V× V) → ℘(V× V) oracles, define

(O ∪O′)(A,R) = O(A,R) ∪O′(A,R) , (union)
(O ∩O′)(A,R) = O(A,R) ∩O′(A,R) , (intersection)
(O ◦O′)(A,R) = O(A,O′(A,R)) . (composition)

It is clear that the operations of union and intersection above can be generalized
to an arbitrary (possibly infinite) number of oracles.

An oracle O is more accurate than O′, written O ⪯ O′, if O(A,R) ⊆ O′(A,R)
holds for all A ∈ A and R ⊆ V× V.

Proposition 19 (Closure properties).
1. Sound oracles are upward closed, i.e., if O ⪯ O′ and O is sound, so is O′.
2. Sound oracles are closed under union, intersection, and composition.

The closure properties can be used to derive new sound oracles from existing
ones, improve the accuracy, or even help prove their soundness. For example,
Proposition 19 implies that every sound oracle O can be made deflationary (i.e.,
such that O(A,R) ⊆ R for all A,R) by intersecting it with the identity oracle:
O∩i . The resulting oracle computes O(A,R)∩R. As this operation does not add
any computational cost, it is applied implicitly in all our experiments. Moreover,
we can define the downward closure of an oracle O, as O↓ =

⋂
n O

n, where O0 = i
and On+1 = O ◦On. If O is sound, so is its downward closure. This operation is
evidently more costly and, if used, its application will be stated explicitly.

Next we present a selection of oracles, chosen to illustrate different levels of
complexity and practical use. A broader collection is provided in [5, Appendix
A.1].
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Maximality Oracles. Every poset D that is Noetherian has maximal elements,
i.e., elements m ∈ D such that if m ⊑ s, then s = m.

Since µF is the top element in A, it follows that if a variable z is assigned
a maximal element, this must be its solution, µF (z). According to this intu-
ition, we define two oracles, respectively called maximality oracle and simplified
maximality oracle, which depend only on the assignment A ∈ A:

max (A,R) = {(x, x) | A(x) ̸= fx(A)} ∪ {(x, y) | A(x) and fy(A) not maximal} ,
smax (A,R) = {(x, y) | A(x) and A(y) not maximal} .

The oracle smax discards variables that are assigned a maximal value, as updat-
ing them would have no influence on other variables. The oracle max is similar
but more sophisticated: if y is not solved (i.e., A(y) ̸= fy(A)) but fy(A) is max-
imal, then y is just one step away from being solved, and its value will not be
influenced by any other variable apart from itself.

Example 20. Consider the system of equations from Example 1. For the assign-
ment Fz(⊥) = (x : ff ; y : ff ; z : tt;w : ff) and an arbitrary R ⊆ V× V, we have

smax (Fz(⊥), R) = {x, y, w} × {x, y, w} ,
max (Fz(⊥), R) = {(x, x), (x, y), (y, y), (w, y), (w,w)} .

Both oracles identify that z is solved, removing it from the dependencies. The
oracle max is smarter: it identified x and w to be independent of other variables.

The closure properties are especially useful for reducing the complexity of
soundness proofs: by Proposition 19(1), it suffices to establish soundness for a
more accurate oracle. For this reason, we define the following oracles

max l(A,R) = {(x, x) | A(x) ̸= fx(A)} ∪ {(x, y) | x ̸= y, A(x) not maximal} ,
max r(A,R) = {(x, x) | A(x) ̸= fx(A)} ∪ {(x, y) | x ̸= y, fy(A) not maximal} .

Proposition 21. max l and max r are sound, and max l∩max r ⪯ max ⪯ smax .

We note that max l ∩max r is strictly more accurate than max (see [5, Example
57]), making it a natural choice when higher accuracy is desired.

5.1 Local Oracles

To be compatible with a local exploration, local oracles are allowed to use only
the equations of the variables that have been visited. If the equation is not avail-
able, they should produce an over-approximated analysis to preserve correctness
without breaking locality.

