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1 Introduction29

In computer science, logics are traditionally designed for proving precise qualitative properties30

of programs, such as program equality. However, in many modern applications, especially31

those that involve probabilistic programming, one is often interested in proving quantitative32

properties of programs, such as upper limits on program distances, sensitivity of program33

outputs to program inputs, or convergence of sequences of programs. Such properties are34

important in diverse application areas such as differential privacy [14, 34], security [3, 5]35

and machine learning [33]. Similarly, in process algebra, it has long been known that for36

probabilistic processes, the notion of bisimilarity should be stated quantitatively, in the37

form of a metric, to be robust to small perturbations that may otherwise compromise the38

exact comparison of behaviours [20, 16]. Also program logics for probabilistic programming39

languages are often defined quantitatively, using random variables valued in [0,∞] as a40

quantitative notion of predicates of states [21, 31, 30, 2, 4].41

What has been lacking so far is a general notion of quantitative logic in which all42

these applications can be expressed as special cases. This paper develops such a logic,43

and in particular, the fundamental principles governing equality, those for reasoning about44
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34:2 Induction and Recursion Principles in a Quantitative HO-Logic for Probability

distributions, and the notion of guarded recursion. What we found is that these simple basic45

principles are extremely powerful, and that by reading standard definitions of concepts such46

as a coupling and bisimulation in our logic we can reason about quantitative versions of these47

concepts in a very natural way.48

A sensitivity calculus for complete metric spaces. Quantitative logic is the logic of metric49

spaces. A metric space can be thought of as a set with a quantitative notion of equality:50

The smaller the distance between two elements, the more equal they are. From the logical51

perspective, the appropriate notion of morphism between metric spaces is that of a non-52

expansive map: a function f satisfying d(f(x), f(y)) ≤ d(x, y), for all x, y. These are precisely53

the maps that preserve equality in the quantitative sense, sending quantitatively equal inputs54

to quantitatively equal outputs. We will restrict our attention to those metric spaces that55

are non-empty, complete, and 1-bounded, and denote the resulting category by CMet. We56

found this category to be the most suitable for our purposes, although alternative models57

are also possible, as we discuss further in Section 12.58

The category CMet is symmetric monoidal closed, and moreover has a strong monad D59

on it, mapping a metric space to the set of Radon distributions equipped with the Kantorovich60

metric. The Kantorovich metric is a natural notion of metric on distributions, and is used in61

most applications, including program logics and bisimilarity distance. Another important62

operation is that of scaling a metric space by a factor r ≥ 0. The resulting space rX has the63

same underlying set as X, but all distances are scaled by r (but bounded by 1). Scaling is used64

to express the sensitivity of functions to changes in input data: A map has type rX → Y iff65

it is r-Lipschitz continuous or, using the terminology of the programming languages Fuzz [34]66

and DFuzz [17], is r-sensitive in X. An important example is the operation that maps two67

distributions µ and ν to their convex combination µ⊕p ν, corresponding to choosing µ with68

probability p and ν with probability 1−p, for p ∈ (0, 1). This is an operation of type69

⊕p : pDX ⊗ (1 − p)DX → DX (1)70

expressing that ⊕p is p-sensitive in the first argument and (1 − p)-sensitive in the second,71

meaning d(µ ⊕p ν, µ
′ ⊕p ν) ≤ p · d(µ, µ′) and d(µ ⊕p ν, µ ⊕p ν

′) ≤ (1 − p) · d(ν, ν′) hold72

simultaneously, where both distances are measured in DX.73

Inspired by Fuzz [34], we define a λ-calculus for programming in CMet. The calculus74

is affine, because the ⊗ of the monoidal structure has projections, but not diagonals. The75

calculus is simply-typed, with typing judgements using contexts with sensitivity annotations76

on all variables. For example, the sensitivity of ⊕p is expressed by the typing judgement77

µ :p DX, ν :1−p DX ⊢ µ⊕p ν : DX.78

Metric spaces do not model general recursion, but they do model a form of guarded79

recursion via the Banach fixed point theorem: Any non-expansive map f : pX → X has a80

unique fixed point if p < 1 and X is complete and non-empty. Guarded recursion on this81

form has previously been studied for ultra-metric spaces [15], but that setting is simpler,82

because it models simply typed lambda calculus and intuitionistic logic. Generalising to83

the affine setting of general metric spaces has surprising consequences. For example, in the84

ultra-metric setting, the fixed point operator defines a non-expansive map (pX → X) → X85

whereas in the general metric setting, this must be weakened to (pX ⊸ X) → (1 − p)X86

where ⊸ is the closed monoidal structure. In our calculus the guarded fixed point combinator87

can be given type Γ ⊢ fix x.t : A if (1−p)Γ, x :p A ⊢ t : A, for p < 1. Here, the multiplication88

refers to the operation of scaling all sensitivity annotations in a context.89

The type (1) of the ⊕p combinator means that many distributions and processes can be90

defined as fixed points. For example, the geometric distribution is recursively defined as91
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geop = δ(0) ⊕p D(succ)(geop), where δ(0) is the Dirac distribution, and succ : N → N is the92

successor function. This works because the defining equation for geop is productive: it only93

calls itself recursively with probability 1 − p < 1.94

A higher-order quantitative logic. Our main contribution is a quantitative logic for reason-95

ing about terms in our calculus.96

Logical reasoning is via inference of judgements Ψ ⊢ φ which express that the predicate φ97

logically follows from the sequence of predicates Ψ = ψ1, . . . , ψn. Predicates are valued in the98

unit interval [0, 1] with 0 being true and 1 being false. For example, the equality predicate is99

interpreted as distance between elements of a metric space. This leads naturally to an affine100

logic, because transitivity x = y, y = z ⊢ x = z can be interpreted as the triangle inequality101

d(x, y) + d(y, z) ≥ d(x, z) (one of the axioms of metric spaces) if the comma is interpreted as102

sum.103

The first step in defining a logic is to state what the well-formed predicates are. Since the104

unit interval is itself an element in CMet, we use our calculus to program with predicates using105

a special type Prop interpreted as [0, 1]. The interval [0, 1] carries a closed monoid structure106

given by (truncated) sum and subtraction, and universal and existential quantification can107

be modelled using infimum and supremum, respectively. Since the logic allows quantification108

over all objects of CMet, including exponents of Prop, it is a higher-order logic.109

Like metric spaces, propositions can be rescaled by factors r ∈ [0,∞] and this can be110

used to express a logical principle of guarded recursion. In a closed context this states that111

if we can prove ϕ from p · ϕ for some p < 1, then ϕ holds. The general rule reflects that of112

the fixed point combinator: if (1 − p)Ψ, pϕ ⊢ ϕ holds, then Ψ ⊢ ϕ.113

We also study induction principles, both for natural numbers and for the Radon distribu-114

tion monad D. In the latter case, the principle states that Ψ ⊢ ϕ[µ/x] holds for all µ ∈ DX115

if it does on Dirac distributions and p(ϕ[µ/x]), (1 − p)ϕ[ν/x] ⊢ ϕ[µ⊕p ν/x], for all p ∈ (0, 1).116

At first sight, this may appear to only prove it for all finitely supported distributions, and117

DX also includes continuous distributions. The principle is nevertheless sound, because the118

finite distributions are dense in DX, and because the principle has the side condition that x119

has finite sensitivity in ϕ, so that ϕ is continuous in x. This principle reflects the observation120

by Mardare et al. [27, 28] that D is generated freely by Dirac distributions and ⊕p.121

When stating the elimination rule for the equality predicate, one must take sensitivity into122

account. More precisely, if x has sensitivity p in ϕ then ϕ[t/x], p(t = s) ⊢ ϕ[s/x]. This was123

previously observed by Dagnino and Pasquali [11] in a propositional logic, and we adapt one124

of their rules as an elimination principle for equality. We show that the rule has wide-ranging125

consequences, including that equality can be proved symmetric and transitive. Equality can126

also be proved a congruence when this is formulated in a way that takes sensitivities into127

account. For example, using the type (1) of ⊕p, one can prove that128

p(x = y), (1 − p)(z = w) ⊢ x⊕p z = y ⊕p w . (2)129

Case studies. To show the expressiveness of our logic we develop a sequence of case studies.130

The first concerns bisimilarity distance of Markov processes. We model these in CMet as131

the terminal solution Pc to Pc
∼= A⊗ cD(Pc). Here c ∈ (0, 1] is a discount factor. The smaller132

it is, the more the distance emphasizes short-term behaviour. In Pc the metric is exactly133

the bisimilarity distance. We show how to define recursive processes using the fixed point134

combinator, and prove upper bounds on distances d(t, u) ≤ c by proving c · ff ⊢ t = u in the135

logic, using the guarded recursion principle. Some examples require c < 1, but in many cases136
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the productivity requirement follows from (2). We also show how to define the notion of137

bisimilarity inside the logic and prove it equivalent to equality when c < 1.138

We also show how to prove convergence of a temporal learning algorithm and of a random139

walk on a hypercube. The latter example is particularly interesting, as it requires a coupling140

proof. Coupling arguments [25] are a technique for showing equivalence or closeness of141

probabilistic programs by relating the probabilistic choices made by one program to those by142

another. We show how this technique can be used in our logic by internalising the definition143

of the Kantorovich distance: We prove that two distributions are equal if and only if there144

exists an equality-coupling between them. Note that since this biimplication is a statement145

in quantitative logic, its semantic meaning is an equality of numbers in the unit interval. The146

proof of this illustrates the power of the principles of our logic, in particular the elimination147

rule for equality and the induction principle for distributions.148

Contributions. In summary, our contributions are:149

We present an affine lambda calculus with sensitivity annotations for programming in150

the category CMet of complete 1-bounded metric spaces;151

We formulate a first (to our knowledge) higher-order logic for quantitative reasoning in152

which equality is interpreted as distance in metric spaces. This includes new rules for153

recursion over natural numbers and probability measures, as well as a guarded recursion154

principle;155

We show by example how to use the logic to reason about Markov processes, convergence156

in temporal learning and for coupling arguments, illustrating the power of the combination157

of the above mentioned principles;158

Overview. The paper is organised as follows. We first discuss preliminaries on metric spaces159

in Section 2. Sections 3 and 4 discuss the Banach fixed point operator and the probability160

measure monad. Sections 5 and 6 discuss the syntax and semantics of the calculus and the161

logic, respectively. Section 7 shows how to prove basic properties of the logic, including that162

equality is a congruence which is equivalent to an internalisation of the usual definition of the163

Kantorovich measure. Section 8 shows applications to Markov processes, Section 9 shows an164

application to temporal learning, and Section 10 illustrates how to use coupling arguments165

in the logic. Finally, Section 11 discusses related work, and Section 12 concludes.166

2 Preliminaries on metric spaces167

A (1-bounded) metric space is a set X equipped with a distance function dX : X ×X → [0, 1]168

satisfying (reflexivity) dX(x, y) = 0 iff x = y; (symmetry) dX(x, y) = dX(y, x); and (triangular169

inequality) dX(x, z) ≤ dX(x, y) + dX(y, z).170

A function f : X → Y between metric spaces is r-Lipschitz continuous, for r ≥ 0, if171

r · dX(x, x′) ≥ dY (f(x), f(x′)); non-expansive when r = 1; and a contraction when r < 1 and172

X = Y . A metric space is complete if all Cauchy sequences converge.173

In this paper, we work with non-empty 1-bounded complete metric spaces. These form a174

category CMet with non-expansive maps as morphisms. Restricting to 1-bounded spaces175

allows us to include sets as discrete metric spaces by setting all distances between distinct176

elements to 1. This defines a left adjoint to the forgetful functor from CMet to Set: if X is177

discrete, then all maps f : X → Y are non-expansive. As a consequence, we can regard Set178

as a full subcategory of CMet. An important example for this paper is N, the set of natural179

numbers, which is an object in CMet.180
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The category CMet has both binary products and coproducts: X × Y combines spaces181

by equipping the Cartesian product with the point-wise maximum distance; X + Y combines182

them into a disjoint union by keeping elements from different components as far as possible183

from each other (i.e., at distance 1). The singleton metric space 1 is the final object.184

