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—— Abstract

Quantitative logic reasons about the degree to which formulas are satisfied. This paper studies the

fundamental reasoning principles of higher-order quantitative logic and their application to reasoning
about probabilistic programs and processes.

We construct an affine calculus for 1-bounded complete metric spaces and the monad for
probability measures equipped with the Kantorovich distance. The calculus includes a form of
guarded recursion interpreted via Banach’s fixed point theorem, useful, e.g., for recursive programming
with processes. We then define an affine higher-order quantitative logic for reasoning about terms of
our calculus. The logic includes novel principles for guarded recursion, and induction over probability
measures and natural numbers.

We illustrate the expressivity of the logic by a sequence of case studies: Proving upper limits on
bisimilarity distances of Markov processes, showing convergence of a temporal learning algorithm
and of a random walk using a coupling argument.
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1 Introduction

In computer science, logics are traditionally designed for proving precise qualitative properties
of programs, such as program equality. However, in many modern applications, especially
those that involve probabilistic programming, one is often interested in proving quantitative
properties of programs, such as upper limits on program distances, sensitivity of program
outputs to program inputs, or convergence of sequences of programs. Such properties are
important in diverse application areas such as differential privacy [14, 34], security [3, 5]
and machine learning [33]. Similarly, in process algebra, it has long been known that for
probabilistic processes, the notion of bisimilarity should be stated quantitatively, in the
form of a metric, to be robust to small perturbations that may otherwise compromise the
exact comparison of behaviours [20, 16]. Also program logics for probabilistic programming
languages are often defined quantitatively, using random variables valued in [0, 0] as a
quantitative notion of predicates of states [21, 31, 30, 2, 4].

What has been lacking so far is a general notion of quantitative logic in which all
these applications can be expressed as special cases. This paper develops such a logic,
and in particular, the fundamental principles governing equality, those for reasoning about
? Giorgio Bacci and .Rasmus Ejlers M@gelberg;

5y icensed under Creative Commons License CC-BY 4.0
41st Annual Symposium on Logic in Computer Science (LICS 2026).
Editors: Claudia Faggian and Joost-Pieter Katoen; Article No. 34; pp. 34:1-34:27

\\v Leibniz International Proceedings in Informatics
LIPICS Schloss Dagstuhl — Leibniz-Zentrum fir Informatik, Dagstuhl Publishing, Germany


mailto:grbacci@cs.aau.dk
https://homes.cs.aau.dk/~grbacci/
https://orcid.org/0000-0003-4004-6049
mailto:mogel@itu.dk
https://www.itu.dk/~mogel/
https://orcid.org/0000-0003-0386-4376
https://doi.org/10.4230/LIPIcs.LICS.2026.34
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics
https://www.dagstuhl.de

34:2

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

7

78

79

80

81

82

83

84

85

86

87

88

89

90

91
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distributions, and the notion of guarded recursion. What we found is that these simple basic
principles are extremely powerful, and that by reading standard definitions of concepts such
as a coupling and bisimulation in our logic we can reason about quantitative versions of these
concepts in a very natural way.

A sensitivity calculus for complete metric spaces. Quantitative logic is the logic of metric
spaces. A metric space can be thought of as a set with a quantitative notion of equality:
The smaller the distance between two elements, the more equal they are. From the logical
perspective, the appropriate notion of morphism between metric spaces is that of a non-
expansive map: a function f satisfying d(f(x), f(y)) < d(x,y), for all z,y. These are precisely
the maps that preserve equality in the quantitative sense, sending quantitatively equal inputs
to quantitatively equal outputs. We will restrict our attention to those metric spaces that
are non-empty, complete, and 1-bounded, and denote the resulting category by CMet. We
found this category to be the most suitable for our purposes, although alternative models
are also possible, as we discuss further in Section 12.

The category CMet is symmetric monoidal closed, and moreover has a strong monad D
on it, mapping a metric space to the set of Radon distributions equipped with the Kantorovich
metric. The Kantorovich metric is a natural notion of metric on distributions, and is used in
most applications, including program logics and bisimilarity distance. Another important
operation is that of scaling a metric space by a factor r > 0. The resulting space rX has the
same underlying set as X, but all distances are scaled by 7 (but bounded by 1). Scaling is used
to express the sensitivity of functions to changes in input data: A map has type rX — Y iff
it is r-Lipschitz continuous or, using the terminology of the programming languages Fuzz [34]
and DFuzz [17], is r-sensitive in X. An important example is the operation that maps two
distributions p and v to their convex combination p ®,, v, corresponding to choosing p with
probability p and v with probability 1—p, for p € (0,1). This is an operation of type

&p: pPDX ® (1 — p)DX — DX (1)

expressing that @, is p-sensitive in the first argument and (1 — p)-sensitive in the second,
meaning d(p @p v, 1’ Sp v) < p-d(p, ') and d(p ®p v, Sy ') < (1 —p) - d(v,v’) hold
simultaneously, where both distances are measured in DX.

Inspired by Fuzz [34], we define a A-calculus for programming in CMet. The calculus
is affine, because the ® of the monoidal structure has projections, but not diagonals. The
calculus is simply-typed, with typing judgements using contexts with sensitivity annotations
on all variables. For example, the sensitivity of &, is expressed by the typing judgement
pw? DX, v P DX pud,v:DX.

Metric spaces do not model general recursion, but they do model a form of guarded
recursion via the Banach fixed point theorem: Any non-expansive map f: pX — X has a
unique fixed point if p < 1 and X is complete and non-empty. Guarded recursion on this
form has previously been studied for ultra-metric spaces [15], but that setting is simpler,
because it models simply typed lambda calculus and intuitionistic logic. Generalising to
the affine setting of general metric spaces has surprising consequences. For example, in the
ultra-metric setting, the fixed point operator defines a non-expansive map (pX — X) = X
whereas in the general metric setting, this must be weakened to (pX — X) — (1 —p)X
where —o is the closed monoidal structure. In our calculus the guarded fized point combinator
can be given type I' I fix .t : Aif (1-p)T',z:» AFt: A, for p < 1. Here, the multiplication
refers to the operation of scaling all sensitivity annotations in a context.

The type (1) of the @, combinator means that many distributions and processes can be
defined as fixed points. For example, the geometric distribution is recursively defined as
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geo, = 0(0) ©, D(succ)(geo,), where §(0) is the Dirac distribution, and succ: N — N is the
successor function. This works because the defining equation for geo, is productive: it only
calls itself recursively with probability 1 —p < 1.

A higher-order quantitative logic. Our main contribution is a quantitative logic for reason-
ing about terms in our calculus.

Logical reasoning is via inference of judgements ¥ I~ ¢ which express that the predicate ¢
logically follows from the sequence of predicates ¥ = 1, ...,,. Predicates are valued in the
unit interval [0, 1] with 0 being true and 1 being false. For example, the equality predicate is
interpreted as distance between elements of a metric space. This leads naturally to an affine
logic, because transitivity © = y,y = 2z - © = 2z can be interpreted as the triangle inequality
d(z,y) +d(y, z) > d(z, z) (one of the axioms of metric spaces) if the comma is interpreted as
sum.

The first step in defining a logic is to state what the well-formed predicates are. Since the
unit interval is itself an element in CMet, we use our calculus to program with predicates using
a special type Prop interpreted as [0, 1]. The interval [0, 1] carries a closed monoid structure
given by (truncated) sum and subtraction, and universal and existential quantification can
be modelled using infimum and supremum, respectively. Since the logic allows quantification
over all objects of CMet, including exponents of Prop, it is a higher-order logic.

Like metric spaces, propositions can be rescaled by factors r € [0, 00] and this can be
used to express a logical principle of guarded recursion. In a closed context this states that
if we can prove ¢ from p- ¢ for some p < 1, then ¢ holds. The general rule reflects that of
the fixed point combinator: if (1 — p)¥, p¢ - ¢ holds, then ¥ I ¢.

We also study induction principles, both for natural numbers and for the Radon distribu-
tion monad D. In the latter case, the principle states that ¥ - ¢[u/x] holds for all 4 € DX
if it does on Dirac distributions and p(¢[p/x]), (1 — p)dlv/x] b ¢l &, v/x], for all p € (0,1).
At first sight, this may appear to only prove it for all finitely supported distributions, and
DX also includes continuous distributions. The principle is nevertheless sound, because the
finite distributions are dense in DX, and because the principle has the side condition that x
has finite sensitivity in ¢, so that ¢ is continuous in x. This principle reflects the observation
by Mardare et al. [27, 28] that D is generated freely by Dirac distributions and &,.

