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The majority of modern software and hardware systems are reactive systems, where
input provided by the user (possibly another system) and the output of the system is
exchanged continuously throughout the (possibly) indefinite execution of the system.
Natural examples include control systems, mobile phones and websites.
Acknowledging that now more than ever, systems come in contact with the physical
world, we need to revise the way we construct models and verification algorithms, to take
into account the behaviour of systems in the presence of approximate, or quantitative
information, provided by the environment in which they are embedded.
This thesis studies the semantics and properties of a model-based framework for reactive systems, in which models and specifications are assumed to contain quantifyable
information, such as references to time or energy. Our goal is to develop a theory of approximation, allowing verification procedures to quantify judgements, on how suitable a
model is for a given specification — hence mitigating the usual harsh distinction between
satisfactory and non-satisfactory system designs. This information, among other things,
allows us to evaluate the robustness of our framework, by studying how small changes to
our models affect the verification results.
A key source of motivation for this work can be found in The Embedded Systems
Design Challenge [HS06] posed by Thomas A. Henzinger and Joseph Sifakis. It contains
a call for advances in the state-of-the-art of systems verification, in terms of a new
mathematical basis for systems modeling which can incompas behavioural properties
as well as environmental constraints. They continue by pointing out that, continuous
performance and robustness measures are paramount when dealing with physical resource
levels such as clock frequency, energy consumption, latency, mean-time to failure, and
cost. For systems integrated in mass-market products, the ability to quantify trade-offs
between performance and robustness, under given technical and economic constraints, is
of strategic importance.
Outline
This thesis is composed of two parts. Part one begins by presenting our initial motivation
and research hypotheses. It continues with an introduction to reactive systems, in the
context of formal modelling, specification and verification, intended to motivate the move
to a quantitative setting. As a starting point for our further discussions, we introduce
prominent examples of formalisms from existing literature, used for modelling real-time
and embedded systems, in which quantitative information is essential to describing the
behaviour.
We continue by introducing the notions of temporal logics and modal transition systems, as they are known from literature, and identify their shortcomings when it comes to
specifying functional and extra-functional quantitative properties. We conclude the introduction with a note on the robustness, or fragility, of classical verification techniques,
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when quantitative information is introduced.
Our goal is then to present and discuss, in depth, the intuitive and formal notions which
will be fundamental to our proposed quantitative framework. We present a condensed
description of our results, along with some reflections on their meaning and potential
application.
Part two of the thesis collects publications A – F, developing in detail the theory of
the proposed framework. In the following we sum up the work in these.
We begin by introducing what will be our running examples of system distances. Using
three metrics on infinite sequences (computations), we develop corresponding pairs of
linear and branching distances, representing a quantitative view of language containment
and simulation. We identify several interesting properties of our distances, including that
the relationship between simulation and language containment persists in this concrete
quantitative setting, confirming that our quantitative notions appear to be reasonable
extensions of the standard qualitative concepts. We conclude our initial treatment of our
system distances, by showing that they are algorithmically computable over weighted
timed automata.
Next we present a sound and (approximate) complete proof system, for our branching
distances over finite and regular processes, and we show that the two conceptually simpler
distances, are respectively polynomial-time decidable and polynomial-time equivalent to
discounted games, and hence in NP ∩ coNP.
Our attention is then directed towards a general theorem for the initial hypothesis,
that branching distances provide a bound on linear distances, independent of the metric
on computations. It turns out that the well-known game theoretical framework, presents
itself as a unified approach to defining system distance, and allows us to obtain very
general properties of these, based purely on the choice of behavioral semantics, without