The example below shows how to obtain local oracles as straightforward
variants of their non-local counterparts. Let V denote the set of variables whose
equation is available, and let V c = V \V . We define the local variant of max r as

locmax r(V,A,R) =
(
V× V c

)
∪ {(x, y) | y ∈ V, x ̸= y, fy(A) not maximal} ∪

{(x, x) | x ∈ V,
(
A(x) ̸= fx(A) or fx(A) not maximal

)
} .
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The first component V × V c reflects that we conservatively assume that every
variable may influence an unvisited variable. The last two come from restricting
the use of fy only to the variables y ∈ V in the definition of max r. Although
{(x, x) | x ∈ V,A(x) ̸= fx(A)} seems a more natural choice than the third com-
ponent, its use is unsound, as A(x) ̸= µF (x) ⇐⇒ (x, x) ∈ FA (by Theorem 7).

Proposition 22. locmax r is sound.

Oracles that do not use equations in their definitions, e.g., smax , are auto-
matically local in the sense described above and can be used without variations.

Local oracles satisfy the same closure properties as stated in Proposition 19.
Additional examples of local oracles are presented in [5, Appendix A.3].

6 Syntax-driven Oracles

In most applications, the right-hand sides of the equations are described using
expressions. Although many dependency analyses can be carried out directly on
the syntax of the expressions (e.g., by skipping the evaluation of sub-terms that
are irrelevant to computing the least solution), the oracles we have seen so far
are not designed to do so. In this section, we see how to obtain such oracles and
establish general techniques to prove their soundness.

Let T := T(Σ,V) be the set of terms over a signature Σ and variables V.
Denote by Var(t) ⊆ V the set of variables appearing in t ∈ T. We assume
every n-ary operation σ ∈ Σ to have a monotonic interpretation σ : Dn → D.
The interpretation of a term t : DV → D is just the homomorphic extension of
A ∈ DV, thus is also monotonic. The generic system of equations we work with
in this section has the form E = {x = tx | x ∈ V} where tx are terms.

We generalize the notion of now relation to terms as follows:

N̂A = {(x, t) | ∃π′ ∈ V∗ such that t(Fπ′(A)) ̸= t(Fxπ′(A))} .

Intuitively, (x, t) ∈ N̂A if the update of x influence the future evaluation of the
term t. Observe that N̂A coincides with NA on variables. The next result moti-
vates the use of N̂A for the analysis of dependencies (compare it to Theorem 7).

Theorem 23. For t ∈ T and A ∈ A, t(A) = t(µF ) ⇐⇒ ∀x ∈ V. (x, t) /∈ N̂A.

The same considerations that lead us to the definition of oracles support the
introduction of the concept of extension and the oracles induced from it.

Definition 24 (Extension). We call a function L : A× ℘(V×V) → ℘(V×T)
an extension for E. An extension is sound if NA ⊆ R implies N̂A ⊆ L(A,R),
for every A ∈ A and R ⊆ V× V. The oracle induced by L is

OL(A,R) = {(x, x) | A(x) ̸= tx(A)} ∪ {(x, y) | x ̸= y, (x, ty) ∈ L(A,R)}.

An extension takes a dependency analysis R on variables and produces a
refined one extended on terms —hence the name.
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Proposition 25. A sound extension L induces a sound oracle OL.

For OL to be sound, note that the first part in its definition, although indepen-
dent of L, is necessary, since it is not difficult to see that A(x) ̸= tx(A) if and
only if (x, x) ∈ NA (see [5, Proposition 52(2)]).

The accuracy relation L ⪯ L′ on extensions is defined as expected, and entails
OL ⪯ OL′

. Extensions can be combined by means of the following operations:

(L ∩ L′)(A,R) = L(A,R) ∩ L′(A,R) , (intersection)

L(A,R) = {(x, t) | (x, y) ∈ L(A,R) for some y ∈ Var(t)}. (Arg-Union)

Proposition 26. Sound extensions are closed under intersection and arg-union.