When stating the elimination rule for the equality predicate, one must take sensitivity into
account. More precisely, if « has sensitivity p in ¢ then ¢[t/x], p(t = s) F ¢[s/x]. This was
previously observed by Dagnino and Pasquali [11] in a propositional logic, and we adapt one
of their rules as an elimination principle for equality. We show that the rule has wide-ranging
consequences, including that equality can be proved symmetric and transitive. Equality can
also be proved a congruence when this is formulated in a way that takes sensitivities into
account. For example, using the type (1) of &), one can prove that

pPix=y),1-plz=w)Frzdz=ydw. (2)

Case studies. To show the expressiveness of our logic we develop a sequence of case studies.
The first concerns bisimilarity distance of Markov processes. We model these in CMet as
the terminal solution P, to P, =2 A® ¢D(PP.). Here ¢ € (0,1] is a discount factor. The smaller
it is, the more the distance emphasizes short-term behaviour. In P, the metric is exactly
the bisimilarity distance. We show how to define recursive processes using the fixed point
combinator, and prove upper bounds on distances d(t,u) < ¢ by proving ¢ ff - ¢ = u in the
logic, using the guarded recursion principle. Some examples require ¢ < 1, but in many cases
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the productivity requirement follows from (2). We also show how to define the notion of
bisimilarity inside the logic and prove it equivalent to equality when ¢ < 1.

We also show how to prove convergence of a temporal learning algorithm and of a random
walk on a hypercube. The latter example is particularly interesting, as it requires a coupling
proof. Coupling arguments [25] are a technique for showing equivalence or closeness of
probabilistic programs by relating the probabilistic choices made by one program to those by
another. We show how this technique can be used in our logic by internalising the definition
of the Kantorovich distance: We prove that two distributions are equal if and only if there
exists an equality-coupling between them. Note that since this biimplication is a statement
in quantitative logic, its semantic meaning is an equality of numbers in the unit interval. The
proof of this illustrates the power of the principles of our logic, in particular the elimination
rule for equality and the induction principle for distributions.

Contributions. In summary, our contributions are:
We present an affine lambda calculus with sensitivity annotations for programming in
the category CMet of complete 1-bounded metric spaces;
We formulate a first (to our knowledge) higher-order logic for quantitative reasoning in
which equality is interpreted as distance in metric spaces. This includes new rules for
recursion over natural numbers and probability measures, as well as a guarded recursion
principle;
We show by example how to use the logic to reason about Markov processes, convergence
in temporal learning and for coupling arguments, illustrating the power of the combination
of the above mentioned principles;

Overview. The paper is organised as follows. We first discuss preliminaries on metric spaces
in Section 2. Sections 3 and 4 discuss the Banach fixed point operator and the probability
measure monad. Sections 5 and 6 discuss the syntax and semantics of the calculus and the
logic, respectively. Section 7 shows how to prove basic properties of the logic, including that
equality is a congruence which is equivalent to an internalisation of the usual definition of the
Kantorovich measure. Section 8 shows applications to Markov processes, Section 9 shows an
application to temporal learning, and Section 10 illustrates how to use coupling arguments
in the logic. Finally, Section 11 discusses related work, and Section 12 concludes.

2 Preliminaries on metric spaces

A (1-bounded) metric space is a set X equipped with a distance function dx: X x X — [0,1]
satisfying (reflexivity) dx (z,y) = 0iff x = y; (symmetry) dx (z,y) = dx (y, z); and (triangular
inequality) dx (z,z) < dx(z,y) + dx (y, 2).

A function f: X — Y between metric spaces is r-Lipschitz continuous, for r > 0, if
r-dx(z,2") > dy(f(z), f(z')); non-ezpansive when r = 1; and a contraction when r < 1 and
X =Y. A metric space is complete if all Cauchy sequences converge.

In this paper, we work with non-empty 1-bounded complete metric spaces. These form a
category CMet with non-expansive maps as morphisms. Restricting to 1-bounded spaces
allows us to include sets as discrete metric spaces by setting all distances between distinct
elements to 1. This defines a left adjoint to the forgetful functor from CMet to Set: if X is
discrete, then all maps f: X — Y are non-expansive. As a consequence, we can regard Set
as a full subcategory of CMet. An important example for this paper is N, the set of natural
numbers, which is an object in CMet.



G. Bacci and R. E. Mggelberg 34:5

181 The category CMet has both binary products and coproducts: X x Y combines spaces
12 by equipping the Cartesian product with the point-wise maximum distance; X + Y combines
13 them into a disjoint union by keeping elements from different components as far as possible
e from each other (i.e., at distance 1). The singleton metric space 1 is the final object.

185 There is another natural structure on the Cartesian product, the tensor X ® Y, that
15 combines distances by 1-bounded truncated sum:

w o dxey((@,y), (@) = min{dx (z,2") +dy (y,4'), 1} -

188 Also the tensor product has non-expansive projections X ® Y =+ X and X Y — Y, but
189 generally no diagonal X — X ® X, unless X is discrete. Note the following universal property
1w of ®: A map from X ® Y to Z is non-expansive if and only if it is non-expansive in each
11 variable.

19 Unlike the categorical product, ® allows currying and function application. More precisely,
v (CMet, ®, 1) is a symmetric monoidal category, with unit 1 and adjunction (—®X) 4 (X——)
s making this structure closed. Here, X — Y denotes the set of non-expansive functions from
s X to Y endowed with point-wise supremum metric dx oy (f,g) = sup,cx dy (f(z), g(z)).
s The counit of the adjunction is function evaluation ev: (X —-Y)®@ X — Y.

197 Nonexpansive morphisms in CMet subsume the notion of Lipschitz continuity through
108 the rescaling functor r X, which scales distances by a factor r > 0 as

109 dyx(z,2") = min{r - dx (z,2'),1} .

Indeed, by unpacking the definition, f: rX — Y is a morphism in CMet iff f considered
asamap f: X — Y is r-Lipschitz continuous. For convenience we allow rescaling also for
r =0 and r = 0o, and define 0X as 1, the one-point metric space, and coX as the discrete
metric space on X. Scaling preserves products and, under suitable restrictions, coproducts:

sAx sB=s(AxB) (forsel0,00]), rA+rB=r(A+B) (forre[l,x]).

200 The next theorem states the properties of the interaction between ® and scaling. First
a0 recall that [0, 00] is an ordered semiring with <, addition and multiplication defined as usual
202 in most cases, and by co-0 = 0 and 0-oco = 0. The properties together imply that the scaling
203 operation is a [0, oo]-graded comonad on CMet in the sense of [10, Definition 13] and [18,
20 Section 5.2].

2s B Theorem 1. There are natural transformations of types

206 mrap:TA®rB — 1r(A® B) n.: 1 —rl
207 Crs Al (r+s)A—rA®sA wya: 04— 1
208 Brs.at (rs)A—r(sA) ea:1A— A
200 Krsa: SA—1A  (forr <s)

a0 Moreover, if s <1 orr > 1 then Brs.a s an isomorphism, and if r > 1 then m, a B s an
a1 isomorphism.

212 Note that without the conditions above, 3,5 4 and m, 4, need not be isomorphisms.
zs For example, if A is discrete then 3(24) = 1 A.

LICS 2026
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3 Fixed points

The Banach fixed point theorem [8] states that any contractive function on a non-empty
complete metric space has a unique fixed point. If f: X ® pY — Y is a morphism in CMet
and p < 1 then, for any « € X, the map f(z,—): pY — Y is a contraction on Y and so has
a unique fixed point fp(f)(x).

» Proposition 2. Letp < 1. If f: (1 —p) X ®@pY = Y then fp(f): X = Y is non-expansive.
There is a non-expansive map fix: (pY —Y) — (1 — p)Y mapping functions to fizxed points.

Proof. For the proof of the second statement, define fix as the function mapping a contraction
f:pY =Y to its unique fixed point. Let f, f': pY — Y, then

d(fix(f). fix(f)) < d(fix(f), Fx(F)) + dCF(Ex(F)), fix(£)
— d(f(fix()), F(Rix(£)) + d(F(Rix(£)), £/ (ix(f))
< pd(fix(f), fix(f)) + d(f. )

so that (1 — p)d(fix(f),fix(f")) < d(f, f'), as desired. For the first statement, by currying f
and composing with fix we see that

fixocurry(f): 1—-p)X = (1 —p)Y.