any assumptions on how one compares individual computations.
The remaining part is dedicated to quantitative specifications, verification and to the
application of our results to robustness of timed automata. To provide a way of measuring inconsistencies between a specification and a model, we adopt as our specification
formalisms, weighted variants of computation tree logic (CTL) and modal transition
systems (MTS), and design our analysis accordingly.
Using a carefully chosen arithmetic interpretation for CTL, where the truth value is
a real number, as opposed to the usual Boolean {true, false} outcome, we obtain both
characterization and expressivity theorems for our running system distances. Hence we
know that system distances provide upper bounds on the logical distance, and that every
finite model has an (approximate) characteristic formula.
Extending modal and thorough refinement of modal specifications with distances, we
in-fact also extend the expressivity of the framework. Lifting one of our running system
distances to MTS, we establish a series of interesting results on compositionality and
continuity of modal refinement distance. Moreover, we show the computationally impor-
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tant fact that modal refinement distance provides an upper bound, and hence functions
as an over-approximation, of thorough refinement distance.
Returning to the discussion on robustness, our last endeavor concerns identifying a
transformation of timed automata, settling and establishing implementability of these
while preserving temporal properties up to arbitrarily small errors.
Adopting a well-established notion of perturbation for timed automata, which corresponds to the effect of implementing a given model on (finite precision) hardware with
inevitable clock drifts, we present a transformation which outputs a behaviorally equivalent model which is unaffected by the perturbation up to a small system distance.
Applying our adequacy theorem we show that all temporal properties and hence the
reactive behaviour will be preserved in the implemented system.
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Størstedelen af moderne software- og hardware-systemer udgøres i dag af reaktive systemer hvor input (som evt. stammer fra et andet system) og output fra systemet selv
udveksles løbende. Som eksempler på disse kan man bredt nævne kontrolsystemer, mobiltelefoner og web-applikationer.
Med erkendelse af at systemer nu mere end nogensinde kommer i kontakt med den
fysiske verden, er vi samtidig nødt til at revidere måden, hvorpå vi konstruerer modeller
og verifikationsalgoritmer for således at tage hensyn til opførselen af systemer, der indeholder approksimerede eller kvantitative informationer om det miljø, hvori de er indlejret.
Denne afhandling studerer semantikken og egenskaberne af en modelbaseret teori for
reaktive systemer, hvor modeller og specifikationer formodes at indeholde kvantitative
oplysninger, så som referencer til fx tid eller energi. Målet er at udvikle en teori med
fokus på approksimation, som tillader verifikationsprocedurer at have et kvantificerbart
udfald, der beskriver, hvor egnet en model er som løsning til en given specifikation.
Det er dermed hensigten at kunne undgå den sædvanlige barske adskillelse mellem et
tilfredsstillende og ikke-tilfredsstillende systemdesign. Disse oplysninger giver os blandt
andet mulighed for at evaluere robustheden af vores teori ved at studere, hvordan små
ændringer af modeller påvirker verifikationsresultaterne.
En vigtig motivationskilde for denne afhandling udgøres endvidere af artiklen The
Embedded Systems Design Challenge [HS06] af Thomas A. Henzinger og Joseph Sifakis.
Forfatterne opfordrer i artiklen til, at der stræbes efter fremskridt inden for formel verifikation af systemer — specifikt i form af et nyt matematisk grundlag for modellering,
der støtter adfærdsmæssige egenskaber samt restriktioner fra systemets omgivelser. De
fortsætter med at påpege, at kontinuerlig ydelse og robusthed er i højsædet, når man
beskæftiger sig med fysiske ressourcer såsom clock-frekvenser, energiforbrug, latenstid,
gennemsnitslevetider og omkostninger. For systemer integreret i masseproducerede produkter er evnen til at kvantificere afvejninger mellem ydelse og robusthed — under givne
tekniske og økonomiske begrænsninger — af strategisk betydning.
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1. Motivation
Click, hum.
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The huge grey Grebulon reconnaissance [space] ship moved silently through the black void. It was
travelling at fabulous, breath- taking speed, yet appeared, against the glimmering background of a
billion distant stars to be moving not at all. It was just one dark speck frozen against an infinite
granularity of brilliant night.
On board the ship, everything was as it had been for millennia, deeply dark and Silent.
Click, hum.
At least, almost everything.
Click, click, hum.
Click, hum, click, hum, click, hum.