An immediate consequence of Proposition 26 is that the accuracy of every exten-
sion L can be improved without compromising soundness by using L′ = L ∩ L.

Next we provide a paradigmatic example of extension, tailored to Boolean
equation systems. Further examples are presented in [5, Appendix A.2].

Boolean Extension. We turn our attention to Boolean equation systems, where
variables are interpreted over the Boolean lattice {ff , tt} and the right-hand
sides are positive Boolean formulas3 over those variables:

t := y | tt | ff | t1 ∧ t2 | t1 ∨ t2 . (y ∈ V)

For these systems, we introduce the extension bool , which refines dependency
analyses by exploiting the algebraic properties of Boolean expressions: t∧ff = ff
and t ∨ tt = tt (absorbing elements); t ∧ tt = t and t ∨ ff = t (null elements).

For A ∈ A and R ⊆ V×V, we define bool(A,R) as the smallest set S ⊆ V×T
closed under the following rules of inference:

(x, y) ∈ R A(y) = ff

(x, y) ∈ S

(x, ti) ∈ S (z, t¬i) ∈ S t0(A) = ff = t1(A)

(x, t0 ∧ t1) ∈ S

(x, ti) ∈ S ti(A) = ff t¬i(A) = tt

(x, t0 ∧ t1) ∈ S

(x, ti) ∈ S t0(A) = ff = t1(A)

(x, t0 ∨ t1) ∈ S

where i ∈ {0, 1} and ¬i = (i+ 1 mod 2) flips indexes of the arguments.

Proposition 27. The extension bool is sound.

To see that the extension bool formally internalizes the algebraic properties of
Boolean expressions, denote by t ∼=A,R t′ the equality of the set of dependencies
{x | (x, t) ∈ bool(A,R)} = {x | (x, t′) ∈ bool(A,R)}. Then, one obtains

t ∧ ff ∼=A,R ff t ∨ tt ∼=A,R tt t ∧ tt ∼=A,R t t ∨ ff ∼=A,R t .

3 Observe that negation is not permitted. This ensures that all terms generated by
the grammar above have a monotonic interpretation.
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In fact, the following more general inferences are valid

t′(A) = ff t′ ∼=A,R ff

t ∧ t′ ∼=A,R ff

t′(A) = tt

t ∨ t′ ∼=A,R tt

t′(A) = tt

t ∧ t′ ∼=A,R t

t′(A) = ff t′ ∼=A,R ff

t ∨ t′ ∼=A,R t

The asymmetry in the assumptions arises because t′(A) = tt directly implies
t′ ∼=A,R tt. In contrast, when t′(A) = ff , assuming t′ ∼=A,R ff is necessary to
ensure that t′(µF ) = t′(A) = ff (by Theorem 23 and Proposition 27).

6.1 Local Extensions

Also local oracles can be induced from extensions, but their soundness needs to
be adapted. To this end, define the relation

F̂A = {(x, t) | ∃π, π′ ∈ V∗ such that t
(
Fππ′(A)

)
̸= t

(
Fπxπ′(A)

)
}.

Definition 28. An extension L is locally sound if FA ⊆ R implies F̂A ⊆
L(A,R), for every A ∈ A and R ⊆ V× V. The local oracle induced by L is

OL(V,A,R) =
(
V× V c

)
∪ {(x, y) | y ∈ V, x ̸= y, (x, ty) ∈ L(A,R)} ∪

{(x, x) | x ∈ V,
(
A(x) ̸= tx(A) or ∃z.(z, tx) ∈ L(A,R)

)
} .

Proposition 29. A locally sound extension L induces a sound local oracle OL.

We conclude this section by identifying a natural condition on extensions
under which soundness entails local soundness.