Thus, we can define fp(f): X — Y as the composition ;' o ﬁ(fix ocurry(f)) o Bx, where
B is natural isomorphims from Theorem 1. <

4 Probability measures

We introduce the Radon probability monad on CMet and recall its presentation as the free
complete interpolative barycentric algebra [28].

A (Borel) probability measure p on a metric space X is Radon if for any Borel set
E C X, u(E) is the supremum of p(K) over all compact subsets K of E. Examples of Radon
probability measures are Dirac measures, (the Borel restriction of) the Lebesgue measure
over the unit interval, any probability measure with finite support or over a Polish space
(i.e., a complete metric space with a countable dense subset).

A coupling between two probability measures p and v on X is a probability measure w
on X x X whose left and right marginals are, respectively, u and v (i.e., w(E x X) = u(E)
and w(X x E) = v(F), for all Borel sets F). The product measure p X v is always a coupling
between p and v. Moreover, if 4 and v are Radon, so is any coupling w between them.

For X a metric space, denote by DX the space of Radon probability measures over X
equipped with the Kantorovich distance, defined by

dpx(p,v) = IIBH/ dx(z,2") w(dz,dz’) (3)

where w runs over the couplings between p and v. If X is a complete metric space, so is DX.

The definition above extends to a monad D on CMet, called Radon probability monad,
with underlying functor acting on morphisms f: X — Y as u € DX ~ po f~t € DY (ak.a.,
the pushforward measure along f). The unit of D is the Dirac measure dx: X — DX,
but rather than describing the multiplication, we recall that this monad has an algebraic
presentation as the free complete interpolative barycentric algebra [27, 28].
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» Definition 3 (IB Algebra). An interpolative barycentric algebra is a complete metric space
X with non-expansive operations ®,: pX @ (1 —p)X — X, for all p € (0,1), such that

TOpr =2 (IDEM)

TOpY=yDP1pT (comm)

(2 Dpy) Og 2= Dpg (Y Dyzpa 2) (Asso0C)
—Pq

A homomorphism f: X =Y of IB algebras is a non-expansive map such that f(x®py) =
f(@) @p fy) for all p € (0,1).

The axioms are those of barycentric algebras (a.k.a., convex algebras), axiomatizing prob-
abilistic choice by means of binary convex combinations z @, y. The definition above is
equivalent to that in [28], as the type imposed on the operations &, is equivalent to requiring

dx(x®py, 2’ ®py') < pdx(z,2") + (1 —p)dx(y,y') -

The formulation proposed in Definition 3 is preferable in our context because it incorporates
the Lipschitz constants directly into the type of the operation. This not only enables
the remaining conditions to be expressed purely as equations but also ensures that many
probabilistic processes can be defined using the Banach fixed point combinator as we shall
see below.

It is not difficult to show that, for any X € CMet, DX is a complete interpolative
barycentric algebra, by interpreting the operations as p @, v = pu + (1 — p)v, for all
u,v € DX. The next result states that DX is the free algebra with respect to all Lipschitz
maps, which follows as a corollary of [28, Theorem 3.8]. Before we state it, note that if A
and B are IB-algebras, the equational definition of IB-homomorphism extends to Lipschitz
maps f: rA — B. In terms of diagrams, this can be stated as the commutativity of

(pr)A® (r)A 2P A @ pA) — 5 rA
5®gl lf (where p =1 —p)

p(rd) @ p(r4) —2— pB @ pB ———— B

» Proposition 4. If f: T ®@rX — Y (withr < o) and Y is an IB algebra, there exists
a unique f: T @ rDX — Y which is a homomorphism in its second argument, satisfying

f=fo(l®rix).

Observe that the special case of r =1 and I' = 1 in Proposition 4 can be rephrased as
the existence of a left adjoint to the forgetful functor from the category of IB algebras to
CMet. Thus, as anticipated, D forms a monad on CMet. This monad is moreover strong.
The restriction on r being finite means that f is continuous. This is necessary because the
other requirements otherwise only determine the value of f on finite distributions, which
form a dense subset of DX.

» Lemma 5. If XY are IB algebras, so are, X Y, Z — X, and qX for any Z and q < 1.

5 A calculus for CMet

We now define a calculus for programming in the category CMet.
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Syntax. The syntax is based on a simply-typed A-calculus with products and sums, extended
with primitives for probabilistic distributions, recursion, and fixed points.

tiu,vi=x | Azt | tu | ()| (t,u) | mit | mot | ing t | injyt | case t of [inj;x.u | ingyy.v]
| (t,u) |let (z,y) =wuint|dt|tDyulletz=uint

| zero | succ(t) | rec(u, (z,y).t,v) | fix x.t

There are two pairs constructors, (¢,u) and (¢,u), corresponding to the Cartesian and
monoidal products, respectively. The first one is eliminated using the projections 7;t, whereas
the second one is eliminated using (let (z,y) = wint). The term () is the unit value.
The injections 4nj;t form expressions of sum type, which are eliminated by case analysis
(case t of [injyz.u|injyy.v]). The term 0(¢) denotes a Dirac distribution, and ¢ @, u the
convex sum of ¢ and u. Probability distributions are sampled using (let = w in t). The
terms zero and succ(t) are constructors for natural numbers. rec(u, (z,y).t,v) denotes a term
obtained by primitive recursion on natural numbers. Finally, fix x.t is the “Banach” fixed
point combinator.
The types of the calculus are defined by the grammar

AB:=N|1|AxB|A+B|A,8,B|A—, B| DA (r,s>0)

essentially corresponding to the categorical operations in CMet from Section 2. Although
rescaling of metric spaces played a central role in Section 2, it is not a primitive type former
in the calculus. Instead, it is part of the tensor type A ,®sB and function type A —o, B
constructors. This choice was made to minimize the book keeping necessary for scalars in
terms. Finally, DA is the type of Radon probability measures on A.

Terms are typed with judgements of the form I' ¢ : A, where A is a type and I a typing
context. The complete list of typing rules is given in Figure 1. The typing system is inspired
by Fuzz [34], where the sensitivity of each variable used in a term is tracked by annotations
of the form x :" A in typing contexts. More precisely, a binding = :" A in a context I means
that x has type A under I' and that terms typed under I' are r-sensitive with respect to x.

Formally, typing contexts are constructed according to the following formation rules

Fuictx ¢l rel0,00]
() = ctx I,z :m A ctx

As usual, I', IV denotes concatenation of contexts with disjoint variable bindings. Most rules
use the operations of sum I' + I and scaling rI" of contexts, to keep track of the sensitivities.
These are defined as the point-wise sum and scaling of the sensitivity in each variable binding:

<>+<>:<> (F,J?ZTA)—F(F/’Q;;SA):(F_;'_F/)’:L,:r—i-sA,
r() = () r(Cyz:®* A)y=rTz:"° A.

Observe that I' + I" is defined only when I" and IV are compatible, i.e., they agree on the
order and the types of all variable bindings —for example (z :" A,y :* B) + (y :* B,z :" A)
is not defined. In the rest of the paper, whenever we take a sum I' + IV, compatibility of the
contexts is assumed implicitly.

The rule (VAR) for variable introduction reflects that projection can be given any Lipschitz
factor r > 1. We allow all such r, and not just r = 1 to incorporate weakening directly into
the typing rules. Note that, in the rule (CASE) for sum elimination, the sensitivities of the
bound variables x and y are required to match and be greater or equal than 1, as scaling
by r < 1 does not commute with coproducts. In the rule (®) for tensor introduction, I is
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Iz:"Art:B ABS
F#)\x.t:A—orB( )

rz1 (VAR) ———— (UNIT)
Tz:" AT Fx: A r=(:1

't:A—o. B I"Fu:A I'+t:A T'Hu:B T'Ht: A x As
APP PAIR — =
T+ Ftu:B (arP) TF (tu):AxB (PAIR) Tt 4, )
THt:A; o Nz:"ArFu:C T,y:"BkFv:C T'Ft:A+B TZl(CASE)
Ik injt: AL+ Az (inj) T+ 7T’ F case t of [inj,z.u]|injyy.v] : C
. / . Nz Ay*BFt:C T'Fu:A,®:B
PEt:A [ru:B ®) v . (LE1-8)
rD+ sV +T" F (tu): A, ®:B T+I"Flet (z,y) =uint:C
Thi:A Drt:DA T'huiDA pe@OD
Trot:pa O pL+ (1 —p)I' i@y u: DA r
Ix:"Art:E T'Fu:DA E IB algebra r<oo(LET)
F'+r"Fletzx=wuint: FE Fl—zero:N(ZERO)
. 'tz:A IMzltAyNFs:A I'"Fn:N
LEEN 00 y (REC)

I'Fsucc(t) : N T+ ool + T I rec(z, (z,y).5,n) : A

Q=-pTl,zPAFt: A p<1
THfixxt: A

(FIX)
Figure 1 Typing rules.

used merely to incorporate weakening in the rule!. In the rule (REC) for natural number
recursion, the successor case term s can have additional variables to  and y. However, s
must be applied n times, and therefore the sensitivity of IV must be scaled by n. Since n is
not known statically, the only possible upper limit is co. The type of the fixed point operator
reflects Proposition 2. The elimination rule for D uses the judgment of a type being an IB
algebra. These are defined by the grammar

E,F :=DA|E @¢F |A—, E (p,g <1andr>0)
as justified by Lemma 5.