Click, click, click, click, click, hum.
Hmmm.

A low level supervising [control-] program woke up a slightly higher level supervising program deep
in the ship’s semi-somnolent cyberbrain and reported to it that whenever it went click all it got was
a hum.

DR

The higher level supervising program asked it what it was supposed to get, and the low level supervising program said that it couldn’t remember exactly, but thought it was probably more of a sort of
distant satisfied sigh, wasn’t it? It didn’t know what this hum was. Click, hum, click, hum. That
was all it was getting.
The higher level supervising program considered this and didn’t like it. It asked the low level supervising program what exactly it was supervising and the low level supervising program said it couldn’t
remember that either, just that it was something that was meant to go click, sigh every ten years or
so, which usually happened without fail. It had tried to consult its error look-up table but couldn’t
find it, which was why it had alerted the higher level supervising program to the problem .
The higher level supervising program went to consult one of its own look-up tables to find out what
the low level supervising program was meant to be supervising.
It couldn’t find the look-up table.
Odd.
— Douglas Adams. Mostly harmless

1

Design and verification of reactive systems [Pnu85] constitute one of the major challenges in computer science today [HS06, Sif11]. In contrast to the classical notions of
programs and algorithms which sparked the birth of computer science, reactive systems
are non-terminating engineering artifacts which continuously interact with their users
and environment in accordance with available resources, such as time and energy. During its lifetime such a system receives stimuli as input, which results in the computation
of outputs, and consequent state changes in the system and its environment.
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Such systems are not only of theoretical interest, as the majority of consumer products, ranging from computer operating systems and smart phones to microwave ovens,
airbag control units and medical equipment, may quite accurately be classified as reactive
systems, hence we would do well to understand such systems in detail.
As noted by Joseph Sifakis in [Sif11] reactive systems present a very different and
challenging concept in computer science, since these encourage us to refrain from using
the classical theory of computation, adopted for analysis of algorithms. This is so, because
the behavior of the system will typically depend heavily on e.g. execution times and other
available resources or properties such as energy, temperature, humidity, noise, vibrations,
air pressure, or radiation. Hence analysis of reactive systems explicitly requires us to take
into account the concrete platform on which they run, and therefore we cannot afford
the usual abstract view of computations.

DR

However, specification, design, and implementation of complex systems calls for abstraction techniques which will allow us to reason about systems with a manageable level
of detail. In the case of reactive systems a highly established technique for reducing
complexity, is that of decomposition of the system into smaller and less complex objects,
or components, which may be treated independently. While this approach compels us to
study re-composition, it turns out that it is in-fact analog to that of communication between high level systems. Consequently, when studying the behavior of reactive systems,
we focus mainly on communication.
Accepting the view that reactive systems are identified with the communication they
provide, we may simply think of these as a black boxes, exhibiting a number of ports
through which they may communicate with a given environment. As the environment
interacts with the system, ports may then be enabled or disabled, allowing for new
communication patterns.
The black box view means that the specifications need only be external, referring to
the communication patterns, or the behavior of the system [Mil89].

2

1. Motivation

1.1. System Validation
The Holy Grail in system development is a correctly and well-defined specification of the
system design and requirements, detailing different levels of acceptable, unacceptable and
required behavior. A specification is useful only if it provides engineers with an unambiguous blue print for how to derive an implementation, without hindering the creativity
in the process which permits the development of revolutionary products. Equally important for our present discussion, a specification provides a reference point for evaluating
the correctness of a proposed implementation.
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It is an unavoidable fact that today’s software and hardware systems grow increasingly
complex, due to consumer expectations of rich feature sets, scalability and stability. As
a consequence we experience an increasing number of obstacles in everyday life due to
unforeseen software and hardware errors. With more complexity, follows a higher probability of introducing design flaws, and the overwhelming size of modern systems means
that it is becoming common practice to distribute design and development of systems
between members of large groups of engineers. In particular in the Information and
Communication Technology industry, recent years have seen an increase in the outsourcing of the construction of certain components to subcontractors, in order to reduce the
cost of development.
This trend however induces a contradictory increasing potential for errors. Hence it is
vital that we now more than ever use methods which will alert us of errors. As a result,
most any contemporary engineering methodology dictates the use of validation techniques
throughout the development process to ensure adherence to the specification. However
if we are to embrace the reactive systems view, a revision of existing methodologies may
be needed.
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Validation of reactive systems as they are defined above, will inevitably require system
designers to take more involved specifications into account, which in addition to behavior
describe constraints on various resources such as time. Based on this observation, [HS06]
identify two orthogonal types of requirements, which may or may not be inter-dependent:
• Functional requirements which refer to the qualitative elements of the system. That
is, the features or services expected from the system, and the discrete behavior
which may and may not be exhibited by the system.
• Extra-functional requirements that are typically quantifyable properties of the system, which are inherently tied to the concrete platform and implementation chosen
by developers. This may refer to performance and timeliness, or external objects
supplying resources or monitoring execution cost. These are, properties which are
typically continuous in nature. Additionally certain aspects concerning the robustness of a system i.e. its tolerance to unforeseen changes in the environment or
execution platform, may be seen as a quantifyable and extra-functional concern.