There is another natural structure on the Cartesian product, the tensor X ⊗ Y , that185

combines distances by 1-bounded truncated sum:186

dX⊗Y ((x, y), (x′, y′)) = min{dX(x, x′) + dY (y, y′), 1} .187

Also the tensor product has non-expansive projections X ⊗ Y → X and X ⊗ Y → Y , but188

generally no diagonal X → X⊗X, unless X is discrete. Note the following universal property189

of ⊗: A map from X ⊗ Y to Z is non-expansive if and only if it is non-expansive in each190

variable.191

Unlike the categorical product, ⊗ allows currying and function application. More precisely,192

(CMet,⊗,1) is a symmetric monoidal category, with unit 1 and adjunction (−⊗X) ⊣ (X⊸−)193

making this structure closed. Here, X ⊸ Y denotes the set of non-expansive functions from194

X to Y endowed with point-wise supremum metric dX⊸Y (f, g) = supx∈X dY (f(x), g(x)).195

The counit of the adjunction is function evaluation ev : (X ⊸ Y ) ⊗X → Y .196

Nonexpansive morphisms in CMet subsume the notion of Lipschitz continuity through197

the rescaling functor rX, which scales distances by a factor r > 0 as198

drX(x, x′) = min{r · dX(x, x′), 1} .199

Indeed, by unpacking the definition, f : rX → Y is a morphism in CMet iff f considered
as a map f : X → Y is r-Lipschitz continuous. For convenience we allow rescaling also for
r = 0 and r = ∞, and define 0X as 1, the one-point metric space, and ∞X as the discrete
metric space on X. Scaling preserves products and, under suitable restrictions, coproducts:

sA× sB ∼= s(A×B) (for s ∈ [0,∞]) , rA+ rB ∼= r(A+B) (for r ∈ [1,∞]) .

The next theorem states the properties of the interaction between ⊗ and scaling. First200

recall that [0,∞] is an ordered semiring with ≤, addition and multiplication defined as usual201

in most cases, and by ∞ · 0 = 0 and 0 · ∞ = 0. The properties together imply that the scaling202

operation is a [0,∞]-graded comonad on CMet in the sense of [10, Definition 13] and [18,203

Section 5.2].204

▶ Theorem 1. There are natural transformations of types205

mr,A,B : rA⊗ rB → r(A⊗B) nr : 1 → r1206

cr,s,A : (r + s)A → rA⊗ sA wA : 0A → 1207

βr,s,A : (rs)A → r(sA) ϵA : 1A → A208

κr,s,A : sA → rA (for r ≤ s)209

Moreover, if s ≤ 1 or r ≥ 1 then βr,s,A is an isomorphism, and if r ≥ 1 then mr,A,B is an210

isomorphism.211

Note that without the conditions above, βr,s,A and mr,A,B need not be isomorphisms.212

For example, if A is discrete then 1
2 (2A) = 1

2A.213
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3 Fixed points214

The Banach fixed point theorem [8] states that any contractive function on a non-empty215

complete metric space has a unique fixed point. If f : X ⊗ pY → Y is a morphism in CMet216

and p < 1 then, for any x ∈ X, the map f(x,−) : pY → Y is a contraction on Y and so has217

a unique fixed point fp(f)(x).218

▶ Proposition 2. Let p < 1. If f : (1 − p)X ⊗ pY → Y then fp(f) : X → Y is non-expansive.219

There is a non-expansive map fix : (pY ⊸ Y ) → (1 − p)Y mapping functions to fixed points.220

Proof. For the proof of the second statement, define fix as the function mapping a contraction221

f : pY → Y to its unique fixed point. Let f, f ′ : pY → Y , then222

d(fix(f), fix(f ′)) ≤ d(fix(f), f(fix(f ′)) + d(f(fix(f ′)), fix(f ′))223

= d(f(fix(f)), f(fix(f ′)) + d(f(fix(f ′)), f ′(fix(f ′)))224

≤ pd(fix(f), fix(f ′)) + d(f, f ′)225

so that (1 − p)d(fix(f), fix(f ′)) ≤ d(f, f ′), as desired. For the first statement, by currying f226

and composing with fix we see that227

fix ◦ curry(f) : (1 − p)X → (1 − p)Y .228

Thus, we can define fp(f) : X → Y as the composition β−1
Y ◦ 1

1−p (fix ◦ curry(f)) ◦ βX , where229

β is natural isomorphims from Theorem 1. ◀230

4 Probability measures231

We introduce the Radon probability monad on CMet and recall its presentation as the free232

complete interpolative barycentric algebra [28].233

A (Borel) probability measure µ on a metric space X is Radon if for any Borel set234

E ⊆ X, µ(E) is the supremum of µ(K) over all compact subsets K of E. Examples of Radon235

probability measures are Dirac measures, (the Borel restriction of) the Lebesgue measure236

over the unit interval, any probability measure with finite support or over a Polish space237

(i.e., a complete metric space with a countable dense subset).238

A coupling between two probability measures µ and ν on X is a probability measure ω239

on X ×X whose left and right marginals are, respectively, µ and ν (i.e., ω(E ×X) = µ(E)240

and ω(X ×E) = ν(E), for all Borel sets E). The product measure µ× ν is always a coupling241

between µ and ν. Moreover, if µ and ν are Radon, so is any coupling ω between them.242

For X a metric space, denote by DX the space of Radon probability measures over X243

equipped with the Kantorovich distance, defined by244

dDX(µ, ν) = min
ω

∫
dX(x, x′) ω(dx,dx′) (3)245

where ω runs over the couplings between µ and ν. If X is a complete metric space, so is DX.246

The definition above extends to a monad D on CMet, called Radon probability monad,247

with underlying functor acting on morphisms f : X → Y as µ ∈ DX 7→ µ ◦ f−1 ∈ DY (a.k.a.,248

the pushforward measure along f). The unit of D is the Dirac measure δX : X → DX,249

but rather than describing the multiplication, we recall that this monad has an algebraic250

presentation as the free complete interpolative barycentric algebra [27, 28].251
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▶ Definition 3 (IB Algebra). An interpolative barycentric algebra is a complete metric space252

X with non-expansive operations ⊕p : pX ⊗ (1 − p)X → X, for all p ∈ (0, 1), such that253

x⊕p x = x (idem)254

x⊕p y = y ⊕1−p x (comm)255

(x⊕p y) ⊕q z = x⊕pq (y ⊕ q−pq
1−pq

z) (assoc)256

A homomorphism f : X → Y of IB algebras is a non-expansive map such that f(x⊕p y) =257

f(x) ⊕p f(y) for all p ∈ (0, 1).258

The axioms are those of barycentric algebras (a.k.a., convex algebras), axiomatizing prob-259

abilistic choice by means of binary convex combinations x ⊕p y. The definition above is260

equivalent to that in [28], as the type imposed on the operations ⊕p is equivalent to requiring261

dX(x⊕p y, x
′ ⊕p y

′) ≤ pdX(x, x′) + (1 − p)dX(y, y′) .262

The formulation proposed in Definition 3 is preferable in our context because it incorporates263

the Lipschitz constants directly into the type of the operation. This not only enables264

the remaining conditions to be expressed purely as equations but also ensures that many265

probabilistic processes can be defined using the Banach fixed point combinator as we shall266

see below.267

It is not difficult to show that, for any X ∈ CMet, DX is a complete interpolative268

barycentric algebra, by interpreting the operations as µ ⊕p ν = pµ + (1 − p)ν, for all269

µ, ν ∈ DX. The next result states that DX is the free algebra with respect to all Lipschitz270

maps, which follows as a corollary of [28, Theorem 3.8]. Before we state it, note that if A271

and B are IB-algebras, the equational definition of IB-homomorphism extends to Lipschitz272

maps f : rA → B. In terms of diagrams, this can be stated as the commutativity of273

(pr)A⊗ (p̄r)A r(pA⊗ p̄A) rA

p(rA) ⊗ p̄(rA) pB ⊗ p̄B B

m◦(β⊗β)

β⊗β f

pf⊗p̄f

(where p̄ = 1 − p)274

▶ Proposition 4. If f : Γ ⊗ rX → Y (with r < ∞) and Y is an IB algebra, there exists275

a unique f : Γ ⊗ rDX → Y which is a homomorphism in its second argument, satisfying276

f = f ◦ (Γ ⊗ rδX).277

Observe that the special case of r = 1 and Γ = 1 in Proposition 4 can be rephrased as278

the existence of a left adjoint to the forgetful functor from the category of IB algebras to279

CMet. Thus, as anticipated, D forms a monad on CMet. This monad is moreover strong.280

The restriction on r being finite means that f is continuous. This is necessary because the281

other requirements otherwise only determine the value of f on finite distributions, which282

form a dense subset of DX.283

▶ Lemma 5. If X,Y are IB algebras, so are, X ⊗ Y , Z⊸X, and qX for any Z and q ≤ 1.284

5 A calculus for CMet285

We now define a calculus for programming in the category CMet.286
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Syntax. The syntax is based on a simply-typed λ-calculus with products and sums, extended287

with primitives for probabilistic distributions, recursion, and fixed points.288

t, u, v ::= x | λx.t | tu | () | ⟨t, u⟩ | π1t | π2t | inj1t | inj2t | case t of [inj1x.u | inj2y.v]289

| (t, u) | let (x, y) = u in t | δt | t⊕p u | let x = u in t290

| zero | succ(t) | rec(u, (x, y).t, v) | fix x.t291

There are two pairs constructors, ⟨t, u⟩ and (t, u), corresponding to the Cartesian and292

monoidal products, respectively. The first one is eliminated using the projections πit, whereas293

the second one is eliminated using (let (x, y) = u in t). The term () is the unit value.294

The injections injit form expressions of sum type, which are eliminated by case analysis295

(case t of [inj1x.u | inj2y.v]). The term δ(t) denotes a Dirac distribution, and t ⊕p u the296

convex sum of t and u. Probability distributions are sampled using (let x = u in t). The297

terms zero and succ(t) are constructors for natural numbers. rec(u, (x, y).t, v) denotes a term298

obtained by primitive recursion on natural numbers. Finally, fix x.t is the “Banach” fixed299

point combinator.300

The types of the calculus are defined by the grammar301

A,B ::= N | 1 | A×B | A+B | A r⊗sB | A⊸r B | DA (r, s ≥ 0)302

essentially corresponding to the categorical operations in CMet from Section 2. Although303

rescaling of metric spaces played a central role in Section 2, it is not a primitive type former304

in the calculus. Instead, it is part of the tensor type A r⊗sB and function type A⊸r B305

constructors. This choice was made to minimize the book keeping necessary for scalars in306

terms. Finally, DA is the type of Radon probability measures on A.307

Terms are typed with judgements of the form Γ ⊢ t : A, where A is a type and Γ a typing308

context. The complete list of typing rules is given in Figure 1. The typing system is inspired309

by Fuzz [34], where the sensitivity of each variable used in a term is tracked by annotations310

of the form x :r A in typing contexts. More precisely, a binding x :r A in a context Γ means311

that x has type A under Γ and that terms typed under Γ are r-sensitive with respect to x.312

Formally, typing contexts are constructed according to the following formation rules313

⟨⟩ :: ctx
Γ :: ctx x /∈ Γ r ∈ [0,∞]

Γ, x :r A :: ctx314

As usual, Γ,Γ′ denotes concatenation of contexts with disjoint variable bindings. Most rules315

use the operations of sum Γ + Γ′ and scaling rΓ of contexts, to keep track of the sensitivities.316