» Example 6 (The geometric distribution). Let p € (0,1). The geometric distribution
geo, : D(N) is uniquely characterized by the recurrence geo, = §(0) @, D(succ)(geo,,). It is
therefore natural to define it as the following fixed point:

geo, £ fix 2.6(0) @, D(succ)(z),

where, the functorial action of D on a function f: A —o, B (with r < 00) is given by the term

D(f) £ Ax.let a = z in §(f(a)): D(A) —o, D(B). In particular, D(succ): D(N) —o; D(N).
Hence, geo,, is well typed by (FIX), since z has sensitivity 1 — p in the body of the fixed point.

As usual, terms are considered equal up to a-equivalence. We denote by t[u/z] the
capture-avoiding substitution of the term u for the free variable x in .
The following two forms of context weakening for typing judgements hold.

1 The use of a free context, is necessary for build weakening in the rule in the case both r and s are 0.

This detail was overlooked in [14] in their rule for introduction of scaled type as their weakening lemma
fails when scaling by 0.
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L
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(Az.t)u = t{u/x]

t=(A\w.tz)

t=0)

let (z,y) = (s,t) in u=u[s/z,t/y
let (z,y) =t in ul(x,y)/z] = ult/z

fix z.t = t[fix z.t/z]

rec(z, (z,y).s, zero) = z

Induction and Recursion Principles in a Quantitative HO-Logic for Probability

mi((t1,t2)) = t;

(m1(t), m2(t)) =t

u;[t/x;] = case (ing;t) of [ing,z1.u1 | injyza.usz)

ult/z] = case t of [inj,z.u[inj,x/z2] | injyy.u[injyy/z]]

let z = 0(t) in u = uft/z]
letz=(lety=sint)inu=lety=sin (letx=tinu)
etz =s@®ptinu=(letz=sinu)®,(letx=1inu)

rec(z, (z,y).s, succ(n)) = s[rec(z, (z,y).s,n)/z,n/Y]

Figure 2 Judgemental equality (to these should be added the axioms of IB algebras of Definition 3).

» Lemma 7 (Weakening).
1. If T,V Ft: A, then T,A T Ft: A;
2. If THt: A thenT+AFt: A

Moreover, we have the substitution lemma.
» Lemma 8 (Substitution). If T, 2:" A, TV t: Band A+ w: A, then (T,T")+rA F tlu/z] : B.

The judgemental equality relation on terms is the least congruence relation generated
by the rules in Figure 2. We use the symbol = for judgemental equality to distinguish it
from the propositional equality ¢ = w, which is a predicate in the logic to be defined in
Section 6. Formally, judgemental equality is a relation on terms of the same type, and we
will sometimes underline that by writing I' - ¢ = u : A. Similarly, the rules of Figure 2 are to
be understood as equalities in a typing context in which both sides have the same type. For
example, in the case of the n-rule for function types, t is assumed to have function type.

Semantics. Types and contexts are interpreted as objects in CMet:

I[N £ N
[A x B] £ [A] x [B]
[A,©.B] £ r[A] © s[B]

NER!
[A+ B] = [A] + [B]
[A —or B] £ r[A] — [B]

[DA] 2 D[4]

[01=1
[T,z " A] 2 [[] ® r[A]

Judgements are interpreted as morphisms
[TFt:A]: [T] — [4]

in CMet. The interpretation of terms is for most parts the usual set-theoretic interpretation.
For example, function abstraction and application are precisely the usual set-theoretic
abstractions and applications. The exercise when defining the interpretation is ensuring the
Lipschitz conditions associated with types and typing judgements. This can be done entirely
on the abstract category theoretic level, using maps such as those of Theorem 1. One key
point in doing so is that there exist morphisms

split: [T +T'] — [I] & [I'],
dist: [pI'] — p[I],

proj: [, A, T'] — [T, T'],
weak: [T +T'] — [I7,
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easily defined by induction on I and I using the morphisms ¢, m, x of Theorem 1 and
projections. Note that neither of these is generally an isomorphism, but dist is when r > 1.
Using these, one can interpret function application [[¢ u] as the composition

([I']®dist)osplit [tl@r[u]

[T +7T"] '] ® r[T’] [A—, Bl @ r[A] == [B].

A similar argument can be used for the interpretation of most other constructions in the
language, including ¢ @, v which is interpreted using the IB algebra structure on D[A]. Let
binding is interpreted using Proposition 4, and for the interpretation of natural number
recursion, in the inductive case we use the fact that coX is discrete for any X, and so can
be copied coX — 00X ® coX.

» Remark 9 (Independence on the choice of derivation). Formally, the above recipe gives an
interpretation of a derivation of a typing judgement. Ideally, one would like that [I" F ¢ : A] is
defined only in terms of I', ¢ and A, but since a typing judgement can have many derivations,
this is not a priori clear. The main reason that judgements can have many derivations is that
a given context I' can be split as a sum IV + T in many different ways. We prove that the
interpretation of judgements is independent of the derivation by induction on terms. In order
to do that, however, we must annotate terms with enough information to infer the types of
all subterms from I',t and A in judgements I' F ¢ : A. This is not possible for the syntax
given above. For example, for I' - 71 (¢) : A to have a derivation ¢ must have type A x B for
some B, but different derivations could use different B, which prevents the application of the
induction hypothesis. The following meta-theoretic statements about the calculus should be
read as statements about this ‘official’ annotated syntax. However, when writing terms, we
will use the informal syntax presented above; it will always be the case that the annotations
can be inferred.

» Theorem 10. The interpretation of typing judgements [I' b t : A] is well-defined and
independent of the choice of derivation.

The interpretation is sound in the following sense.
» Theorem 11 (Soundness). IfT'Ht=u: A then [t] = [u].
The proof of soundness relies on the following lemmas.

» Lemma 12 (Semantic Weakening). For the derivations of Lemma 7, the following hold
1. [TVA T Et: Al =[O, TV Ft: A] o proj;
2. [T+AFt: Al =[T'Ft: A] oweak.

» Lemma 13 (Semantic Substitution). IfT',z:" AT Ft: B and At u: A, for the derivation
of Lemma 8, the following holds

[(C,T") + rA+ tlu/z] : B] = [t] o ([T] @ (r[u] odist) @ [T']) o split.

6 Logic

In this section, we introduce a higher-order logic to reason about the terms of the calculus.
Compared to standard logics, which have a Boolean semantics, our logic is interpreted over
the commutative unital quantale

Prop = ([0,1], 2,6, —,0)
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F'Ht:A TVkFs: A

'+ tt: Prop I' - ff : Prop I'+T'Ft=4u:Prop
I'g:Prop T'HF4:Prop I'kFg:Prop T'F4:Prop 'k p: Prop
IP+I'F@et: Prop I+I'F ¢ —e1: Prop rI + T+ rp: Prop
' ¢ : Prop I'Fp:Prop T'F1%: Prop I'Fe:Prop T'F1%: Prop
I' =g : Prop '@ A : Prop I'F@ Vi : Prop
T,z:*° Ak ¢ : Prop T,z:> AF ¢ : Prop
I'F3z: A : Prop I'FVz: Ap: Prop

Figure 3 Typing rules for logical predicates.

with truncated sum z @y = min{z+y, 1} as tensor, unit 0, and adjoint x —y = max{y—=,0}
defined as truncated reversed subtraction. Observe that the order in Prop corresponds to the
reverse order in [0, 1]: the bottom element is 1, the top element is 0, meet is sup and join is
inf. This fits with the idea of interpreting equality as distance in metric spaces: The logical
statement ¢t = u is true in the model if its interpretation as the distance between ¢ and wu is 0.