3

1.1. System Validation
The ideal system validation scenario is completely automatic, unfortunately this is not
always practically feasible, especially in the presence of errors, where a manual analysis
of the problem must be conducted. However, progress in this direction has been made,
especially in the area of testing, which is one of the most widely used validation techniques
in the software industry today. The main philosophy behind testing is to exercise a
representative subset of the executions of the system, and compare the results to the
specification. When this has produced a satisfactory outcome, and all requirements in
the specification are accounted for, the system may be deemed correct (or valid).
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However, predicting the behavior of the system by testing only certain inputs, and
using extrapolation and interpolation to determine the behaviors for untested inputs is
infeasible, since software and hardware systems by nature are discontinuous. That is,
small perturbations in the input may change the execution paths and produce significant
changes in behavior. As a result, estimating behaviors for untested inputs this way is
risky at best. Additionally, complete testing is generally not possible, as the set of all
inputs, or sequences of stimuli in this case, is infinite.
This means that testing provides only relatively weak guarantees about a system’s
adherence to a specification, and it is typically used to validate the correctness of certain agreed upon use-cases. Hence, when developing high-integrity systems, including
embedded systems, where safety or reliability is of utmost importance, testing cannot
provide sufficient confidence in the functional, let alone the extra-functional, aspects of
the system.

1.1.1. Formal Methods

DR

In order to obtain stronger guarantees about the correctness of systems we may additionally choose to adopt appropriate formal methods based on sound mathematical
principles.
Contrary to testing, which is conducted on an instance of a running system, using
correctness-criteria from the specification translated into code invocation and inputs,
formal methods instead entail the use of models representing the system and its specification. Applying theoretical computer science fundamentals, such as formal languages,
automata theory, and logic, to a system model and a specification, we are able to ascertain properties corresponding to conducting an exhaustive exploration of the systems
behaviour. As we recast the validation process as a search for a mathematical proof, we
obtain verification of the system for all possible inputs. Conceptually, any state-of-theart verification process takes as input a pair of descriptions representing the system and
specification in order to determine whether the specification holds for the given system
(see Figure 1.1).
Formal methods are clearly well-suited for development scenarios which already use,

4

1. Motivation
Spec.

Incompatible
(Boolean)
Verification

Impl.

Good match

Figure 1.1.: State-of-the-art verification tools typically employ a Boolean view on the satisfaction of a specification by an implementation (figure borrowed from [Beh03]).
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or plan to use e.g. model-based development or model-driven architecture, since such
methodologies already employ abstract models of system designs and specifications. As
part of an incremental design process, the specification may be refined in a step-wise
manner, using applicable verification techniques to ensure that each increment preserves
the properties of the previous. Once the model of the specification is sufficiently refined,
it has in fact been implemented, in the sense that we have obtained an actual design.
Automatic source code generation, or manual translation may then be used to obtain the
actual implementation of the system. Formal modelling and verification methods may
alternatively be regarded as a tool for understanding existing systems or components,
and indeed it has a highly regarded track-record in e.g. verification of industrial casestudies spanning real-time controllers and real-time communication protocols, see e.g.
[DKRT97, JLS00, Ern05, Hen05, LMNS05, JRLD07].
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In order to address both functional and extra-functional aspects of reactive systems, it
is becoming increasingly clear [HS06, Sif11] that we are in need of a new computational
model or formalism which will support more involved models, i.e. where quantitative
information regarding extra-functional resources or assets can be expressed naturally. A
promising candidate for this purpose may be found in the seminal work by Alur and Dill
on timed autamata [ACD90, AD94] and its extension to weighted timed automata [ATP01,
ATP04, BFH+ 01] which focus on the need for verification of real-time systems, as well as
cost and rewards associated with behavior over time. One may equally want to consider
Markov chains or processes, used for modelling stochastic systems, or the model of hybrid
automata [Hen96].
The pervading idea of these formalisms is to use concepts from the well-known finite
state automata describing discrete behaviors, to encompas continuous behaviors. However the mathematical elegance in these approaches has certain drawbacks, in the sense
that these models do not map back into real-world systems due to their idealized semantics, which may be seen as an inherent lack of robustness. In later chapters we will
adopt a similar philosophy to obtain our quantitative system modeling (and specification
formalisms), moreover we will study one approach for regaining robustness of systems.