These are defined as the point-wise sum and scaling of the sensitivity in each variable binding:317

⟨⟩ + ⟨⟩ = ⟨⟩ (Γ, x :r A) + (Γ′, x :s A) = (Γ + Γ′), x :r+s A ,318

r⟨⟩ = ⟨⟩ r(Γ, x :s A) = rΓ, x :r·s A .319

Observe that Γ + Γ′ is defined only when Γ and Γ′ are compatible, i.e., they agree on the320

order and the types of all variable bindings —for example (x :r A, y :s B) + (y :s B, x :r A)321

is not defined. In the rest of the paper, whenever we take a sum Γ + Γ′, compatibility of the322

contexts is assumed implicitly.323

The rule (var) for variable introduction reflects that projection can be given any Lipschitz324

factor r ≥ 1. We allow all such r, and not just r = 1 to incorporate weakening directly into325

the typing rules. Note that, in the rule (case) for sum elimination, the sensitivities of the326

bound variables x and y are required to match and be greater or equal than 1, as scaling327

by r < 1 does not commute with coproducts. In the rule (⊗) for tensor introduction, Γ′′ is328
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r ≥ 1
Γ, x :r A,Γ′ ⊢ x : A

(var)
Γ ⊢ () : 1

(unit) Γ, x :r A ⊢ t : B
Γ ⊢ λx.t : A⊸r B

(abs)

Γ ⊢ t : A⊸r B Γ′ ⊢ u : A
Γ + rΓ′ ⊢ t u : B

(app) Γ ⊢ t : A Γ ⊢ u : B
Γ ⊢ ⟨t, u⟩ : A×B

(pair) Γ ⊢ t : A1 ×A2

Γ ⊢ πit : Ai
(πi)

Γ ⊢ t : Ai

Γ ⊢ injit : A1 +A2
(inji)

Γ, x :r A ⊢ u : C Γ, y :r B ⊢ v : C Γ′ ⊢ t : A+B r ≥ 1
Γ + rΓ′ ⊢ case t of [inj1x.u | inj2y.v] : C

(case)

Γ ⊢ t : A Γ′ ⊢ u : B
rΓ + sΓ′ + Γ′′ ⊢ (t, u) : A r⊗sB

(⊗)
Γ, x :r A, y :s B ⊢ t : C Γ′ ⊢ u : A r⊗sB

Γ + Γ′ ⊢ let (x, y) = u in t : C
(let-⊗)

Γ ⊢ t : A
Γ ⊢ δt : DA (δ)

Γ ⊢ t : DA Γ′ ⊢ u : DA p ∈ (0, 1)
pΓ + (1 − p)Γ′ ⊢ t⊕p u : DA

(⊕p)

Γ, x :r A ⊢ t : E Γ′ ⊢ u : DA E IB algebra r < ∞
Γ + rΓ′ ⊢ let x = u in t : E

(let)
Γ ⊢ zero : N (zero)

Γ ⊢ t : N
Γ ⊢ succ(t) : N

(succ)
Γ ⊢ z : A Γ′, x :1 A, y :1 N ⊢ s : A Γ′′ ⊢ n : N

Γ + ∞Γ′ + Γ′′ ⊢ rec(z, (x, y).s, n) : A
(rec)

(1 − p)Γ, x :p A ⊢ t : A p < 1
Γ ⊢ fix x.t : A (fix)

Figure 1 Typing rules.

used merely to incorporate weakening in the rule1. In the rule (rec) for natural number329

recursion, the successor case term s can have additional variables to x and y. However, s330

must be applied n times, and therefore the sensitivity of Γ′ must be scaled by n. Since n is331

not known statically, the only possible upper limit is ∞. The type of the fixed point operator332

reflects Proposition 2. The elimination rule for D uses the judgment of a type being an IB333

algebra. These are defined by the grammar334

E,F ::= DA | E p⊗qF | A⊸r E (p, q ≤ 1 and r ≥ 0)335

as justified by Lemma 5.336

▶ Example 6 (The geometric distribution). Let p ∈ (0, 1). The geometric distribution337

geop : D(N) is uniquely characterized by the recurrence geop ≡ δ(0) ⊕p D(succ)(geop). It is338

therefore natural to define it as the following fixed point:339

geop ≜ fix x.δ(0) ⊕p D(succ)(x) ,340

where, the functorial action of D on a function f : A⊸r B (with r < ∞) is given by the term341

D(f) ≜ λx.let a = x in δ(f(a)) : D(A) ⊸r D(B). In particular, D(succ) : D(N) ⊸1 D(N).342

Hence, geop is well typed by (fix), since x has sensitivity 1 − p in the body of the fixed point.343

As usual, terms are considered equal up to α-equivalence. We denote by t[u/x] the344

capture-avoiding substitution of the term u for the free variable x in t.345

The following two forms of context weakening for typing judgements hold.346

1 The use of a free context, is necessary for build weakening in the rule in the case both r and s are 0.
This detail was overlooked in [14] in their rule for introduction of scaled type as their weakening lemma
fails when scaling by 0.
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(λx.t)u ≡ t[u/x] πi(⟨t1, t2⟩) ≡ ti

t ≡ (λx.t x) ⟨π1(t), π2(t)⟩ ≡ t

t ≡ () ui[t/xi] ≡ case (injit) of [inj1x1.u1 | inj2x2.u2]
let (x, y) = (s, t) in u ≡ u[s/x, t/y] u[t/z] ≡ case t of [inj1x.u[inj1x/z] | inj2y.u[inj2y/z]]
let (x, y) = t in u[(x, y)/z] ≡ u[t/z] let x = δ(t) in u ≡ u[t/x]

let x = (let y = s in t) in u ≡ let y = s in (let x = t in u)
fix x.t ≡ t[fix x.t/x] let x = s⊕p t in u ≡ (let x = s in u) ⊕p (let x = t in u)

rec(z, (x, y).s, zero) ≡ z rec(z, (x, y).s, succ(n)) ≡ s[rec(z, (x, y).s, n)/x, n/y]

Figure 2 Judgemental equality (to these should be added the axioms of IB algebras of Definition 3).

▶ Lemma 7 (Weakening).347

1. If Γ,Γ′ ⊢ t : A, then Γ,∆,Γ′ ⊢ t : A;348

2. If Γ ⊢ t : A, then Γ + ∆ ⊢ t : A.349

Moreover, we have the substitution lemma.350

▶ Lemma 8 (Substitution). If Γ, x:rA,Γ′ ⊢ t : B and ∆ ⊢ u : A, then (Γ,Γ′)+r∆ ⊢ t[u/x] : B.351

The judgemental equality relation on terms is the least congruence relation generated352

by the rules in Figure 2. We use the symbol ≡ for judgemental equality to distinguish it353

from the propositional equality t = u, which is a predicate in the logic to be defined in354

Section 6. Formally, judgemental equality is a relation on terms of the same type, and we355

will sometimes underline that by writing Γ ⊢ t ≡ u : A. Similarly, the rules of Figure 2 are to356

be understood as equalities in a typing context in which both sides have the same type. For357

example, in the case of the η-rule for function types, t is assumed to have function type.358

Semantics. Types and contexts are interpreted as objects in CMet:359

JNK ≜ N J1K ≜ 1
JA×BK ≜ JAK × JBK JA+BK ≜ JAK + JBK

JA r⊗sBK ≜ rJAK ⊗ sJBK JA⊸r BK ≜ rJAK ⊸ JBK

JDAK ≜ DJAK

J⟨⟩K ≜ 1
JΓ, x :r AK ≜ JΓK ⊗ rJAK

360

Judgements are interpreted as morphisms361

JΓ ⊢ t : AK : JΓK → JAK362

in CMet. The interpretation of terms is for most parts the usual set-theoretic interpretation.363

For example, function abstraction and application are precisely the usual set-theoretic364

abstractions and applications. The exercise when defining the interpretation is ensuring the365

Lipschitz conditions associated with types and typing judgements. This can be done entirely366

on the abstract category theoretic level, using maps such as those of Theorem 1. One key367

point in doing so is that there exist morphisms368

split : JΓ + Γ′K → JΓK ⊗ JΓ′K , proj : JΓ,∆,Γ′K → JΓ,Γ′K ,369

dist : JpΓK → pJΓK , weak : JΓ + Γ′K → JΓK ,370
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easily defined by induction on Γ and Γ′ using the morphisms c, m, κ of Theorem 1 and371

projections. Note that neither of these is generally an isomorphism, but dist is when r ≥ 1.372

Using these, one can interpret function application Jt uK as the composition373

JΓ + rΓ′K
(JΓK⊗dist)◦split−−−−−−−−−−→ JΓK ⊗ rJΓ′K

JtK⊗rJuK−−−−−−→ JA⊸r BK ⊗ rJAK ev−−→ JBK .374

A similar argument can be used for the interpretation of most other constructions in the375

language, including t⊕p u which is interpreted using the IB algebra structure on DJAK. Let376

binding is interpreted using Proposition 4, and for the interpretation of natural number377

recursion, in the inductive case we use the fact that ∞X is discrete for any X, and so can378

be copied ∞X → ∞X ⊗ ∞X.379

▶ Remark 9 (Independence on the choice of derivation). Formally, the above recipe gives an380

interpretation of a derivation of a typing judgement. Ideally, one would like that JΓ ⊢ t : AK is381

defined only in terms of Γ, t and A, but since a typing judgement can have many derivations,382

this is not a priori clear. The main reason that judgements can have many derivations is that383

a given context Γ can be split as a sum Γ′ + Γ′′ in many different ways. We prove that the384

interpretation of judgements is independent of the derivation by induction on terms. In order385

to do that, however, we must annotate terms with enough information to infer the types of386

all subterms from Γ, t and A in judgements Γ ⊢ t : A. This is not possible for the syntax387

given above. For example, for Γ ⊢ π1(t) : A to have a derivation t must have type A×B for388

some B, but different derivations could use different B, which prevents the application of the389

induction hypothesis. The following meta-theoretic statements about the calculus should be390

read as statements about this ‘official’ annotated syntax. However, when writing terms, we391

will use the informal syntax presented above; it will always be the case that the annotations392

can be inferred.393

▶ Theorem 10. The interpretation of typing judgements JΓ ⊢ t : AK is well-defined and394

independent of the choice of derivation.395

The interpretation is sound in the following sense.396

▶ Theorem 11 (Soundness). If Γ ⊢ t ≡ u : A then JtK = JuK.397

The proof of soundness relies on the following lemmas.398

▶ Lemma 12 (Semantic Weakening). For the derivations of Lemma 7, the following hold399

1. JΓ,∆,Γ′ ⊢ t : AK = JΓ,Γ′ ⊢ t : AK ◦ proj;400

2. JΓ + ∆ ⊢ t : AK = JΓ ⊢ t : AK ◦ weak.401

▶ Lemma 13 (Semantic Substitution). If Γ, x :r A,Γ′ ⊢ t : B and ∆ ⊢ u : A, for the derivation402

of Lemma 8, the following holds403

J(Γ,Γ′) + r∆ ⊢ t[u/x] : BK = JtK ◦ (JΓK ⊗ (rJuK◦dist) ⊗ JΓ′K) ◦ split .404

6 Logic405

In this section, we introduce a higher-order logic to reason about the terms of the calculus.406

Compared to standard logics, which have a Boolean semantics, our logic is interpreted over407

the commutative unital quantale408

Prop = ([0, 1],≥,⊕,⊸, 0)409
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Γ ⊢ tt : Prop Γ ⊢ ff : Prop
Γ ⊢ t : A Γ′ ⊢ s : A