The formulas of the logic are well-typed predicates in our calculus. Formally, we extend
the calculus with Prop as base type with usual Euclidean distance on [0, 1] and add

o, n=tt|fflt=aulpep|o oY |[rY| @AYoV |Tr:Ap|Vr: Ay

to the syntax of terms, with typing rules as in Figure 3. The formulas are those of a
higher-order logic with equality, but extended with connectives specific to the quantale Prop:
r1 is interpreted as (1-bounded) rescaling by a factor r» > 0, ¢ @ ¢ as the tensor, and ¢ —e )
as its adjoint. Note that the latter are not new to our logic, but common connectives of
fuzzy logics (e.g., Lukasiewicz logic [26, 35] or the logic of Riesz MV algebras [32]).

For readability, we will often omit type annotations from =4 and quantifiers when they
can be inferred from the context.

We also add Prop to the grammar of IB algebra types, with operation defined as

Byt = ppe(l—p

and add the axioms of IB algebras (Definition 3) to the judgemental equality theory also for
this derived operator on predicates.

The interpretation of predicates is defined in Figure 4. These are well-defined morphisms
in CMet because of the following.

» Lemma 14. The following are non-expansive maps (where r > 0)

@, —o: Prop ® Prop — Prop min{r - —,1}: rProp — Prop
sup, inf: (00X —o Prop) — Prop dx: X ® X — Prop

max, min: Prop x Prop — Prop

Observe that, after the extension of the calculus, independence of the choice of the
derivation (Theorem 10) and soundness (Theorem 11) are still valid, as well as weakening
and substitution lemmas for typing judgments (Lemmas 7 and 8) and their semantic variants
(Lemmas 12 and 13).
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[tt] £0
[ff] =1 [-¢] £ 1 -]
[t =a u] £ dpag o ([t] @ [s]) o split [ A ] & max o([], [¢])
[ped] 2 @ o ([¢] ® [¢]) osplit [ V9] £ mino([e], [4])
[~ ¢] = —o (] @ [¥]) o split [Bz : A.p] £ inf o curry([¢])
ro] 2 {0 (r =0) [Vx : A.p] = sup o curry([¢])
min{r - —, 1} or[p] odist (r > 0)

Figure 4 Interpretation of logical predicates.

A predicate in context T' is a term ¢ such that I' - ¢ : Prop. Observe that predicates can
be constructed not just using logical connectives but also via the other constructions in our
calculus. For example, since Prop is an IB algebra, if ¢ is a predicate in context I,z :" A
and p: DA, then (let z = p in ¢) is also a predicate.

Logical reasoning on the terms of the calculus is done via the inference of logical judgments.

The judgments of the logic are of the form
AT,

where A is a typing context, ¥ = 1q,...,1, is a list of predicates (logical context), and ¢ a
predicate (conclusion).
Hereafter, we always assume to work with well-formed logical judgments:

» Definition 15 (Well-formed judgments). A logical judgment A | ¥ F ¢ is well-formed if
A is a discrete context, i.e., all variables in A have sensitivity annotation oo.

all occurring predicates are well-typed in context A, i.e., A+ ¢ : Prop and A+ 4 : Prop,
for ally € V.

The reason for the first condition is that sensitivity factors for term variables in logical
predicates are irrelevant for logical judgments, and keeping track of these adds unnecessary
complications to the logic. For example, allowing more general A, for many rules it would not
be the case that well-formedness of the assumptions implies well-formedness of the conclusion,
nor vice-versa. This would also raise meta-theoretic questions about the logic that we prefer
to avoid. Note that by Lemma 7, oo is the most general sensitivity annotation possible:
If A-t: A then also A’ -t : A where A’ is obtained from A by setting all sensitivity
annotations to co. In logical judgements we use the notation A,z : A as shorthand for the
rigorous A,z :*° A.

The inference rules for the logic are given in Figure 5. The notation p¥ means to multiply
each proposition in ¥ by p. Rules given by double line are double rules, so can be used in
both directions.

The logic is sound with respect to the semantic interpretation of logical judgments in the
following sense, where the notation [¢1, ..., 1,] means [i1] @ - - @ [¥.].

» Theorem 16 (Soundness). If A | U F ¢ is derivable, then [U](0) > [¢](8) for all § € [A].

Note the similarity between the rule (G-REC) for guarded recursion and the typing rule for
fixed points. The logic includes the classical rule (—-E), because it is verified by the model,
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(TRUE) (FALSE)

(ass)

A|UEtt AW ffEp AT, ok

AT, 0,9, 9" Fp A|lVFg AT, (r+s)pk o
—— (EX) —————— (PR)
AT, 9,0,9" Fp Alr¥kre AV, rp,sp k4

(DUP)

AU, pEo AT, 00+ AU, rplke r<s
AU, 1YpE AU, sk

(iNe)
AIWJSWF@(MwC) AW, (rp)pe p<lorr>1
AW, (rs)p e ' AW, r(ph) o

Al(1=-p)T,ppte p<l1 AlTFe AUy
(G-RrEC) - -
AlVEg AT U Fpeyp

(Ass0C2)

(o-1)

AT, k-9 A|TFp-—-eyp A|V g

AW, o0k
| Ve, p (o) :
NNEEEY: INERZ

AV, peptp

(o-) (~o-E)

AT, gk ff

AW, —p - ff
A|TEp

AlYFEre A|UEry

(1) AU Er(eAY)

(—E)

(A1)

INET
A|lTEp

A|TF @AY
INEARY

AT

(A-BL) NN

(A-ER) (v-1n)
A|YEY AU, roFp AU, rYFEp

A|WF¢V¢(%m) AU, r(eVY)Fp

(V-E)

At A A|W%¢Wﬂ(3 Az AW, roF9¢ r<oo
-1
AUF 3o Ay ) AU, (G Ap)F o

(3-E)

Az:A|TEre v A|UEVz:Ap AFt:A v Abt=s:A
-1 -BE ~ .
A\\I/FT(V:E:A.@)( ) A | F plt/x] (v-p) A|UkHt=as

(EQ-1)

Ajz:" AF@:Prop AFt:A Atu:A A|VFoyft/z] A|V Fr(t=4u)
AW, Fplu/a]

(EQ-E)

Ayz:Ay:B|YEop[(z,y)/z] AFt:A.®:B
AW Ep[t/2]

(INDg)

A|UF plzero/n] A,n:N|pk g[succ(n)/n] ArFt:N
AW F plt/n]

(INDy)

Az AU F pling(x)/z] Ayy:B|VEplingy(y)/z] Art:A+B
AW Et/z]

(1nD,.)

r < oo
AkFt:DA Ay AU F pldy/x]
A,x:" DAFE ¢ : Prop Vp. (A,u : DA,v : DA | pelu/z], (1 — p)elv/z] b olu Gp V/x])
AV gft/x]

(INDD)

Figure 5 Logic. (The logical judgments appearing above are assumed to be well-formed)
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but our examples below do not use it. The rule (EQ-E) for elimination of equality is perhaps
most easily understood via a sketch proof of soundness: The sensitivity of ¢ in = ensures
that ¢[s/z] is at most at distance r(t = s) from @[t/x]. Therefore, since [¥] > [p[t/x]] and
[V'] = [r(t = s)], also [¥] & [¥'] = [[s/z]].

One consequence of the induction principles (INDg), (IND. ), (INDy), and (INDp) is that
judgements involving predicates defined using recursion and let-bindings can be proved. For
example, by (INDg), to prove

A| U let (z,y)=tin ok let (x,y) =t in P,

it suffices to show that A,z : A,y : B | W,¢ F 9. The induction principle for N requires
the induction case to be proven not using ¥, so that ¥ is only used once, at the base case.
The use of convex combinations in the hypothesis of the induction principle for D ensures
that any probability measure constructed inductively from Dirac distributions and convex
combinations satisfies the conclusion. A priori, these only give the finite distributions and,
semantically, D also contains continuous distributions. However, the finitely supported
distributions are dense, and the requirement that r be finite means that ¢ is continuous in x,
which suffices to verify soundness.

» Remark 17. The universal quantification over p in (INDp) makes it an infinitary rule. If
one wants a finitary proof system, the induction case can be replaced by 1¢[u/z], 1olv/z]
olu @1 v/z]. This principle is still sound as the finitely supported dyadic distributions are
also dense in DX (see e.g., proof of [39, Theorem 21]). We prefer to keep the rule as stated
in Figure 5, because it follows the standard induction principle for inductive types: One
proof obligation for each constructor.

The rules (A-I), (V-E), (3-E), and (V-I) include scaling factors in the conclusions. This is
to recover distributivity of scalar multiplication over the logical connectives, which cannot
be otherwise derived due to the necessary restrictions in (ASSOCz).