5

1.1. System Validation

1.1.2. Verification of Formal Models
The recent decade has seen a host of attractive verification techniques for formal models,
most of which have by now been extended to incorporate also quantitative information
such as time, probabilities, and energy. Nevertheless we will restrict attention to the
following:
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• Simulation, equivalence and refinement checking takes outset in formal language
and automata theory, and allows us to compare or equate sets of behaviors and
computation trees between models. Such techniques support questions such as; “can
all of the behavior in the specification be simulated by the implementation?”, or
more precisely, by the design model. This is a useful tool in incremental refinement
of a specification to a final design. Including quantitative information let us know
that the timings or probabilities of action occurrences are identical.
• Model-checking permits verification of formal specifications expressed in a modal or
temporal logic. It allows us to express partial requirements as separate properties,
and in a natural way to express invariants such as safety and liveness properties
e.g. “can a dead-lock ever occur?” and “can a safe shutdown always be executed?”.
When adding quantitative information [ACD90, HJ94], we can additionally express
questions such as “will this action occur within 5 time units?” or “will this action
occur with a probability higher than 0.5?”.
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• Games (known from game theory) have seen increasing use in systems verification.
Viewing the environment as an opponent in an appropriate game, finding a correct
system design corresponds to computing our strategy for playing the game. Hence
we are concerned with questions of the type: “Find – if possible – a strategy, i.e. a
system design that will bring the environment to a desired state - or avoid undesired
ones” or more interesting: “What is the optimal outcome of any interaction with
the environment?” and “Compute the strategy for stimulating the environment,
which will yield the optimal outcome”.

When analysing extra-functional and quantitative properties of reactive systems, the
standard Boolean framework which encompas most of the above techniques exhibit several disadvantages, most of which are related to the lack of continuity.
As also observed by de Alfaro et.al. for the logic CTL [dAFS04, dAFS09], the restrictive setting imposed by the Boolean framework may be ameliorated by allowing a more
detailed granularity of validity. Meaning that the verdict of a verification procedure, as
illustrated in Figure 1.2, is multi-valued as opposed to Boolean.
Limitations of the Boolean framework
In the Boolean framework, the verdict of verification is either true or false. This means
that there are models which cannot be distinguished even though they are different. As
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1. Motivation
Spec.

Incompatible
Quantitative
Verification

Impl.

Good match

Figure 1.2.: Quantifying the relationship between an implementation and specification.
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an example consider three pens with colours, red, orange, and blue, and the property “is
red?” which only holds for the first pen. This does not distinguish the orange and blue
pen, although orange may be useful to us, if the actual grade of colour is close enough to
red. By iterating the verification with different properties we may eventually be able to
determine which pen is an appropriate alternative, however for more involved properties
of larger models, this may be a non-trivial task.
Using only one bit as output means that to obtain a sufficient amount of information
about the model, we would have to devise a family of properties which narrows down
the models’ exact qualities. With more information as output, the computational effort is likely more economical. Additionally, it is not possible in the Boolean setting to
differentiate major and minor modifications to a design or specification, since improvements cannot be observed for already correct designs. Symmetrically, small errors are
considered equivalent to big errors and additional errors are not caught in a design which
already contains errors.

DR

With regards to the extra-functional properties of reactive systems, we must realise,
that when modeling a specification or design, such properties will almost certainly be
approximations of real-world objects. Hence minor inaccuracies are bound to be present,
and it is therefore reasonable to expect the verification to reflect this. Most of the extrafunctional aspects of systems mentioned here and in the literature are, as opposed to
the functional properties, continuous by nature. As a result of the Boolean view, minor
change in information, e.g. about the approximate power usage of a sub component,
may prompt the verification verdict to change from true to false. With this in mind, we
immediately observe the need for a framework which instead behaves continuously, that
is small changes in the model should induce small changes in the verdict.
In later chapters we study the use of games, and the game theoretical philosophy as a
means to achieve higher granularity of correctness. Games, which already play a huge role
in verification, were first adopted for reactive systems, without quantitative information,
by Colin Stirling [Sti95], in order to characterize the notion of bisimulation [Mil89]. The
notions of payoff, or utility, associated with games have only recently received attention
in the formal verification community which hitherto have focused on discrete notions
such as those associated with the existence of winning strategies.
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1.2. Research Hypothesis
In this thesis we are interested in quantitative analysis and formal verification of reactive
systems in terms of their functional and extra-functional properties. In the following
chapters we will investigate the challenges which must be addressed in order to answer
the following problem:
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Research Hypothesis: Using quantitative techniques and game theoretic approaches, it is possible to leverage the limitations of the Boolean framework for
formal verification of reactive systems.
Specifically, we study the following questions:

¶ Given the existing semantic framework for reactive systems, will a straight-forward
weighted extension permit quantitative verification of extra-functional properties?
· Will a metric on models provide a meaningful generalization of the Boolean framework of verification?
¸ Do algorithmic properties carry over when applying the game theoretic philosophy
to verification?
¹ Does there exist a generic approach to defining metrics on the behavior of systems?
º What are the properties of a useful quantitative specification theory?
» Will a quantitative framework of verification help us obtain robust reactive systems?

DR

Our goal in the next chapter is to clarify the above questions while setting up the
framework for the remainder of the thesis.
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2. Towards a Quantitative Framework
A framework for formal verification of reactive systems contains one or more specification
formalisms, modeling formalisms and analysis techniques, which will allow us to specify
the requirements and the design of a system, and permit us to determine whether the
design adheres to the specification.
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In this chapter we will study such a framework, focusing on automata based modeling
and modal-logic based specification formalisms permitting both functional and extrafunctional description of behavior. Moreover, we will investigate the properties of equivalence checking and satisfaction of logical specifications. In doing so, we will see that
for certain natural expectations associated with the meaning of models with quantitative
information, standard analysis techniques lack continuity and robustness, presenting an
unfortunate limitation for real-world use. Hence we shall develop our notion of quantitative analysis based on metrics, which shall occupy us for the remainder of this thesis.
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It is however important to recognise that the issues which arise using standard analysis
techniques, may be attributed to the incipient paradigm shift towards richer descriptions
of systems and their extra-functional aspects. With an increased focus on performance
and resource aspects of systems, specifications and models are to a much larger extent
expected to express information which exceed the discrete nature of communication,
which prompted many classical analysis based on bisimulation.
It is becoming increasingly apparent, that when attempting to reuse existing formalisms for reasoning about the behavior of systems in terms of communication, the
enrichment with extra-functional information, may leave the resulting formalism brittle,
lacking the robustness required by real-world applications. In addition to introducing the
technical concepts of this thesis, this chapter provide several thoughts of how quantitative analysis may be used to bridge the gap between the theoretical and ideal semantics
of systems and corresponding behavior of systems implemented in a less perfect environment.

2.1. Transition Systems
In order to demonstrate our concerns towards existing verification techniques, we explore a simple extension of labeled transition systems from [Kel76] and the seminal work
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s0
close
s2

trigger
s1

open

trigger

A simple controller of an electronic door (or any
everyday object such as a sensor augmented water
faucet or light source etc.). The system has three
states {s0 , s1 , s2 }, where in the initial state s0 , the
door is closed. When the sensor is triggered, the
controller initiates the actuators of the door, while
ignoring any further signals to open. It then opens
the door, transitioning to a state which allows it
to close the door, and returns to the initial state.
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Example 1: A simple reactive system

of Plotkin on structural operational semantics [Plo04]. It represents a very intuitive
but precise way of describing the extensional behavior of a system, and is by now the
most widely used formalism when specifying the semantics of high-level programming
languages or modeling and specification formalisms.
Basically, a labeled transition system is a possibly infinite directed graph where vertices represent configurations (or states) of our system, and its evolution is described by
directed edges labeled with the name of the action (representing a communication step,
or simple program executed in context of a larger system) which results in a state change
of the system.

DR

Labeled Transition System (LTS): Given a set of labels Σ, a labeled transition
system is a triple (S, s0 , →) comprised of a set of states S with an initial state s0 ∈ S,
and a transition relation →⊆ S × Σ × S.