Γ + Γ′ ⊢ t =A u : Prop

Γ ⊢ φ : Prop Γ′ ⊢ ψ : Prop
Γ + Γ′ ⊢ φ • ψ : Prop

Γ ⊢ φ : Prop Γ′ ⊢ ψ : Prop
Γ + Γ′ ⊢ φ−• ψ : Prop

Γ ⊢ φ : Prop
rΓ + Γ′ ⊢ rφ : Prop

Γ ⊢ φ : Prop
Γ ⊢ ¬φ : Prop

Γ ⊢ φ : Prop Γ ⊢ ψ : Prop
Γ ⊢ φ ∧ ψ : Prop

Γ ⊢ φ : Prop Γ ⊢ ψ : Prop
Γ ⊢ φ ∨ ψ : Prop

Γ, x :∞ A ⊢ φ : Prop
Γ ⊢ ∃x : A.φ : Prop

Γ, x :∞ A ⊢ φ : Prop
Γ ⊢ ∀x : A.φ : Prop

Figure 3 Typing rules for logical predicates.

with truncated sum x⊕y = min{x+y, 1} as tensor, unit 0, and adjoint x⊸y = max{y−x, 0}410

defined as truncated reversed subtraction. Observe that the order in Prop corresponds to the411

reverse order in [0, 1]: the bottom element is 1, the top element is 0, meet is sup and join is412

inf. This fits with the idea of interpreting equality as distance in metric spaces: The logical413

statement t = u is true in the model if its interpretation as the distance between t and u is 0.414

The formulas of the logic are well-typed predicates in our calculus. Formally, we extend415

the calculus with Prop as base type with usual Euclidean distance on [0, 1] and add416

φ,ψ ::= tt | ff | t =A u | φ • ψ | φ−• ψ | rψ | ¬φ | φ ∧ ψ | φ ∨ ψ | ∃x : A.φ | ∀x : A.φ417

to the syntax of terms, with typing rules as in Figure 3. The formulas are those of a418

higher-order logic with equality, but extended with connectives specific to the quantale Prop:419

rψ is interpreted as (1-bounded) rescaling by a factor r ≥ 0, φ • ψ as the tensor, and φ−• ψ420

as its adjoint. Note that the latter are not new to our logic, but common connectives of421

fuzzy logics (e.g., Łukasiewicz logic [26, 35] or the logic of Riesz MV algebras [32]).422

For readability, we will often omit type annotations from =A and quantifiers when they423

can be inferred from the context.424

We also add Prop to the grammar of IB algebra types, with operation defined as425

ϕ⊕p ψ ≜ pϕ • (1 − p)ψ426

and add the axioms of IB algebras (Definition 3) to the judgemental equality theory also for427

this derived operator on predicates.428

The interpretation of predicates is defined in Figure 4. These are well-defined morphisms429

in CMet because of the following.430

▶ Lemma 14. The following are non-expansive maps (where r > 0)431

⊕,⊸ : Prop ⊗ Prop → Prop min{r · −, 1} : rProp → Prop432

sup, inf : (∞X ⊸ Prop) → Prop dX : X ⊗X → Prop433

max,min: Prop × Prop → Prop434

Observe that, after the extension of the calculus, independence of the choice of the435

derivation (Theorem 10) and soundness (Theorem 11) are still valid, as well as weakening436

and substitution lemmas for typing judgments (Lemmas 7 and 8) and their semantic variants437

(Lemmas 12 and 13).438
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JttK ≜ 0
JffK ≜ 1

Jt =A uK ≜ dJAK ◦ (JtK ⊗ JsK) ◦ split
Jφ • ψK ≜ ⊕ ◦ (JφK ⊗ JψK) ◦ split

Jφ−• ψK ≜ ⊸ ◦ (JφK ⊗ JψK) ◦ split

JrφK ≜

{
0 (r = 0)
min{r · −, 1} ◦ rJφK ◦ dist (r > 0)

J¬φK ≜ 1 − JφK

Jφ ∧ ψK ≜ max ◦⟨JφK, JψK⟩
Jφ ∨ ψK ≜ min ◦⟨JφK, JψK⟩

J∃x : A.φK ≜ inf ◦ curry(JφK)
J∀x : A.φK ≜ sup ◦ curry(JφK)

Figure 4 Interpretation of logical predicates.

A predicate in context Γ is a term ϕ such that Γ ⊢ ϕ : Prop. Observe that predicates can439

be constructed not just using logical connectives but also via the other constructions in our440

calculus. For example, since Prop is an IB algebra, if ϕ is a predicate in context Γ, x :r A441

and µ : DA, then (let x = µ in ϕ) is also a predicate.442

Logical reasoning on the terms of the calculus is done via the inference of logical judgments.443

The judgments of the logic are of the form444

∆ | Ψ ⊢ φ ,445

where ∆ is a typing context, Ψ = ψ1, . . . , ψn is a list of predicates (logical context), and φ a446

predicate (conclusion).447

Hereafter, we always assume to work with well-formed logical judgments:448

▶ Definition 15 (Well-formed judgments). A logical judgment ∆ | Ψ ⊢ φ is well-formed if449

∆ is a discrete context, i.e., all variables in ∆ have sensitivity annotation ∞.450

all occurring predicates are well-typed in context ∆, i.e., ∆ ⊢ φ : Prop and ∆ ⊢ ψ : Prop,451

for all ψ ∈ Ψ.452

The reason for the first condition is that sensitivity factors for term variables in logical453

predicates are irrelevant for logical judgments, and keeping track of these adds unnecessary454

complications to the logic. For example, allowing more general ∆, for many rules it would not455

be the case that well-formedness of the assumptions implies well-formedness of the conclusion,456

nor vice-versa. This would also raise meta-theoretic questions about the logic that we prefer457

to avoid. Note that by Lemma 7, ∞ is the most general sensitivity annotation possible:458

If ∆ ⊢ t : A then also ∆′ ⊢ t : A where ∆′ is obtained from ∆ by setting all sensitivity459

annotations to ∞. In logical judgements we use the notation ∆, x : A as shorthand for the460

rigorous ∆, x :∞ A.461

The inference rules for the logic are given in Figure 5. The notation pΨ means to multiply462

each proposition in Ψ by p. Rules given by double line are double rules, so can be used in463

both directions.464

The logic is sound with respect to the semantic interpretation of logical judgments in the465

following sense, where the notation Jψ1, . . . , ψnK means Jψ1K ⊕ · · · ⊕ JψnK.466

▶ Theorem 16 (Soundness). If ∆ | Ψ ⊢ φ is derivable, then JΨK(δ) ≥ JφK(δ) for all δ ∈ J∆K.467

Note the similarity between the rule (g-rec) for guarded recursion and the typing rule for468

fixed points. The logic includes the classical rule (¬-e), because it is verified by the model,469
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∆ | Ψ ⊢ tt
(true)

∆ | Ψ,ff ⊢ φ
(false)

∆ | Ψ, φ ⊢ φ
(ass)

∆ | Ψ, φ, ψ,Ψ′ ⊢ ρ

∆ | Ψ, ψ, φ,Ψ′ ⊢ ρ
(ex)

∆ | Ψ ⊢ φ

∆ | rΨ ⊢ rφ
(pr)

∆ | Ψ, (r + s)φ ⊢ ψ

∆ | Ψ, rφ, sφ ⊢ ψ
(dup)

∆ | Ψ, ψ ⊢ φ

∆ | Ψ, 1ψ ⊢ φ
(der)

∆ | Ψ, 0ψ ⊢ φ

∆ | Ψ ⊢ φ
(zcon)

∆ | Ψ, rψ ⊢ φ r ≤ s

∆ | Ψ, sψ ⊢ φ
(inc)

∆ | Ψ, r(sψ) ⊢ φ

∆ | Ψ, (rs)ψ ⊢ φ
(assoc1)

∆ | Ψ, (rp)ψ ⊢ φ p ≤ 1 or r ≥ 1
∆ | Ψ, r(pψ) ⊢ φ

(assoc2)

∆ | (1 − p)Ψ, pφ ⊢ φ p < 1
∆ | Ψ ⊢ φ

(g-rec)
∆ | Ψ ⊢ φ ∆ | Ψ′ ⊢ φ′

∆ | Ψ,Ψ′ ⊢ φ • φ′ (•-i)

∆ | Ψ, φ, ψ ⊢ ρ

∆ | Ψ, φ • ψ ⊢ ρ
(•-e)

∆ | Ψ, φ ⊢ ψ

∆ | Ψ ⊢ φ−• ψ
(−•-i)

∆ | Ψ ⊢ φ−• ψ ∆ | Ψ′ ⊢ φ

∆ | Ψ,Ψ′ ⊢ ψ
(−•-e)

∆ | Ψ, φ ⊢ ff
∆ | Ψ ⊢ ¬φ

(¬-i)
∆ | Ψ,¬φ ⊢ ff

∆ | Ψ ⊢ φ
(¬-e)

∆ | Ψ ⊢ rφ ∆ | Ψ ⊢ rψ

∆ | Ψ ⊢ r(φ ∧ ψ)
(∧-i)

∆ | Ψ ⊢ φ ∧ ψ

∆ | Ψ ⊢ φ
(∧-el)

∆ | Ψ ⊢ φ ∧ ψ

∆ | Ψ ⊢ ψ
(∧-er)

∆ | Ψ ⊢ φ

∆ | Ψ ⊢ φ ∨ ψ
(∨-il)

∆ | Ψ ⊢ ψ

∆ | Ψ ⊢ φ ∨ ψ
(∨-ir)

∆ | Ψ, rφ ⊢ ρ ∆ | Ψ, rψ ⊢ ρ

∆ | Ψ, r(φ ∨ ψ) ⊢ ρ
(∨-e)

∆ ⊢ t : A ∆ | Ψ ⊢ φ[t/x]
∆ | Ψ ⊢ ∃x : A.φ

(∃-i)
∆, x : A | Ψ, rφ ⊢ ψ r < ∞

∆ | Ψ, r(∃x : A.φ) ⊢ ψ
(∃-e)

∆, x : A | Ψ ⊢ rφ

∆ | Ψ ⊢ r(∀x : A.φ)
(∀-i)

∆ | Ψ ⊢ ∀x : A.φ ∆ ⊢ t : A
∆ | Ψ ⊢ φ[t/x]

(∀-e) ∆ ⊢ t ≡ s : A
∆ | Ψ ⊢ t =A s

(eq-i)

∆, x :r A ⊢ φ : Prop ∆ ⊢ t : A ∆ ⊢ u : A ∆ | Ψ ⊢ φ[t/x] ∆ | Ψ′ ⊢ r(t =A u)
∆ | Ψ,Ψ′ ⊢ φ[u/x]

(eq-e)

∆, x : A, y : B | Ψ ⊢ φ[(x, y)/z] ∆ ⊢ t : Ar⊗sB

∆ | Ψ ⊢ φ[t/z]
(ind⊗)

∆ | Ψ ⊢ φ[zero/n] ∆, n : N | φ ⊢ φ[succ(n)/n] ∆ ⊢ t : N
∆ | Ψ ⊢ φ[t/n]

(indN)

∆, x : A | Ψ ⊢ φ[inj1(x)/z] ∆, y : B | Ψ ⊢ φ[inj2(y)/z] ∆ ⊢ t : A+B

∆ | Ψ ⊢ φ[t/z]
(ind+)

r < ∞
∆ ⊢ t : DA

∆, x :r DA ⊢ φ : Prop
∆, y : A | Ψ ⊢ φ[δy/x]

∀p.
(
∆, µ : DA, ν : DA | pφ[µ/x], (1 − p)φ[ν/x] ⊢ φ[µ⊕p ν/x]

)
∆ | Ψ ⊢ φ[t/x]

(indD)