» Lemma 18. For allr > 0, the predicates r(pA), r(pV), and r(Vx : A.p) are respectively
equivalent to ro Ari, ro V ri, and Vr : Are. If r < oo, then r(3x : A.p) is equivalent to
Jx : Are.

The condition that r < oo in the last statement is necessary: oco(3x : (0,1].2 = 0) is
interpreted as 0 in the model, but 3z : (0, 1].c0(x = 0) is 1.
The logic is affine but not relevant, that is, weakening is derivable but contraction is not.

» Lemma 19. If A | U+ ¢ is derivable, so is A | ¥, .

Moreover, derivability is closed under weakening of the typing context and term substitu-
tion in predicates.

» Lemma 20.
1. If A | Ut @ is derivable, then so is A,x: A| W F p;
2. IfAFt:Aand Ajx: AP @ is derivable, then so is A | U[t/z] b ¢[t/z].

7 Proving basic properties

We show some basic consequences of the rules of the logic, focusing on equality.

We first show that the rule for equality elimination implies that equality is symmetric
and transitive. The derivations mirror those of the corresponding rules for identity types in
type theory (see e.g. [36]), although the setting of affine logic used here is different.
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» Proposition 21. Propositional equality is symmetric and transitive in the sense that

x: Ay Alr(z=y)Fr(y==x)
z: Ay Az Alr(zx=y),rly=2)Fr(x=2)

Proof. We just prove transitivity. Let A 2 2 : A,y : A,z : A and apply (EQ-E) to
Aw " AF r(x = w) : Prop. Because we have A | r(z = y) F r(xz = y) we obtain
Alr(z=y),r(y=2) F r(z==2). <

Note that since the comma is interpreted as 1-bounded addition, in the case where r = 1,
transitivity corresponds to the triangle inequality. Equality is also a congruence relation.

» Proposition 22 (Congruence). Let AFu:Aand AFv: A If Ajx:" AFt: B, then
A r(u=v)F tu/z] = tjv/x].

Proof. Apply (EQ-E) to A,y :" At tu/z] = t[y/x] : Prop. <
As a special case, for A=z :DA,y:DA,z: DA, w: DA, we have
Alplz=y),Q-p)z=w)Fazd,z=yd,w. (4)
Using (INDg) and (IND4 ), we can prove the following extensionality principles.
» Lemma 23. Ifx,y: A,®:B then x =y is equivalent to
let (a,b) =z, (a’, b)) =yinr(a=d)es(b=1).
» Lemma 24. Ifx,y: A+ B then x =y is equivalent to
(Ja,d’ (xz = inj,a) e (y = injia’) @ (a =a')) V (3b,b.(x = inj,b) @ (y = inj,b") e (b =1"))

Since Prop is a type in our calculus, the logic is higher order. We can define types of
predicates and relations

Pred,.(A) £ A —o, Prop Rel,. (A, B) £ A ,®:B —o; Prop. (5)

We simply write Pred(A) and Rel(A, B) as shorthands for Pred; (A) and Rely 1(4, B), respect-
ively, when all the sensitivities are 1.
One can prove that equality is equivalent to Leibniz equality.

» Proposition 25. The predicates V¢ : Pred,.(A).¢(x) —o ¢(y) and r(x =4 y) are equivalent.

7.1 Internalising the Kantorovich distance

We show that the Kantorovich distance (3) can be internalised in the logic. This, in turn,
will enable reasoning via couplings to establish equalities between probability distributions.
The integral in the definition of the Kantorovich distance computes the mean of the distance
dx(x,y) when (z,y) is distributed according to the given coupling w. We start by defining,
more generally, the mean F,.,[¢] of a predicate ¢ : Pred(A) over a distribution p : DA as

Eonplg] £ let o = pin ¢() (6)
This defines a mean because it satisfies the equations
Ezsiy) (9] = ¢(y) (7)

EzNHEBpu’ [¢] = p(Eg;N#[qb]) o (1—p) (EmNu’ [4]) . (8)
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For R : Rel(A, B) and w : D(A1®1B) we write E(, )~ [R(a,b)] rather than E. ,[R] to

emphasize that R is a relation. When R is the equality relation we write E(; ) [z = y].

The notion of R-coupling can be expressed quantitatively in the logic as

w € Cpl(p,v) = (D(m1)w = p) o (D(m2)w = v) , 9)

A

w e Cle(M’ l/) = E(m,y)ww[R($>y)} eweE Cpl(ﬂa l/) . (1())

Notably, w € Cpl(u, V) evaluates to 0 (the distinguished truth value in Prop) if and only if w
is a coupling between p and v. However, when it evaluates to a value different from 0, w
is not necessarily a coupling. Thus, (9) captures a notion that is strictly weaker and more
permissive than that of an actual coupling.

Finally, using that existential quantification is interpreted as infimum, we can internalise
the Kantorovich distance as follows

K(p,v) £ 3w : D(A1®14).w € Cpleg (1, v)
where eq = \z.let (7,y) = z in z = y : Rel(4, A) is the equality relation.
» Theorem 26. The predicates K(u,v) and p = v are equivalent.
Proof. To prove that = v implies K (u,v), by (EQ-E) it suffices to show

p:DA| - K(p, p)

Define y1:2 DA w(u) : D(A1®1A) as let a = pin §(a,a). Then Dr;(w(p)) = p for i =1,2.

Moreover, - F E(q q/)~w(w)[@ = @] can be proved by induction on p as follows. If yn = d(a), by
(7) and w(p) = 6(a, a), Eq,a)~wwle = a'] reduces to a = a, which is true. If p = py ©, po,
we must Show E(q,q/)~w (i @,p0)[@ = a'] in context

p(E(a,a’)Nw(ul)[a = a/])v (1 - p)(E(a,a’)Nw(uz) [a = a/])

which holds by (8) because w(p1 By p2) = w(p1) Bp w(pz). For the other direction, it suffices
to show that E(, )~ [z =y] implies D(m)(w) = D(m2)(w), for any w : D(A ;@1 A). This can
be done by induction on w. |

7.2 Uniqueness of fixed points

One might hope that the uniqueness of fixed points from the Banach fixed point theorem
can be internalised in our logic as the statement

r=f(x),y=fly)Fr=y

whenever f : X —o, X for p < 1. However, this is not true. Take for example f : Propw% Prop
to be multiplication by %, x to be 0 and y to be 1. Then the semantics of the above statement
evaluates to the false statement % > 1. However, if we assume that x is a fixed point for f in
the global sense, then it equals the unique fixed point.

» Lemma 27. Let f:* X —o, X for p < 1. Then, ttt x = f(z) implies tt - z = fix y.f(y).

Proof. By (G-REC), it suffices to prove that p(x = fix y.f(y)) F x = fix y.f(y). This follows
from tt F x = f(x) and transitivity of propositional equality (Proposition 21) after observing
that p(x = fix y.f(y)) b f(z) = f(fix y.f(y)), which is true by Proposition 22. <
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8 Case study: Markov processes

Markov processes describe systems with memoryless transitions between states, governed
by probabilities. Formally, they consist of a set of states S, a transition function S — D(S)
that specifies the probabilities of moving to the next state, and a labeling function S — A
that assigns labels to states. Following [37], we treat A as a metric space and analyze the
behavior of Markov processes quantitatively using distances that discount future differences
in observations by means of a discount factor ¢ € (0,1]. The smaller ¢ is, the more the focus
shifts toward short-term differences. Categorically, this corresponds to interpreting Markov
processes as coalgebras S — A ® ¢D(S) in CMet. The behaviour of a state is abstractly
characterised as an element of the final coalgebra?, corresponding to the coinductive solution
P. to the functorial equation P. & A ® ¢D(PP.). The behavioral distance is just the distance
in P. between behaviours [38].

In order to program with P, we extend the calculus with types P. and A as well as terms

ufld : ]P)c —01 A 1®CD(PC) fid: A 1®0D(]P)c) —01 HDC

We will write a;m for fld (a,m). Finally we add judgemental equalities stating that fld and
ufld are inverses of each other.

As a first example, consider a process m satisfying the recursive definition m = a; (6(m)®1
d(2)) where z is some other given process. This recursive definition is productive in the sense
that it only calls itself with probability % Therefore it can be defined as a term of type Py
similarly to the definition of the geometric distribution of Example 6. Precisely, because

25 Pyms Pk a; (3(m) @1 0(2)) < Py
we can define z :! P; F m : P; as
m 2 fix m.a; (6(m) @1 0(2))

which then by the equality for fixed point unfolding satisfies the desired equality.