Notice that LTS may be cyclic, allowing us to model repeated behavior, and they need
not be deterministic, which allows us to model lack of information about the next state.
More precisely, for a given state s and an action labeled a, we allow (s, a, s′ ), (s, a, s′′ ) ∈ →
for s′ ≠ s′′ , meaning that both are possible results of performing the action labeled by a.
Also, different actions may map to the same state, modeling e.g. different algorithms for
the same operation, or that different signals result in the same mode of operation.
Example 1 shows a simple LTS modeling the controller of an electric door. The pictorial
representation of an LTS suggests the following natural notation, which we will use here
a
and in the following chapters, where we write s Ð
→ s′ whenever (s, a, s′ ) ∈→.
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2.1.1. Quantifying Extra-Functional Information

Using the notion of LTS to represent the functional (or qualitative) aspects of a system,
we must decide on how to express the correlation between the actions performed by the
system and their effect on the underlying platform, and vice versa.
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Inspired by the concept of weighted automata introduced by Schützenberger [Sch61]
based in finite-state automata with a semi-ring structure on Σ, we shall assign a weight,
possibly from some structured domain, to actions. Doing so allows us to model information concerning e.g. cost, energy consumption, time, or radiation, or any combination. Moreover it allows us quantify membership of words, or appropriately behavior [CDH10], also the work on multi-valued logics and expressivity for weighted automata [LLM05, DG07, DV10] provides inspiration for how to obtain quantitative interpretations for system specifications. The approach, is similar to that found in literature
on verification such [AD94, Sei96] which aims at modeling real-time systems and that
in [Pan09] for probabilistic behavior. This rather simple, and intuitive, model of quantitative systems, has spawned a host of work for both quantitative and Boolean analysis,
aiming at modeling specific domains such as time [HMP05], probabilities [vBW01] and
cost [dAFS09], and more, which serve as an inspiration for our framework.
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In most cases we will assume that our weights are numbers e.g. drawn from the
set of reals or naturals. However occasionally we only require a metric to be definable
over the elements of the weight set, or sequences of elements, in order to determine the
“difference” between systems. In order to make the extension of LTS explicit we will
refer to these as weighted labeled transition system (WLTS) or simply weighted transition
systems (WTS), and use K to emphasize the additional structure. As a running example of a WTS we will consider the one defined over pairs of real numbers and discrete
labels. Example 3 shows a WTS on this form, corresponding to the LTS from example 2.
A weighted transition system over the set of labels K = R≥0 × Σ, where Σ is a
discrete label set and R≥0 the set of non-negative reals, is a tuple (S, s0 , →) where
d,a

→⊆ S × K × S, where we write s Ð→ s′ to denote (s, (d, a), s′ ) ∈→.
Note that Kripke structures [Kri63], which provide a similar basic formalism for modeling and verification of reactive systems, have an analog extension. In Paper D we
demonstrate that our intuition, leading us to incorporate extra-functional (or platform
dependent) information on transitions, applies equally well in this setting.
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s0

s′0
a

a

a
s′1

s′2

s1
b

s3

s′3

s′4
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s2

b

c

The two LTS are trace equivalent i.e.
T r(s0 ) = T r(s′0 ) =
{⟨a, b⟩, ⟨a, c⟩} but do not admit the
same interaction with a possible
environment; Observe that s0 offers both actions b and c after a,
c whereas s′0 offers only b or c depending on which a action is performed.

Example 2: Comparing trace equivalence and bisimulation

2.2. Evaluating Behavior: From Relations to Metrics
As pointed out in Chapter 1, reactive systems distinguish themselves from the classical
view on computations by being non-terminating and by continuously interacting (or
communicating) with an environment. As termination is not desirable, the running time
of computations is meaningless. Instead, it is natural that we interpret the behaviour of
such systems in terms of the order and availability of actions, as the system transitions
from state to state.
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In order to evaluate the behavior of a model, it is necessary to do so, based on some
appropriate abstraction. Standard literature on verification by now contains many useful ways to interpret the behavior of LTS, most of which have been organized in van
Glabeek’s hierarchy [vG01] which details a linear-time branching-time spectrum according to different levels of observations and interaction. Several of these will be useful to
us in later chapters, but for now we will focus on the classical trace semantics [Hoa85]
and branching semantics (simulation semantics) [Par81, Mil89].
Example 2 presents a pair of classical models demonstrating the difference between
trace semantics and branching semantics, when used to equate the behavior of reactive
systems.