Figure 5 Logic. (The logical judgments appearing above are assumed to be well-formed)
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but our examples below do not use it. The rule (eq-e) for elimination of equality is perhaps470

most easily understood via a sketch proof of soundness: The sensitivity of φ in x ensures471

that φ[s/x] is at most at distance r(t = s) from φ[t/x]. Therefore, since JΨK ≥ Jφ[t/x]K and472

JΨ′K ≥ Jr(t = s)K, also JΨK ⊕ JΨ′K ≥ Jφ[s/x]K.473

One consequence of the induction principles (ind⊗), (ind+), (indN), and (indD) is that474

judgements involving predicates defined using recursion and let-bindings can be proved. For475

example, by (ind⊗), to prove476

∆ | Ψ, let (x, y) = t in ϕ ⊢ let (x, y) = t in ψ,477

it suffices to show that ∆, x : A, y : B | Ψ, ϕ ⊢ ψ. The induction principle for N requires478

the induction case to be proven not using Ψ, so that Ψ is only used once, at the base case.479

The use of convex combinations in the hypothesis of the induction principle for D ensures480

that any probability measure constructed inductively from Dirac distributions and convex481

combinations satisfies the conclusion. A priori, these only give the finite distributions and,482

semantically, D also contains continuous distributions. However, the finitely supported483

distributions are dense, and the requirement that r be finite means that φ is continuous in x,484

which suffices to verify soundness.485

▶ Remark 17. The universal quantification over p in (indD) makes it an infinitary rule. If486

one wants a finitary proof system, the induction case can be replaced by 1
2φ[µ/x], 1

2φ[ν/x] ⊢487

φ[µ⊕ 1
2
ν/x]. This principle is still sound as the finitely supported dyadic distributions are488

also dense in DX (see e.g., proof of [39, Theorem 21]). We prefer to keep the rule as stated489

in Figure 5, because it follows the standard induction principle for inductive types: One490

proof obligation for each constructor.491

The rules (∧-I), (∨-e), (∃-e), and (∀-I) include scaling factors in the conclusions. This is492

to recover distributivity of scalar multiplication over the logical connectives, which cannot493

be otherwise derived due to the necessary restrictions in (assoc2).494

▶ Lemma 18. For all r ≥ 0, the predicates r(φ∧ψ), r(φ∨ψ), and r(∀x : A.φ) are respectively495

equivalent to rφ ∧ rψ, rφ ∨ rψ, and ∀x : A.rφ. If r < ∞, then r(∃x : A.φ) is equivalent to496

∃x : A.rφ.497

The condition that r < ∞ in the last statement is necessary: ∞(∃x : (0, 1].x = 0) is498

interpreted as 0 in the model, but ∃x : (0, 1].∞(x = 0) is 1.499

The logic is affine but not relevant, that is, weakening is derivable but contraction is not.500

▶ Lemma 19. If ∆ | Ψ ⊢ φ is derivable, so is ∆ | Ψ, ψ ⊢ φ.501

Moreover, derivability is closed under weakening of the typing context and term substitu-502

tion in predicates.503

▶ Lemma 20.504

1. If ∆ | Ψ ⊢ φ is derivable, then so is ∆, x : A | Ψ ⊢ φ;505

2. If ∆ ⊢ t : A and ∆, x : A | Ψ ⊢ φ is derivable, then so is ∆ | Ψ[t/x] ⊢ φ[t/x].506

7 Proving basic properties507

We show some basic consequences of the rules of the logic, focusing on equality.508

We first show that the rule for equality elimination implies that equality is symmetric509

and transitive. The derivations mirror those of the corresponding rules for identity types in510

type theory (see e.g. [36]), although the setting of affine logic used here is different.511
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▶ Proposition 21. Propositional equality is symmetric and transitive in the sense that512

x : A, y : A | r(x = y) ⊢ r(y = x)513

x : A, y : A, z : A | r(x = y), r(y = z) ⊢ r(x = z)514

Proof. We just prove transitivity. Let ∆ ≜ x : A, y : A, z : A and apply (eq-e) to515

∆, w :r A ⊢ r(x = w) : Prop. Because we have ∆ | r(x = y) ⊢ r(x = y) we obtain516

∆ | r(x=y), r(y=z) ⊢ r(x=z). ◀517

Note that since the comma is interpreted as 1-bounded addition, in the case where r = 1,518

transitivity corresponds to the triangle inequality. Equality is also a congruence relation.519

▶ Proposition 22 (Congruence). Let ∆ ⊢ u : A and ∆ ⊢ v : A. If ∆, x :r A ⊢ t : B, then520

∆ | r(u = v) ⊢ t[u/x] = t[v/x].521

Proof. Apply (eq-e) to ∆, y :r A ⊢ t[u/x] = t[y/x] : Prop. ◀522

As a special case, for ∆ = x : DA, y : DA, z : DA,w : DA, we have523

∆ | p(x = y), (1 − p)(z = w) ⊢ x⊕p z = y ⊕p w . (4)524

Using (ind⊗) and (ind+), we can prove the following extensionality principles.525

▶ Lemma 23. If x, y : A r⊗sB then x = y is equivalent to526

let (a, b) = x, (a′, b′) = y in r(a = a′) • s(b = b′).527

▶ Lemma 24. If x, y : A+B then x = y is equivalent to528 (
∃a, a′.(x = inj1a) • (y = inj1a

′) • (a = a′)
)

∨
(
∃b, b′.(x = inj2b) • (y = inj2b

′) • (b = b′)
)

529

Since Prop is a type in our calculus, the logic is higher order. We can define types of530

predicates and relations531

Predr(A) ≜ A⊸r Prop Relr,s(A,B) ≜ A r⊗sB⊸1 Prop . (5)532

We simply write Pred(A) and Rel(A,B) as shorthands for Pred1(A) and Rel1,1(A,B), respect-533

ively, when all the sensitivities are 1.534

One can prove that equality is equivalent to Leibniz equality.535

▶ Proposition 25. The predicates ∀ϕ : Predr(A).ϕ(x) −• ϕ(y) and r(x =A y) are equivalent.536

7.1 Internalising the Kantorovich distance537

We show that the Kantorovich distance (3) can be internalised in the logic. This, in turn,538

will enable reasoning via couplings to establish equalities between probability distributions.539

The integral in the definition of the Kantorovich distance computes the mean of the distance540

dX(x, y) when (x, y) is distributed according to the given coupling ω. We start by defining,541

more generally, the mean Ex∼µ[ϕ] of a predicate ϕ : Pred(A) over a distribution µ : DA as542

Ex∼µ[ϕ] ≜ let x = µ in ϕ(x) (6)543

This defines a mean because it satisfies the equations544

Ex∼δ(y)[ϕ] ≡ ϕ(y) (7)545

Ex∼µ⊕pµ′ [ϕ] ≡ p(Ex∼µ[ϕ]) • (1 − p)(Ex∼µ′ [ϕ]) . (8)546
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For R : Rel(A,B) and ω : D(A 1⊗1B) we write E(a,b)∼ω[R(a, b)] rather than Ez∼ω[R] to547

emphasize that R is a relation. When R is the equality relation we write E(x,y)∼ω[x = y].548

The notion of R-coupling can be expressed quantitatively in the logic as549

ω ∈ Cpl(µ, ν) ≜ (D(π1)ω = µ) • (D(π2)ω = ν) , (9)550

ω ∈ CplR(µ, ν) ≜ E(x,y)∼ω[R(x, y)] • ω ∈ Cpl(µ, ν) . (10)551

Notably, ω ∈ Cpl(µ, ν) evaluates to 0 (the distinguished truth value in Prop) if and only if ω552

is a coupling between µ and ν. However, when it evaluates to a value different from 0, ω553

is not necessarily a coupling. Thus, (9) captures a notion that is strictly weaker and more554

permissive than that of an actual coupling.555

Finally, using that existential quantification is interpreted as infimum, we can internalise556

the Kantorovich distance as follows557

K(µ, ν) ≜ ∃ω : D(A 1⊗1A). ω ∈ Cpleq(µ, ν) ,558

where eq ≜ λz.let (x, y) = z in x = y : Rel(A,A) is the equality relation.559

▶ Theorem 26. The predicates K(µ, ν) and µ = ν are equivalent.560

Proof. To prove that µ = ν implies K(µ, ν), by (eq-e) it suffices to show561

µ : DA | · ⊢ K(µ, µ)562

Define µ :2 DA ⊢ ω(µ) : D(A 1⊗1A) as let a = µ in δ(a, a). Then Dπi(ω(µ)) = µ for i = 1, 2.563

Moreover, · ⊢ E(a,a′)∼ω(µ)[a = a′] can be proved by induction on µ as follows. If µ = δ(a), by564

(7) and ω(µ) ≡ δ(a, a), E(a,a′)∼ω(µ)[a = a′] reduces to a = a, which is true. If µ = µ1 ⊕p µ2,565

we must show E(a,a′)∼ω(µ1⊕pµ2)[a = a′] in context566

p(E(a,a′)∼ω(µ1)[a = a′]), (1 − p)(E(a,a′)∼ω(µ2)[a = a′])567

which holds by (8) because ω(µ1 ⊕p µ2) ≡ ω(µ1) ⊕p ω(µ2). For the other direction, it suffices568

to show that E(x,y)∼ω[x=y] implies D(π1)(ω) = D(π2)(ω), for any ω : D(A 1⊗1A). This can569

be done by induction on ω. ◀570

7.2 Uniqueness of fixed points571

One might hope that the uniqueness of fixed points from the Banach fixed point theorem572

can be internalised in our logic as the statement573

x = f(x), y = f(y) ⊢ x = y574

whenever f : X⊸pX for p < 1. However, this is not true. Take for example f : Prop⊸ 1
2

Prop575

to be multiplication by 1
2 , x to be 0 and y to be 1. Then the semantics of the above statement576

evaluates to the false statement 1
2 ≥ 1. However, if we assume that x is a fixed point for f in577

the global sense, then it equals the unique fixed point.578

▶ Lemma 27. Let f :1 X ⊸p X for p < 1. Then, tt ⊢ x = f(x) implies tt ⊢ x = fix y.f(y).579

Proof. By (g-rec), it suffices to prove that p(x = fix y.f(y)) ⊢ x = fix y.f(y). This follows580

from tt ⊢ x = f(x) and transitivity of propositional equality (Proposition 21) after observing581

that p(x = fix y.f(y)) ⊢ f(x) = f(fix y.f(y)), which is true by Proposition 22. ◀582
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8 Case study: Markov processes583

Markov processes describe systems with memoryless transitions between states, governed584

by probabilities. Formally, they consist of a set of states S, a transition function S → D(S)585

that specifies the probabilities of moving to the next state, and a labeling function S → A586

that assigns labels to states. Following [37], we treat A as a metric space and analyze the587

behavior of Markov processes quantitatively using distances that discount future differences588

in observations by means of a discount factor c ∈ (0, 1]. The smaller c is, the more the focus589

shifts toward short-term differences. Categorically, this corresponds to interpreting Markov590

processes as coalgebras S → A ⊗ cD(S) in CMet. The behaviour of a state is abstractly591

characterised as an element of the final coalgebra2, corresponding to the coinductive solution592

Pc to the functorial equation Pc
∼= A⊗ cD(Pc). The behavioral distance is just the distance593

in Pc between behaviours [38].594

In order to program with Pc we extend the calculus with types Pc and A as well as terms595

ufld : Pc ⊸1 A 1⊗cD(Pc) fld : A 1⊗cD(Pc) ⊸1 Pc596

We will write a;m for fld (a,m). Finally we add judgemental equalities stating that fld and597

ufld are inverses of each other.598

As a first example, consider a process m satisfying the recursive definition m ≡ a; (δ(m)⊕ 1
3