Proposition 30. Let L be an extension satisfying L(Fπ(A), R) ⊆ L(A,R) for
every A, π and R such that FA ⊆ R. If L is sound, then it is also locally sound.

This condition is not only theoretically well-motivated but also satisfied by
all the extensions introduced in this work (see [5, Proposition 47]).

7 Experimental Results

We implemented a Java prototype4 of both the global and local algorithms. The
implementation provides several built-in oracles for both local and global solvers,
which can be combined as shown in Section 5 to obtain finer oracles.

Comparison with state-of-the-art. We consider a number of problems, includ-
ing bisimulation checking and model-checking. We show experimental evidence
that our approach is competitive with both domain-specific implementations
presented in [2,12] and the general framework of ADGs [10].

For each benchmark, we report the average execution time over ten runs. We
enforced a timeout policy, interrupting the execution after 25 minutes (indicated
as TO in the tables). All experiments were conducted on a Xeon W-1250P 4.10
GHz processor with 16GB RAM and a 512GB SSD, running Linux Ubuntu.
4 A virtual machine to reproduce the experiments is available at https://homes.cs.
aau.dk/~giovbacci/tools/LocalK/VM.zip.

https://homes.cs.aau.dk/~giovbacci/tools/LocalK/VM.zip
https://homes.cs.aau.dk/~giovbacci/tools/LocalK/VM.zip
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B Time (s)
ADG LocalK CAAL

Lossy ABP – nonbisimilar
4 10.25 0.12 50.79
5 9.49 0.65 TO
6 10.77 3.26 TO

Lossy ABP – bisimilar
2 8.58 2.54 2.02
3 48.23 417.03 113.00
4 1263.2 TO TO

N Time (s)
ADG LocalK CAAL

Leader – nonbisimilar
8 8.54 0.68 3.62
9 14.83 5.14 50.23
10 68.82 42.81 1317.05

Leader – bisimilar
8 17.06 2.44 7.67
9 100.25 29.24 116.39
10 954.87 332.80 TO

Param Time (s)
WKTool LocalK

B M X ABP – EF[≤X](del=M)
5 7 35 3.492 0.240
5 8 40 2.064 0.734
6 5 30 3.831 3.806

N X Leader – EF[≤X]leader
10 10 2.202 1.451
11 11 10.029 3.377
12 12 42.841 10.778

Table 1. Comparisons with ADG [10], CAAL [2], and WKTool [12]. The parameters
B, N , M , and X respectively indicate: the buffer size, the number of processes, the
number of messages, and the weight bound in the query EF[≤X]φ.

Bisimulation checking. We encoded weak bisimulation checking of CCS pro-
cesses as a Boolean equation system in our framework and compared the per-
formance of our local algorithm with the ADG implementation from [11] and
CAAL [2] on benchmarks from [11,7]. Like [7], our encoding follows [8]. The
experiments used both the bool extension-induced oracle and smax , though only
results for smax are reported due to negligible differences. Table 1 shows that
our local algorithm often greatly outperformed both ADG and CAAL. An ex-
ception was the bisimilar-ABP (Alternating Bit Protocol) benchmarks, where
our oracles failed to prune the state space effectively, and over 95% of the total
runtime was spent generating the equations system.

Model-Checking WCTL. We encoded model checking of weighted CTL over
weighted Kripke structures following the approach of [12], using equation systems
over the poset (N ∪∞,≥). We compared the execution times of our local algo-
rithm using the smax oracle with WKTool on a subset of benchmarks from [12].
Table 1(right) shows that LocalK outperforms WKTool on all benchmarks. In
particular, on the Leader Election benchmark, we achieve speedups up to 300%.

A Comparison of Oracles: precision vs overhead. We evaluated the performance
of the local algorithm under different local oracles on a list of benchmarks con-
sisting of 1000 randomly generated Boolean equation systems, each containing
3000 equations. To emulate conditions in which a local exploration takes place,
we introduced an artificial delay of 10 milliseconds for the generation of each
equation. For each experiment, we measured the execution time and the number
of visited equations |V |.