Now, let n satisfying n = a; (6(n) S 0(2)) be defined similarly. Using the logic we will
now show that the distance between m and n is at most %, which in the logic corresponds to
showing that %ff F m = n. In the following, for r > 0, we simply write r for r ff. By guarded
recursion (G-REC), it suffices to show that

2 11
§~Z,§(m:n)kmfn
Since
n = a; (5(n) @y (5(n) &1, 8(2))) m = a; (5(m) &), (5(2) &4 8(2)))

Wl b
=
Wl =
Il

3

S~—
-

Wl =
\

S

S~—
°

()
7N
N
—
3

\

IS}

S~—
°

| wo
~
Il

K
~_

which in turn reduces to the following three judgements, all of which are true:

m=nkm=n ffbkn==z tthz==2

2 The final coalgebra always exists as A ® ¢D(—) is an accessible functor. See [38, 37] for details.
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8.1 A biased coin tossing process

The next example describes a probabilistic process generated by a coin toss with a biased
coin, where the current state remembers the result of the last coin toss. The label space
is the discrete set A = {Hd, TI} and the two states should satisfy the mutually recursive
equations

hd.
tle

Unlike the previous example, this definition is not productive, so hd,, tlc cannot be defined

[N

Hd; (6(hde) @1 _ d(tle))
T (8(hd.) & _, 3(tl.))

[N

by guarded recursion as elements of P;. However, they can be defined as elements of P, for
any ¢ € (0,1). We define them by mutual recursion using a fixed point of a contraction on
P. x P., as hd, 2 7 (hdtl.) and tl. 2 75 (hdtl.) for

hdtl, £ fix x.(Hd; flip_(x), T; flip, ()
where flip,_(z) £ §(m1 (7)) @1, 0(ma(z)). Observe that hdtl. is well-defined as
x ¢ P. x P = (Hd; flip.(z), Tl; flip.(z)) : Pe X P..

Consider the special case of a fair coin hd £ hdy, tl £ tly. We now show that the distance

between hd and hd, is at most 1_23_06. Logically, this corresponds to the statement

— “  } hd=hd. (11)
1—c+ce

The statement (11) must be proved simultaneously with a similar statement for the two

tail states, and by guarded recursion it suffices to prove that, for d. . = T—egees We have
¢ (dc,c—o(hd=hd.Atl=tl.)) F (d.,.—e(hd=hd Atl=tl.)) .
We show that
c(dce —o (hd=hd. Atl=tl)),dc F hd = hd, (12)

The case for tl = tl. is similar. By (4) to show hd = hd. it suffices to show ¢ times the formula

<2 — 6) (hd = hd.) e e(hd =tI) @ %(tl =tl,) (13)

and so (12) reduces by rule (PR) to showing (13) in context

€

dc,c —o (hd = hd A tl =tl,), rEp——— (14)
Since
ﬁ = (; - e) dec + e+ %d
Using (DUP) and (INC) it suffices to prove (13) in context
1 1 1 1
(2 — e) (d¢,e — (hd = hd, A tl =1tl.)), 3 (d¢,e — (hd = hd, A tl =1tl.)), (2 - e) de,es €, §dc’€
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which can be done using (e-1).

We remark that the upper bound shown above is tight, in the sense that it is the actual
behavioual distance between the two states. This can be checked by direct calculations
because, as observed in [40], it corresponds to the c-discounted bisimilarity distance of
Desharnais et al. [16].

8.2 Bisimulation

Let £: X — A® ¢D(X) be a Markov process, and decompose ¢ into two maps: &: X — A
for labels and & : X — ¢D(X) for probabilistic transitions. A probabilistic bisimulation [24]
for £ is a binary relation on X such that R(z,y) implies (i) & (z) = &1 (y), states have the
same label; and (ii) that there exists an R-coupling p (i.e., a coupling p for & (x) and &2(y)
whose support is in R) ensuring the probabilistic behaviors of x and y remain related under
the bisimulation.

While exact equivalence is often too rigid, metrics offer a more flexible alternative. Next,
we internalise the definition of bisimilarity in our logic. For R : Rel(X, X), define

Bisim(R) £ Va,y : X.R(z,y) —elet (I, ) = (), (I',v) = £(y)
inl=10"ec(3p.p e Cply(p,v))

using the quantitative notion of R-coupling defined in (10).
In the case where ¢ € (0,1), we can define the bisimilarity relation ~ : Rel(X, X) by
guarded recursion as

~ = fix Rz y.let (I, 1) = &(x), (I',v) =&(y) in 1 =1" e c(3p.p € Cplg (i, 1))

using that R occurs with sensitivity ¢ in the body of the fixed point. The following can be
proved using guarded recursion.

» Proposition 28. Bisimilarity is equivalent to equality in P,.

Proof (sketch). We just sketch the proof of bisimilarity implying equality. The proof is by
guarded recursion, reducing to ¢(Vz,y.x ~y—ex =y),xz ~yF 2 = y. The assumption z ~ y
unfolds to

let (1, u) = ufld(z), (I',v) = ufld(y) in L =1" e c(Ip.p € Cpl_(11,v))

and using the guarded recursion hypothesis, the last part can be rewritten to ¢(3p.p €
Cpleq(12, 7)), which by Theorem 26 is equivalent to ¢(u = v). We conclude by Lemma 23. <

Since the distance in P, coincides with probabilistic bisimilarity distance, Proposition 28
shows that ~ : Rel(P.,P.) is interpreted as bisimilarity distance.

9 Case study: temporal learning

The next example, adapted from Aguirre et al [2], showcases the expressivity of our calculus
and a use of natural number induction.

A Markov decision process comprises a set of states S, a set of actions A, a transition
function P: S x A — D(S) and a reward function R: § x A — D([0,r]). We will consider
A a discrete set, and assume that states S is a finite discrete set. Moreover, for simplicity
we will assume that S is simply the set S = {0,...,N — 1} for some N, so that § — X
can be expressed as an N-fold product X . Finally, we will assume that r = 1, so that we
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can give the type of R internally in the calculus as S 1®;.4 — D(Prop). The latter is not
a restriction in practice, as the actual values of rewards is inessential, and so the reward
function can be appropriately scaled. However, it is necessary, as we need the reward space
to be an IB-algebra and a 1-bounded metric space.

When doing reinforcement learning, one must estimate a value function V : Prop®
mapping states to rewards, for a given policy 7 : AN. Temporal difference is one approach
to doing this, which works by iteratively refining the value function V' as follows: For each
state ¢, compute an action a from the policy distribution 7 (z), sample a reward r from the

reward distribution R(a, %), and sample a transition j from the transition function P(a, ).

From this the updated value function V' at ¢ can be defined as the convex combination
V(i) = (1= a)V(i) + a(r + 7V (j))

of the previous value V(i) and the reward associated with the next state j, for fixed values
a,v € (0,1). Of course, V' (i) should be a distribution, since the definition above involves
sampling.

We will show that this refinement function can be defined and proved convergent in our
logic. We first define the function TDstep V' : D(PropN) taking one step of the refinement in
context

P> A—-DN)N,R:>* A—D(Prop), 7 := AN V ¥ Prop"

where k £ 1 — a 4+ ya. Note that all the parameters of the reinforcement learning setup
are given sensitivity co, because these are assumed to be closed terms that will be called
repeatedly. We define TDstep V' as st(TDstep’ V) where

st : D(Prop)™ — D(Prop”)
is obtained in the standard way by induction on IV, and
TDstep’ V £ (let r = R(n(i))(i), j = P(m(i))(i) in 6((1 — @)V (i) ® (1 @ YV (§))))i<iv

Since k < 1, one can define the refinement function as the fixed point of TDstep. In
practice, however, refinement is only iterated a finite number n of times, defining TD :
PropN —o N —o D(PropN ) by recursion on the second argument as

TDVO02V TDV (n+1) 2 let V! = (TDV n) in TDstep V'
Then, since k(V = W) - TDstep V' = TDstep W, one can prove by induction on n that

E'(V=W)FTDVn=TDWn

10 Case study: hypercube walk

This section shows how the internalisation of the Kantorovich distance (Theorem 26) can be
used for coupling proofs in our logic. The example is a random walk on a hypercube adapted
from Aguirre et al. [2]. Much of the example is done by reasoning in the model, as is most
natural. Our logic is then used as an internal language of the model to apply Theorem 26 in
the last step.