599

δ(z)) where z is some other given process. This recursive definition is productive in the sense600

that it only calls itself with probability 1
3 . Therefore it can be defined as a term of type P1601

similarly to the definition of the geometric distribution of Example 6. Precisely, because602

z : 2
3 P1,m : 1

3 P1 ⊢ a; (δ(m) ⊕ 1
3
δ(z)) : P1603

we can define z :1 P1 ⊢ m : P1 as604

m ≜ fix m.a; (δ(m) ⊕ 1
3
δ(z))605

which then by the equality for fixed point unfolding satisfies the desired equality.606

Now, let n satisfying n ≡ a; (δ(n) ⊕ 1
2
δ(z)) be defined similarly. Using the logic we will607

now show that the distance between m and n is at most 1
4 , which in the logic corresponds to608

showing that 1
4 ff ⊢ m = n. In the following, for r > 0, we simply write r for r ff. By guarded609

recursion (g-rec), it suffices to show that610

2
3 · 1

4 ,
1
3(m = n) ⊢ m = n611

Since612

n = a; (δ(n) ⊕ 1
3

(δ(n) ⊕ 1
4
δ(z))) m = a; (δ(m) ⊕ 1

3
(δ(z) ⊕ 1

4
δ(z)))613

by (4) and Proposition 22 it suffices to show614

2
3 · 1

4 ,
1
3(m = n) ⊢ 1

3(m = n) • 2
3

(
1
4(n = z) • 3

4(z = z)
)

615

which in turn reduces to the following three judgements, all of which are true:616

m = n ⊢ m = n ff ⊢ n = z tt ⊢ z = z617

2 The final coalgebra always exists as A⊗ cD(−) is an accessible functor. See [38, 37] for details.
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8.1 A biased coin tossing process618

The next example describes a probabilistic process generated by a coin toss with a biased619

coin, where the current state remembers the result of the last coin toss. The label space620

is the discrete set A = {Hd,Tl} and the two states should satisfy the mutually recursive621

equations622

Hd Tl1
2 − ϵ

1
2 + ϵ

1
2 + ϵ

1
2 − ϵ

hdϵ ≡ Hd; (δ(hdϵ) ⊕ 1
2 −ϵ δ(tlϵ))

tlϵ ≡ Tl; (δ(hdϵ) ⊕ 1
2 −ϵ δ(tlϵ)) .

623

Unlike the previous example, this definition is not productive, so hdϵ, tlϵ cannot be defined624

by guarded recursion as elements of P1. However, they can be defined as elements of Pc for625

any c ∈ (0, 1). We define them by mutual recursion using a fixed point of a contraction on626

Pc × Pc, as hdϵ ≜ π1(hdtlϵ) and tlϵ ≜ π2(hdtlϵ) for627

hdtlϵ ≜ fix x.⟨Hd; flipϵ(x),Tl; flipϵ(x)⟩628

where flipϵ(x) ≜ δ(π1(x)) ⊕ 1
2 −ϵ δ(π2(x)). Observe that hdtlϵ is well-defined as629

x :c Pc × Pc ⊢ ⟨Hd; flipϵ(x),Tl; flipϵ(x)⟩ : Pc × Pc .630

Consider the special case of a fair coin hd ≜ hd0, tl ≜ tl0. We now show that the distance631

between hd and hdϵ is at most cϵ
1−c+cϵ . Logically, this corresponds to the statement632

cϵ

1 − c+ cϵ
⊢ hd = hdϵ (11)633

The statement (11) must be proved simultaneously with a similar statement for the two634

tail states, and by guarded recursion it suffices to prove that, for dc,ϵ ≜ cϵ
1−c+cϵ , we have635

c (dc,ϵ−•(hd=hdϵ∧tl= tlϵ)) ⊢ (dc,ϵ−•(hd=hdϵ∧tl= tlϵ)) .636

We show that637

c (dc,ϵ −• (hd = hdϵ ∧ tl = tlϵ)) , dc,ϵ ⊢ hd = hdϵ (12)638

The case for tl = tlϵ is similar. By (4) to show hd = hdϵ it suffices to show c times the formula639

640 (
1
2 − ϵ

)
(hd = hdϵ) • ϵ(hd = tlϵ) • 1

2(tl = tlϵ) (13)641

and so (12) reduces by rule (pr) to showing (13) in context642

dc,ϵ −• (hd = hdϵ ∧ tl = tlϵ) ,
ϵ

1−c+cϵ (14)643

Since644

ϵ

1−c+cϵ =
(

1
2 − ϵ

)
dc,ϵ + ϵ+ 1

2dc,ϵ645

Using (dup) and (inc) it suffices to prove (13) in context646 (
1
2 − ϵ

)
(dc,ϵ −• (hd = hdϵ ∧ tl = tlϵ)) ,

1
2 (dc,ϵ −• (hd = hdϵ ∧ tl = tlϵ)) ,

(
1
2 − ϵ

)
dc,ϵ, ϵ,

1
2dc,ϵ647

LICS 2026



34:20 Induction and Recursion Principles in a Quantitative HO-Logic for Probability

which can be done using (•-i).648

We remark that the upper bound shown above is tight, in the sense that it is the actual649

behavioual distance between the two states. This can be checked by direct calculations650

because, as observed in [40], it corresponds to the c-discounted bisimilarity distance of651

Desharnais et al. [16].652

8.2 Bisimulation653

Let ξ : X → A⊗ cD(X) be a Markov process, and decompose ξ into two maps: ξ1 : X → A654

for labels and ξ2 : X → cD(X) for probabilistic transitions. A probabilistic bisimulation [24]655

for ξ is a binary relation on X such that R(x, y) implies (i) ξ1(x) = ξ1(y), states have the656

same label; and (ii) that there exists an R-coupling ρ (i.e., a coupling ρ for ξ2(x) and ξ2(y)657

whose support is in R) ensuring the probabilistic behaviors of x and y remain related under658

the bisimulation.659

While exact equivalence is often too rigid, metrics offer a more flexible alternative. Next,660

we internalise the definition of bisimilarity in our logic. For R : Rel(X,X), define661

Bisim(R) ≜ ∀x, y : X.R(x, y) −• let (l, µ) = ξ(x), (l′, ν) = ξ(y)662

in l = l′ • c(∃ρ.ρ ∈ CplR(µ, ν))663

using the quantitative notion of R-coupling defined in (10).664

In the case where c ∈ (0, 1), we can define the bisimilarity relation ∼ : Rel(X,X) by665

guarded recursion as666

∼ ≜ fix R.λx.λy.let (l, µ) = ξ(x), (l′, ν) = ξ(y) in l = l′ • c(∃ρ.ρ ∈ CplR(µ, ν))667

using that R occurs with sensitivity c in the body of the fixed point. The following can be668

proved using guarded recursion.669

▶ Proposition 28. Bisimilarity is equivalent to equality in Pc.670

Proof (sketch). We just sketch the proof of bisimilarity implying equality. The proof is by671

guarded recursion, reducing to c(∀x, y.x ∼ y−•x = y), x ∼ y ⊢ x = y. The assumption x ∼ y672

unfolds to673

let (l, µ) = ufld(x), (l′, ν) = ufld(y) in l = l′ • c(∃ρ.ρ ∈ Cpl∼(µ, ν))674

and using the guarded recursion hypothesis, the last part can be rewritten to c(∃ρ.ρ ∈675

Cpleq(µ, ν)), which by Theorem 26 is equivalent to c(µ = ν). We conclude by Lemma 23. ◀676

Since the distance in Pc coincides with probabilistic bisimilarity distance, Proposition 28677

shows that ∼ : Rel(Pc,Pc) is interpreted as bisimilarity distance.678

9 Case study: temporal learning679

The next example, adapted from Aguirre et al [2], showcases the expressivity of our calculus680

and a use of natural number induction.681

A Markov decision process comprises a set of states S, a set of actions A, a transition682

function P : S × A → D(S) and a reward function R : S × A → D([0, r]). We will consider683

A a discrete set, and assume that states S is a finite discrete set. Moreover, for simplicity684

we will assume that S is simply the set S = {0, . . . , N − 1} for some N , so that S ⊸ X685

can be expressed as an N -fold product XN . Finally, we will assume that r = 1, so that we686
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can give the type of R internally in the calculus as S 1⊗1A ⊸ D(Prop). The latter is not687

a restriction in practice, as the actual values of rewards is inessential, and so the reward688

function can be appropriately scaled. However, it is necessary, as we need the reward space689

to be an IB-algebra and a 1-bounded metric space.690

When doing reinforcement learning, one must estimate a value function V : PropN
691

mapping states to rewards, for a given policy π : AN . Temporal difference is one approach692

to doing this, which works by iteratively refining the value function V as follows: For each693

state i, compute an action a from the policy distribution π(i), sample a reward r from the694

reward distribution R(a, i), and sample a transition j from the transition function P(a, i).695

From this the updated value function V ′ at i can be defined as the convex combination696

V ′(i) = (1 − α)V (i) + α(r + γV (j))697

of the previous value V (i) and the reward associated with the next state j, for fixed values698

α, γ ∈ (0, 1). Of course, V ′(i) should be a distribution, since the definition above involves699

sampling.700

We will show that this refinement function can be defined and proved convergent in our701

logic. We first define the function TDstepV : D(PropN ) taking one step of the refinement in702

context703

P :∞ A ⊸ D(N)N ,R :∞ A ⊸ D(Prop)N , π :∞ AN , V :k PropN
704

where k ≜ 1 − α + γα. Note that all the parameters of the reinforcement learning setup705

are given sensitivity ∞, because these are assumed to be closed terms that will be called706

repeatedly. We define TDstepV as st(TDstep′ V ) where707

st : D(Prop)N ⊸ D(PropN )708

is obtained in the standard way by induction on N , and709

TDstep′ V ≜ ⟨let r = R(π(i))(i), j = P(π(i))(i) in δ((1 − α)V (i) • α(r • γV (j)))⟩i≤N710

Since k < 1, one can define the refinement function as the fixed point of TDstep. In711

practice, however, refinement is only iterated a finite number n of times, defining TD :712

PropN ⊸ N⊸ D(PropN ) by recursion on the second argument as713

TDV 0 ≜ V TDV (n+ 1) ≜ let V ′ = (TDV n) in TDstepV ′
714

Then, since k(V = W ) ⊢ TDstepV = TDstepW , one can prove by induction on n that715

kn(V = W ) ⊢ TDV n = TDW n716

10 Case study: hypercube walk717

This section shows how the internalisation of the Kantorovich distance (Theorem 26) can be718

used for coupling proofs in our logic. The example is a random walk on a hypercube adapted719

from Aguirre et al. [2]. Much of the example is done by reasoning in the model, as is most720

natural. Our logic is then used as an internal language of the model to apply Theorem 26 in721

the last step.722

A position on an N -dimensional hypercube is an element of BoolN , and we consider this723

a metric space with the normalised Hamming distance: The distance between p and q is724
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1
N times the number of positions where p and q differ. In other words, the metric space of725

positions can be defined as726

Pos ≜
N⊗

i=1

1
N

Bool727

where Bool ≜ 1 + 1. Let unif0,N : D(N) be the uniform distribution on {0, . . . , N}, and728

flipi : Pos → Pos be the operation that flips the i-th coordinate of a position if i = 1, . . . , N ,729

and acts as the identity if i = 0. Define the one-step hypercube random walk as730

hwalk ≜ λp.let i = unif0,N in flipi(p) : Pos ⊸1 D(Pos)731

We show that732

N − 1
N + 1(p = q) ⊢ hwalk p = hwalk q (15)733

from which one can show that repeated iteration of hwalk converges. To prove this, first734

construct, for each pair of positions p and q, a bijection σp,q of {0, . . . , N} to itself by cases:735

If p and q are equal take σp,q to be the identity736

If p and q differ in exactly one position i, let σp,q be the permutation that swaps i and 0737