Figure 2 reports the data for the local oracles locmax , smax , Obool , and comp
(that we define below). The plot to the left shows that locmax and smax are
indistinguishable, and they solve all benchmarks within 35 seconds. Nonetheless,
Obool solves about 60% of the benchmarks significantly faster than them. This
behaviour is explained by looking at the plot to the right: while locmax and smax
require exploring the entire system to achieve a 50% coverage, Obool achieves
60% coverage by visiting fewer than 80 variables, yielding substantial savings in
the generation of the equations. Going back to the plot to the left, we can see
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Fig. 2. Cactus plots comparing different local oracles w.r.t. the runtime (left) and the
number of visited variables |V | (right) during the execution of LocalK.

Model |V| ∼= LocalK GlobalK
Time (ms) # Iter |V| Loop (ms) Gen (ms) Time (ms) # Iter

sm
a
x

BasicBuffer 24 yes 4 53 24 1 3 4 24
Peterson 148 no 4 4 2 1 14 15 3
Dekker 290 yes 48 2316 290 1 23 24 290
ABP(B4) 1356 no 151 4 2 1 6232 6233 3
ABP(B3) 3568 yes 229527 8165 3568 1 229003 229004 3568

O
bo

o
l

BasicBuffer 24 yes 4 38 24 1 4 3 24
Peterson 148 no 4 4 2 26 12 38 2
Dekker 290 yes 90 532 290 29 26 55 85
ABP(B4) 1356 no 168 4 2 423 6302 6725 2
ABP(B3) 3568 yes 243058 4048 3568 10406 239686 294315 399

Table 2. Comparison between local and global algorithms. For GlobalK, we also
report both the time spent in the main loop and that spent to generate the system.

that beyond this threshold, the number of solved benchmarks for Obool reaches
a plateau, suggesting that the additional precision of Obool is outweighed by
its computational overhead. Based on this observation, we define the following
composed local oracle, combining the strengths of Obool and smax :

comp(V,A,R) =

{
(Obool ◦ smax )(V,A,R) if |V | ≤ 80,

smax (V,A,R) otherwise.

This local oracle is sound by Proposition 19. As shown in Figure 2, comp achieves
the best runtime performance while remaining conservative in its exploration,
showcasing the benefits of our compositional framework.

Global vs Local. We conclude with a comparison of GlobalK and LocalK
using different oracles. Table 2 reports execution time, number of iterations, and
number of visited variables on a set of small benchmarks for weak bisimilar-
ity checking. The results show that a lazy exploration can drastically reduce
the number of variables visited by LocalK when a counterexample exists. Con-
versely, GlobalK benefits from the full knowledge of the system, often requiring
fewer iterations. However, as system size increases, the overhead of additional
local iterations is typically offset by avoiding the costly construction of the full
system of equations.
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8 Conclusions and Future Work

We introduced a general framework for the analysis of variable dependencies in
fixed-point computations, supported by new global and local algorithms and the
notion of oracles as a unifying and compositional mechanism for refining depen-
dency information. We offer a theoretical framework where soundness emerges
through the composition of simpler oracles, and proofs become easier. Our re-
sults show that our theoretical framework retains practical efficiency also when
compared with domain-specific tools. Nevertheless, one needs to find a good
balance between precision and the computational overhead of the chosen oracle.

Future work will focus on optimizing the implementation to eliminate avoid-
able overheads, refining strategies for variable extraction from the todo set, and
developing additional classes of domain-specific oracles. Another research direc-
tion is to generalize the framework beyond Noetherian posets, enabling fixed-
point computation over continuous domains (e.g., the unit interval [0, 1]), which
are relevant in the verification of quantitative and probabilistic systems.
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