A position on an N-dimensional hypercube is an element of Bool” , and we consider this
a metric space with the normalised Hamming distance: The distance between p and q is
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% times the number of positions where p and ¢ differ. In other words, the metric space of
positions can be defined as

Pos £ (ENb iBool
o NV

where Bool £ 1 + 1. Let unifg y : D(N) be the uniform distribution on {0,..., N}, and
flip; : Pos — Pos be the operation that flips the i-th coordinate of a position if ¢ =1,..., N,
and acts as the identity if ¢ = 0. Define the one-step hypercube random walk as

hwalk £ Ap.let i = unifg n in flip;(p) : Pos —o; D(Pos)

We show that

N -1

N+1(p:q) F hwalk p = hwalk ¢ (15)
from which one can show that repeated iteration of hwalk converges. To prove this, first
construct, for each pair of positions p and ¢, a bijection o, 4 of {0,..., N} to itself by cases:

If p and ¢ are equal take o, 4 to be the identity

If p and ¢ differ in exactly one position ¢, let 0}, 4 be the permutation that swaps 7 and 0
If p and ¢ differ in positions 41,...,7, for n > 1, let 0, ; be the permutation that cycles
U1yeenyin.

Below we just write o for 0 4. One can then show that

N-1 AR

m(p =q)F ; m(fllpip = flip, ;) @) (16)
holds in the model. This is done by analysing cases of p and g. For example, if p and ¢ differ
in exactly one position j, then flip; p = flip,(;) ¢ is 0 for ¢ = j and ¢« = 0, and at all other
values it equals p = ¢, from which the judgement follows.

Let p : D(N ;®;N) be the uniform distribution on the finite set {(0,0(0)),...,(N,o(N))},
and define

P Zlet z=pin (let (i,5) = z in (flip; p, flip; ¢)) : D(Pos;®;Pos)

Then
AT
Blagynplt=yl=>_ m(f|ipip = flip, ;) @)
=0

An easy argument shows that the equalities D(m1)(p’) = hwalkp and D(m)(p’) = hwalk g
can be proved in the empty context, so that we have shown

N -1

m(p = q) F K(hwalk p, hwalk q)

which, by Theorem 26 is equivalent to (15).

» Remark 29. We remark that while the example above can be done for any N, the
quantification over N must be external, as internalising it would require dependent types.
Similarly, the uniform distribution unifg x : D(N) on {0, ..., N} used in the example, can be
constructed in our language for each N as externally quantified only. It is not possible to
write a function mapping N to unify x in our language, because the sensitivity annotations
of variables must be given externally.
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11 Related work

Our calculus is closely related to Fuzz [34]. One difference is that Fuzz has recursive types,
and we have guarded recursion. Fuzz is not a calculus of metric spaces, since these do not

model general recursion. Indeed, de Amorim et al. [14] use metric CPOs to model Fuzz.

Interestingly, de Amorim et al. [14] note that a fixed point operation on terms encoded using

the recursive types of Fuzz can be given a typing rule similar to our rule for fixed points.

Fuzz also has a probability distributions monad, but with a different metric designed for
reasoning about differential privacy. Unlike the Kantorovich metric, it is not clear whether
such a metric allows for a principle of induction. Fuzz also has an operational semantics. We
believe operational semantics could be given for our calculus as well, but leave this to future
work. Our calculus is also related to graded lambda calculus [10, 18].

Dagnino and Pasquali [11] were the first to notice that the sensitivity of predicates must

be taken into account when expressing elimination principles for equality in quantitative logic.

They present an affine propositional logic for quantitative reasoning about terms written in
a first-order language where the operations carry sensitivity annotations, like e.g., @, does
in this paper. One of the rules they present for equality is our rule (EQ-E), but transitivity is
a separate axiom, and they do not study applications like the ones studied here. Instead,
Dagnino and Pasquali [11] study general categorical notions of models; we just study one
model.

The idea of using metric spaces and guarded recursion using scaling factors r < 1 for
programming and reasoning about probabilistic processes goes back at least to the late
1990s [15, 7]. To our knowledge, all previous work has used ultra-metric spaces, which
means that one can use simply typed lambda calculus and a simpler type for fixed points,
as explained in the introduction. The category of complete bisected ultrametric spaces
forms a subcategory of the topos of trees [9], so this line of work is connected to the recent
developments on reasoning about processes using guarded recursion [1, 22]. In these works,

guarded recursion is formulated for a modal operator >, which is not related to probabilities.

Equality, therefore, is not interpreted in terms of Kantorovich distance, as it is here.

The work on quantitative equational logic [27, 28, 29] is also related. However, their
equational approach fundamentally differs from ours by using a Boolean-valued logical
relation =, to reason about distances. Scaling of propositions and guarded recursion as
used here would not work for a Boolean-valued logic. Indeed, the upper bound shown in
Section 8.1 can be proven in quantitative equational logic only by using the infinitary rule
(Arch) [6]. Mardare et al. [27] show how a range of monads on metric spaces can be considered
generated by quantitative algebraic theories. These include the p-Wasserstein metrics on
distributions and the Hausdorff metric on compact subsets of a metric space. It is unclear
how many of these can be captured as quantitative algebras for theories with operations
equipped with sensitivity factors, in the same way we algebraically encode the Kantorovich
metric in this paper. While this approach also works for the Hausdorff metric, it is unlikely
that the p-Wasserstein metrics for p # 1 can be encoded the same way. [29] use quantitative
equational logic to reason about terms of a first-order language with fixed points modelled
using the Banach fixed point theorem. Their syntax uses ‘Banach patterns’ as a form of
sensitivity annotations on terms. Interestingly, the Banach pattern for fixed point terms is
similar to our typing rule (FIx). We are unaware of any extensions of quantitative equational
logic to higher-order. Dal Lago et al. [23] extends quantitative equational logic to weak
A-theories, and Dahlqvist and Neves [12, 13] to linear and affine A-calulus. Both extensions
do not deal with recursion.
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Quantitative program logics for imperative languages with probabilistic choice operators
have a long history going back to Kozen [21]. For example, Avanzini et al. [4] define a
relational Hoare logic where relations on stores s : S are random variables S x S — [0, o],
so assertions are quantitative, but the interpretation of Hoare triples is qualitative. Recent
research has extended this idea to give quantitative interpretations also to Hoare triples
themselves. For example, Approxis [19] uses error credits to define an approximate separation
logic. In future work we will explore how our logic offers a different viewpoint on these
results: By reading the qualitative definition of Hoare quadruple in our logic, one obtains a
quantitative interpretation of Hoare logic. Approximate statement about Hoare quadruples
should then be provable in our logic by showing that € - ff implies a Hoare quadruple similarly
to how we reason about distances between Markov processes in Section 8.

12 Conclusions

We defined an affine calculus for sensitivity and a higher-order logic for reasoning about it.
The calculus includes a form of guarded recursion, where the guards are sensitivities in the
open interval (0, 1), and we saw how this could be used for programming recursive processes.
The logic likewise includes guarded recursion, which can be used, e.g., for proving upper
bounds on distances between processes. We also saw how the principles of induction in the
logic, in particular the one for induction over D are powerful principles. For example, we
saw how they lead to proofs by coupling.

One might ask to what extent the semantics of our logic generalises to other settings. Our
goal has been to reason about metric spaces, and CMet is essentially the largest possible
category in which the entire logic can be interpreted soundly. For example, we need to
include discrete sets into the category to model natural numbers. This requires either a finite
upper limit on distances as we do, or using extended metric spaces, i.e., spaces where the
distance function maps into [0, oo], and correspondingly use [0, 00| also as the set of truth
values. The latter choice, however, invalidates both the Banach fixed point theorem (fixed
points might not exist or be unique) and the guarded recursion principle.

On the other hand, it should be possible to adapt our language and logic to extended
metric spaces by introducing a new form of judgements for finiteness of truth values and for
extended metric spaces being metric spaces (so all distances are finite). The logical guarded
recursion principle (G-REC) should then be restricted to only prove finite ¢, and similarly,
fixed points should only be applicable to metric spaces. This model would have the benefit
that scalar multiplication distributes over ® and e, and also rules like (ASsOC;) would be
invertible. We leave exploring such systems to future work.

In future work, it would also be interesting to address the limitations of our language
mentioned in Remark 29. It might be possible to allow types and sensitivity annotations
to depend on sets such as N, but allowing them to depend on metric spaces seems more
difficult. One possible starting point could be DFuzz [17], a version of Fuzz with lightweight
dependent types.
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