If p and q differ in positions i1, . . . , in for n > 1, let σp,q be the permutation that cycles738

i1, . . . , in.739

Below we just write σ for σp,q. One can then show that740

N − 1
N + 1(p = q) ⊢

N∑
i=0

1
N + 1(flipi p = flipσ(i) q) (16)741

holds in the model. This is done by analysing cases of p and q. For example, if p and q differ742

in exactly one position j, then flipi p = flipσ(i) q is 0 for i = j and i = 0, and at all other743

values it equals p = q, from which the judgement follows.744

Let ρ : D(N 1⊗1N) be the uniform distribution on the finite set {(0, σ(0)), . . . , (N, σ(N))},745

and define746

ρ′ ≜ let z = ρ in
(
let (i, j) = z in (flipi p, flipj q)

)
: D(Pos1⊗1Pos)747

Then748

E(x,y)∼ρ′ [x = y] =
N∑

i=0

1
N+1(flipi p = flipσ(i) q)749

An easy argument shows that the equalities D(π1)(ρ′) = hwalk p and D(π2)(ρ′) = hwalk q750

can be proved in the empty context, so that we have shown751

N − 1
N + 1(p = q) ⊢ K(hwalk p, hwalk q)752

which, by Theorem 26 is equivalent to (15).753

▶ Remark 29. We remark that while the example above can be done for any N , the754

quantification over N must be external, as internalising it would require dependent types.755

Similarly, the uniform distribution unif0,N : D(N) on {0, . . . , N} used in the example, can be756

constructed in our language for each N as externally quantified only. It is not possible to757

write a function mapping N to unif0,N in our language, because the sensitivity annotations758

of variables must be given externally.759
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11 Related work760

Our calculus is closely related to Fuzz [34]. One difference is that Fuzz has recursive types,761

and we have guarded recursion. Fuzz is not a calculus of metric spaces, since these do not762

model general recursion. Indeed, de Amorim et al. [14] use metric CPOs to model Fuzz.763

Interestingly, de Amorim et al. [14] note that a fixed point operation on terms encoded using764

the recursive types of Fuzz can be given a typing rule similar to our rule for fixed points.765

Fuzz also has a probability distributions monad, but with a different metric designed for766

reasoning about differential privacy. Unlike the Kantorovich metric, it is not clear whether767

such a metric allows for a principle of induction. Fuzz also has an operational semantics. We768

believe operational semantics could be given for our calculus as well, but leave this to future769

work. Our calculus is also related to graded lambda calculus [10, 18].770

Dagnino and Pasquali [11] were the first to notice that the sensitivity of predicates must771

be taken into account when expressing elimination principles for equality in quantitative logic.772

They present an affine propositional logic for quantitative reasoning about terms written in773

a first-order language where the operations carry sensitivity annotations, like e.g., ⊕p does774

in this paper. One of the rules they present for equality is our rule (eq-e), but transitivity is775

a separate axiom, and they do not study applications like the ones studied here. Instead,776

Dagnino and Pasquali [11] study general categorical notions of models; we just study one777

model.778

The idea of using metric spaces and guarded recursion using scaling factors r < 1 for779

programming and reasoning about probabilistic processes goes back at least to the late780

1990s [15, 7]. To our knowledge, all previous work has used ultra-metric spaces, which781

means that one can use simply typed lambda calculus and a simpler type for fixed points,782

as explained in the introduction. The category of complete bisected ultrametric spaces783

forms a subcategory of the topos of trees [9], so this line of work is connected to the recent784

developments on reasoning about processes using guarded recursion [1, 22]. In these works,785

guarded recursion is formulated for a modal operator ▷, which is not related to probabilities.786

Equality, therefore, is not interpreted in terms of Kantorovich distance, as it is here.787

The work on quantitative equational logic [27, 28, 29] is also related. However, their788

equational approach fundamentally differs from ours by using a Boolean-valued logical789

relation =ϵ to reason about distances. Scaling of propositions and guarded recursion as790

used here would not work for a Boolean-valued logic. Indeed, the upper bound shown in791

Section 8.1 can be proven in quantitative equational logic only by using the infinitary rule792

(Arch) [6]. Mardare et al. [27] show how a range of monads on metric spaces can be considered793

generated by quantitative algebraic theories. These include the p-Wasserstein metrics on794

distributions and the Hausdorff metric on compact subsets of a metric space. It is unclear795

how many of these can be captured as quantitative algebras for theories with operations796

equipped with sensitivity factors, in the same way we algebraically encode the Kantorovich797

metric in this paper. While this approach also works for the Hausdorff metric, it is unlikely798

that the p-Wasserstein metrics for p ≠ 1 can be encoded the same way. [29] use quantitative799

equational logic to reason about terms of a first-order language with fixed points modelled800

using the Banach fixed point theorem. Their syntax uses ‘Banach patterns’ as a form of801

sensitivity annotations on terms. Interestingly, the Banach pattern for fixed point terms is802

similar to our typing rule (fix). We are unaware of any extensions of quantitative equational803

logic to higher-order. Dal Lago et al. [23] extends quantitative equational logic to weak804

λ-theories, and Dahlqvist and Neves [12, 13] to linear and affine λ-calulus. Both extensions805

do not deal with recursion.806
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Quantitative program logics for imperative languages with probabilistic choice operators807

have a long history going back to Kozen [21]. For example, Avanzini et al. [4] define a808

relational Hoare logic where relations on stores s : S are random variables S × S → [0,∞],809

so assertions are quantitative, but the interpretation of Hoare triples is qualitative. Recent810

research has extended this idea to give quantitative interpretations also to Hoare triples811

themselves. For example, Approxis [19] uses error credits to define an approximate separation812

logic. In future work we will explore how our logic offers a different viewpoint on these813

results: By reading the qualitative definition of Hoare quadruple in our logic, one obtains a814

quantitative interpretation of Hoare logic. Approximate statement about Hoare quadruples815

should then be provable in our logic by showing that ϵ · ff implies a Hoare quadruple similarly816

to how we reason about distances between Markov processes in Section 8.817

12 Conclusions818

We defined an affine calculus for sensitivity and a higher-order logic for reasoning about it.819

The calculus includes a form of guarded recursion, where the guards are sensitivities in the820

open interval (0, 1), and we saw how this could be used for programming recursive processes.821

The logic likewise includes guarded recursion, which can be used, e.g., for proving upper822

bounds on distances between processes. We also saw how the principles of induction in the823

logic, in particular the one for induction over D are powerful principles. For example, we824

saw how they lead to proofs by coupling.825

One might ask to what extent the semantics of our logic generalises to other settings. Our826

goal has been to reason about metric spaces, and CMet is essentially the largest possible827

category in which the entire logic can be interpreted soundly. For example, we need to828

include discrete sets into the category to model natural numbers. This requires either a finite829

upper limit on distances as we do, or using extended metric spaces, i.e., spaces where the830

distance function maps into [0,∞], and correspondingly use [0,∞] also as the set of truth831

values. The latter choice, however, invalidates both the Banach fixed point theorem (fixed832

points might not exist or be unique) and the guarded recursion principle.833

On the other hand, it should be possible to adapt our language and logic to extended834

metric spaces by introducing a new form of judgements for finiteness of truth values and for835

extended metric spaces being metric spaces (so all distances are finite). The logical guarded836

recursion principle (g-rec) should then be restricted to only prove finite ϕ, and similarly,837

fixed points should only be applicable to metric spaces. This model would have the benefit838

that scalar multiplication distributes over ⊗ and •, and also rules like (assoc1) would be839

invertible. We leave exploring such systems to future work.840

In future work, it would also be interesting to address the limitations of our language841

mentioned in Remark 29. It might be possible to allow types and sensitivity annotations842

to depend on sets such as N, but allowing them to depend on metric spaces seems more843

difficult. One possible starting point could be DFuzz [17], a version of Fuzz with lightweight844

dependent types.845

References846

1 Alejandro Aguirre, Gilles Barthe, Lars Birkedal, Ales Bizjak, Marco Gaboardi, and Deepak847

Garg. Relational reasoning for markov chains in a probabilistic guarded lambda calculus.848

In Amal Ahmed, editor, Programming Languages and Systems - 27th European Symposium849

on Programming, ESOP 2018, Held as Part of the European Joint Conferences on Theory850

and Practice of Software, ETAPS 2018, Thessaloniki, Greece, April 14-20, 2018, Proceedings,851



G. Bacci and R. E. Møgelberg 34:25

volume 10801 of Lecture Notes in Computer Science, pages 214–241. Springer, 2018. doi:852

10.1007/978-3-319-89884-1\_8.853

2 Alejandro Aguirre, Gilles Barthe, Justin Hsu, Benjamin Lucien Kaminski, Joost-Pieter Katoen,854

and Christoph Matheja. A pre-expectation calculus for probabilistic sensitivity. Proc. ACM855

Program. Lang., 5(POPL):1–28, 2021. doi:10.1145/3434333.856

3 José Bacelar Almeida, Manuel Barbosa, Gilles Barthe, Benjamin Grégoire, Vincent Laporte,857

Jean-Christophe Léchenet, Tiago Oliveira, Hugo Pacheco, Miguel Quaresma, Peter Schwabe,858

Antoine Séré, and Pierre-Yves Strub. Formally verifying kyber part I: implementation correct-859

ness. IACR Cryptol. ePrint Arch., page 215, 2023. URL: https://eprint.iacr.org/2023/215.860

4 Martin Avanzini, Gilles Barthe, Davide Davoli, and Benjamin Grégoire. A quantitative861

probabilistic relational hoare logic. Proc. ACM Program. Lang., 9(POPL):1167–1195, 2025.862

doi:10.1145/3704876.863

5 Martin Avanzini, Gilles Barthe, Benjamin Grégoire, Georg Moser, and Gabriele Vanoni.864

Hopping proofs of expectation-based properties: Applications to skiplists and security proofs.865

Proc. ACM Program. Lang., 8(OOPSLA1):784–809, 2024.866

6 Giorgio Bacci, Giovanni Bacci, Kim G. Larsen, and Radu Mardare. A complete quantitative867

deduction system for the bisimilarity distance on markov chains. Log. Methods Comput. Sci.,868

14(4), 2018.869

7 Christel Baier and Marta Z. Kwiatkowska. Domain equations for probabilistic processes. Math.870

Struct. Comput. Sci., 10(6):665–717, 2000. URL: http://journals.cambridge.org/action/871

displayAbstract?aid=71051.872

8 Stefan Banach. Sur les opérations dans les ensembles abstraits et leur application aux équations873

intégrales. Fundamenta Mathematicae, 3(1):133–181, 1922.874

9 Lars Birkedal, Rasmus Ejlers Møgelberg, Jan Schwinghammer, and Kristian Støvring. First875

steps in synthetic guarded domain theory: step-indexing in the topos of trees. Log. Methods876

Comput. Sci., 8(4), 2012. doi:10.2168/LMCS-8(4:1)2012.877

10 Aloïs Brunel, Marco Gaboardi, Damiano Mazza, and Steve Zdancewic. A core quantitative878

coeffect calculus. In Zhong Shao, editor, Programming Languages and Systems - 23rd European879

Symposium on Programming, ESOP 2014, Held as Part of the European Joint Conferences880

on Theory and Practice of Software, ETAPS 2014, Grenoble, France, April 5-13, 2014,881

Proceedings, volume 8410 of Lecture Notes in Computer Science, pages 351–370. Springer,882

2014. doi:10.1007/978-3-642-54833-8\_19.883

11 Francesco Dagnino and Fabio Pasquali. Logical foundations of quantitative equality. In884

Christel Baier and Dana Fisman, editors, LICS ’22: 37th Annual ACM/IEEE Symposium on885

Logic in Computer Science, Haifa, Israel, August 2 - 5, 2022, pages 16:1–16:13. ACM, 2022.886

doi:10.1145/3531130.3533337.887

12 Fredrik Dahlqvist and Renato Neves. An internal language for categories enriched over888

generalised metric spaces. In Florin Manea and Alex Simpson, editors, 30th EACSL Annual889

Conference on Computer Science Logic, CSL 2022, February 14-19, 2022, Göttingen, Germany890

(Virtual Conference), volume 216 of LIPIcs, pages 16:1–16:18. Schloss Dagstuhl - Leibniz-891

Zentrum für Informatik, 2022. URL: https://doi.org/10.4230/LIPIcs.CSL.2022.16, doi:892

10.4230/LIPICS.CSL.2022.16.893

13 Fredrik Dahlqvist and Renato Neves. A complete v-equational system for graded lambda-894

calculus. In Marie Kerjean and Paul Blain Levy, editors, Proceedings of the 39th Conference on895

the Mathematical Foundations of Programming Semantics, MFPS XXXIX, Indiana University,896

Bloomington, IN, USA, June 21-23, 2023, volume 3 of EPTICS. EpiSciences, 2023. URL:897

https://doi.org/10.46298/entics.12299, doi:10.46298/ENTICS.12299.898

14 Arthur Azevedo de Amorim, Marco Gaboardi, Justin Hsu, Shin-ya Katsumata, and Ikram899

Cherigui. A semantic account of metric preservation. In Giuseppe Castagna and Andrew D.900

Gordon, editors, Proceedings of the 44th ACM SIGPLAN Symposium on Principles of Pro-901

gramming Languages, POPL 2017, Paris, France, January 18-20, 2017, pages 545–556. ACM,902

2017. doi:10.1145/3009837.3009890.903

LICS 2026

https://doi.org/10.1007/978-3-319-89884-1_8
https://doi.org/10.1007/978-3-319-89884-1_8
https://doi.org/10.1007/978-3-319-89884-1_8
https://doi.org/10.1145/3434333
https://eprint.iacr.org/2023/215
https://doi.org/10.1145/3704876
http://journals.cambridge.org/action/displayAbstract?aid=71051
http://journals.cambridge.org/action/displayAbstract?aid=71051
http://journals.cambridge.org/action/displayAbstract?aid=71051
https://doi.org/10.2168/LMCS-8(4:1)2012
https://doi.org/10.1007/978-3-642-54833-8_19
https://doi.org/10.1145/3531130.3533337
https://doi.org/10.4230/LIPIcs.CSL.2022.16
https://doi.org/10.4230/LIPICS.CSL.2022.16
https://doi.org/10.4230/LIPICS.CSL.2022.16
https://doi.org/10.4230/LIPICS.CSL.2022.16
https://doi.org/10.46298/entics.12299
https://doi.org/10.46298/ENTICS.12299
https://doi.org/10.1145/3009837.3009890


34:26 Induction and Recursion Principles in a Quantitative HO-Logic for Probability

15 Erik P. de Vink and Jan J. M. M. Rutten. Bisimulation for probabilistic transition904

systems: A coalgebraic approach. Theor. Comput. Sci., 221(1-2):271–293, 1999. doi:905

10.1016/S0304-3975(99)00035-3.906

16 J. Desharnais, V. Gupta, R. Jagadeesan, and P. Panangaden. Approximation of labeled907

Markov processes. In Proceedings of the Fifteenth Annual IEEE Symposium On Logic In908

Computer Science, pages 95–106. IEEE Computer Society Press, June 2000.909

17 Marco Gaboardi, Andreas Haeberlen, Justin Hsu, Arjun Narayan, and Benjamin C. Pierce.910

Linear dependent types for differential privacy. In POPL, pages 357–370. ACM, 2013.911

18 Marco Gaboardi, Shin-ya Katsumata, Dominic A. Orchard, Flavien Breuvart, and Tarmo912

Uustalu. Combining effects and coeffects via grading. In Jacques Garrigue, Gabriele Keller,913

and Eijiro Sumii, editors, Proceedings of the 21st ACM SIGPLAN International Conference914

on Functional Programming, ICFP 2016, Nara, Japan, September 18-22, 2016, pages 476–489.915

ACM, 2016. doi:10.1145/2951913.2951939.916

19 Simon Oddershede Gregersen, Alejandro Aguirre, Philipp G. Haselwarter, Joseph Tassarotti,917

and Lars Birkedal. Asynchronous probabilistic couplings in higher-order separation logic. Proc.918

ACM Program. Lang., 8(POPL):753–784, 2024. doi:10.1145/3632868.919

20 Alessandro Giacalone Chi-Chang Jou and Scott A. Smolka. Algebraic reasoning for probabilistic920

concurrent systems. In PROCOMET, pages 443–458. North Holland, 1994.921

21 Dexter Kozen. A probabilistic PDL. J. Comput. Syst. Sci., 30(2):162–178, 1985. doi:922

10.1016/0022-0000(85)90012-1.923

22 Magnus Baunsgaard Kristensen, Rasmus Ejlers Møgelberg, and Andrea Vezzosi. Greatest924

hits: Higher inductive types in coinductive definitions via induction under clocks. In Christel925

Baier and Dana Fisman, editors, LICS ’22: 37th Annual ACM/IEEE Symposium on Logic926

in Computer Science, Haifa, Israel, August 2 - 5, 2022, pages 42:1–42:13. ACM, 2022. doi:927

10.1145/3531130.3533359.928

23 Ugo Dal Lago, Furio Honsell, Marina Lenisa, and Paolo Pistone. On quantitative algebraic929

higher-order theories. In Amy P. Felty, editor, 7th International Conference on Formal930

Structures for Computation and Deduction, FSCD 2022, Haifa, Israel, August 2-5, 2022,931

volume 228 of LIPIcs, pages 4:1–4:18. Schloss Dagstuhl - Leibniz-Zentrum für Informatik, 2022.932

URL: https://doi.org/10.4230/LIPIcs.FSCD.2022.4, doi:10.4230/LIPICS.FSCD.2022.4.933

24 Kim Guldstrand Larsen and Arne Skou. Bisimulation through probabilistic testing. Information934

and Computation, 94(1):1–28, 1991.935

25 Torgny Lindvall. Lectures on the Coupling Method. Wiley Series in Probability and Mathem-936

atical Statistics. John Wiley, New York, 1992.937

26 Jan Lukasiewicz and Alfred Tarski. Untersuchungen über den aussagenkalkül. In Comptes938

Rendus des Séances de la Sociélé des Scierices et des Lettres des Varsovie Classe III, volume 23,939

pages 30–50, 1930.940

27 Radu Mardare, Prakash Panangaden, and Gordon D. Plotkin. Quantitative algebraic reasoning.941

In Martin Grohe, Eric Koskinen, and Natarajan Shankar, editors, Proceedings of the 31st942

Annual ACM/IEEE Symposium on Logic in Computer Science, LICS ’16, New York, NY,943

USA, July 5-8, 2016, pages 700–709. ACM, 2016. doi:10.1145/2933575.2934518.944

28 Radu Mardare, Prakash Panangaden, and Gordon D. Plotkin. Free complete wasserstein945

algebras. Log. Methods Comput. Sci., 14(3), 2018. doi:10.23638/LMCS-14(3:19)2018.946

29 Radu Mardare, Prakash Panangaden, and Gordon D. Plotkin. Fixed-points for quantitative947

equational logics. In LICS, pages 1–13. IEEE, 2021.948

30 Annabelle McIver and Carroll Morgan. Abstraction, Refinement and Proof for Probabilistic949

Systems. Monographs in Computer Science. Springer, 2005. URL: https://doi.org/10.1007/950

b138392, doi:10.1007/B138392.951

31 Carroll Morgan, Annabelle McIver, and Karen Seidel. Probabilistic predicate transformers.952

ACM Trans. Program. Lang. Syst., 18(3):325–353, 1996. doi:10.1145/229542.229547.953

32 Antonio Di Nola and Ioana Leustean. Riesz mv-algebras and their logic. In EUSFLAT Conf,954

pages 140–145. Atlantis Press, 2011.955

https://doi.org/10.1016/S0304-3975(99)00035-3
https://doi.org/10.1016/S0304-3975(99)00035-3
https://doi.org/10.1016/S0304-3975(99)00035-3
https://doi.org/10.1145/2951913.2951939
https://doi.org/10.1145/3632868
https://doi.org/10.1016/0022-0000(85)90012-1
https://doi.org/10.1016/0022-0000(85)90012-1
https://doi.org/10.1016/0022-0000(85)90012-1
https://doi.org/10.1145/3531130.3533359
https://doi.org/10.1145/3531130.3533359
https://doi.org/10.1145/3531130.3533359
https://doi.org/10.4230/LIPIcs.FSCD.2022.4
https://doi.org/10.4230/LIPICS.FSCD.2022.4
https://doi.org/10.1145/2933575.2934518
https://doi.org/10.23638/LMCS-14(3:19)2018
https://doi.org/10.1007/b138392
https://doi.org/10.1007/b138392
https://doi.org/10.1007/b138392
https://doi.org/10.1007/B138392
https://doi.org/10.1145/229542.229547


G. Bacci and R. E. Møgelberg 34:27

33 Federico Olmedo, Benjamin Lucien Kaminski, Joost-Pieter Katoen, and Christoph Matheja.956

Reasoning about recursive probabilistic programs. In Martin Grohe, Eric Koskinen, and957

Natarajan Shankar, editors, Proceedings of the 31st Annual ACM/IEEE Symposium on Logic958

in Computer Science, LICS ’16, New York, NY, USA, July 5-8, 2016, pages 672–681. ACM,959

2016. doi:10.1145/2933575.2935317.960

34 Jason Reed and Benjamin C. Pierce. Distance makes the types grow stronger: a calculus for961

differential privacy. In Paul Hudak and Stephanie Weirich, editors, Proceeding of the 15th962

ACM SIGPLAN international conference on Functional programming, ICFP 2010, Baltimore,963

Maryland, USA, September 27-29, 2010, pages 157–168. ACM, 2010. doi:10.1145/1863543.964

1863568.965

35 Alfred Tarski. Logic, semantics, metamathematics: papers from 1923 to 1938. Hackett966

Publishing, 1983.967

36 The Univalent Foundations Program. Homotopy Type Theory: Univalent Foundations of968

Mathematics. https://homotopytypetheory.org/book, Institute for Advanced Study, 2013.969

37 Franck van Breugel. A behavioural pseudometric for metric labelled transition systems. In970

CONCUR, volume 3653 of Lecture Notes in Computer Science, pages 141–155. Springer, 2005.971

38 Franck van Breugel, Claudio Hermida, Michael Makkai, and James Worrell. An accessible972

approach to behavioural pseudometrics. In ICALP, volume 3580 of Lecture Notes in Computer973

Science, pages 1018–1030. Springer, 2005.974

39 Franck van Breugel, Claudio Hermida, Michael Makkai, and James Worrell. Recursively975

defined metric spaces without contraction. Theor. Comput. Sci., 380(1-2):143–163, 2007.976

40 Franck van Breugel and James Worrell. A behavioural pseudometric for probabilistic transition977

systems. Theor. Comput. Sci., 331(1):115–142, 2005.978

LICS 2026

https://doi.org/10.1145/2933575.2935317
https://doi.org/10.1145/1863543.1863568
https://doi.org/10.1145/1863543.1863568
https://doi.org/10.1145/1863543.1863568
https://homotopytypetheory.org/book

	1 Introduction
	2 Preliminaries on metric spaces
	3 Fixed points
	4 Probability measures
	5 A calculus for CMet
	6 Logic
	7 Proving basic properties
	7.1 Internalising the Kantorovich distance
	7.2 Uniqueness of fixed points

	8 Case study: Markov processes
	8.1 A biased coin tossing process
	8.2 Bisimulation

	9 Case study: temporal learning
	10 Case study: hypercube walk
	11 Related work
	12 Conclusions