Each behavioral abstraction gives rise to a notion of behavioural equivalence and preorder. This results in a simple but rich verification framework where both the required
behavior, that is to say the specification, as well as the actual design, is given by an LTS,
effectively permitting the use of any formalism with an LTS based operational semantics.

Trace equivalence is founded in standard automata and language theory, where the
behaviour of systems is perceived as set of finite and infinite sequences of labels recording
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the actions which the system has undertaken up to a given moment in time, or that
we may expect to observe given infinite time. Trace equivalence and inclusion hence
correspond to standard language equivalence and inclusion for non-deterministic finite
state automata (NFA) or Büchi automata (BA)[Tho90].
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For a given set of labels Σ, we denote by Σ∗ and Σω the set of finite, respectively
infinite, sequences over Σ, and write Σ∞ for Σ∗ ∪ Σω .
A trace σ ∈ Σ∞ is a sequence of labels, and we say that σ = a1 . . . an for n ≥ 0
(or σ = a1 . . . ) is a trace of a state s, denoted σ ∈ T r(s) if there exist states si
a1
a2
a1
a2
an
for i ∈ {1, . . . , n} (or i ≥ 1) such that s Ð→ s1 Ð→ . . . Ð→ sn (or s Ð→ s1 Ð→ . . . ).
Given states s and s′ then T r(s) = T r(s′ ) and T r(s) ⊆ T r(s′ ) formalizes trace
equivalence: s = s′ and trace inclusion: s ≤ s′ .

Simulation and bisimulation, respectively a preorder and equivalence on the branching
behavior, ensures that the possible future actions are labeled alike.
Simulation: A binary relation R over the set S of an LTS (S, s0 , →) is a simulation
relation provided that whenever (s, t) ∈ R and a ∈ Σ
a

a

• sÐ
→ s′ implies that t Ð
→ t′ such that (s′ , t′ ) ∈ R

DR

A state t simulates a state s, written s ≼ t, if there exist a simulation relation R such
that (s, t) ∈ R. Moreover, if also the transposed relation RT is a simulation relation
then R is a bisimulation relation, and we write s ∼ t and call s and t bisimilar.
Contrary to the trace semantics which records computation histories, branching semantics collect the possible future behaviors, by asserting at each step in the LTS what
the possible next actions are.
Even though branching semantics seems to capture a more natural interpretation of
the interaction between a system and the environment, there are many who advocate
the use of linear semantics, such as trace semantics, arguing that it may be more apt for
describing natural properties of systems [Var01]. However, branching semantics together
with simulation and bisimulation pertain several useful properties aiming at verification
of both types of behavior. Given states s and t of a NFA:
• deciding s ≤ t or s = t is PSPACE-complete [SM73].
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• If s ≼ t then also s ≤ t and if s ∼ t then also s = t [Mil89].
• Both s ≼ t and s ∼ t is polynomial time decidable [KS83].
This means that simulation and bisimulation yield an efficient approximation of trace
inclusion and equivalence, Papers A and C study similar results for the quantitative
counterparts.

2.2.1. Aiming at a continuous hierarchy of relations
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Adopting the approach from [ACD90, AD94] for real-time systems, where both a timed
and time-abstract version of language inclusion and simulation are considered, our generalization of LTS allows us in a similar way to consider relations on behavior where the
quantitative information is either included as part of the observable behavior, or ignored
as such. As a result, we obtain a weighted and weight-abstract (unweighted) version of
every behavioral relation from [vG01], e.g. by using an appropriate abstraction of the
system either in terms of a projection of the label set, or by saturating the transition
relation.
d,a

d′ ,a

For any (S, s0 , →) over K = R≥0 × Σ, define →∗ where if s Ð→ s′ then s ÐÐ→∗ s′
for all d′ ∈ R≥0 . For a binary relation ≡ on states, let ≡u denote the corresponding
unweighted relation, defined as {(s, t) ∣ s ≡ t in (S, s0 , →∗ )}

DR

Using this definition it not hard to check that ∼ ⊂ ∼u ⊂ = ⊂ =u ⊂ S × S providing
us with a simple hierarchy of the relations considered at present. Notice that the two
models from Example 2 together with an arbitrary assignment of weights, demonstrates
that the hierarchy is in-fact strict, as the models are trace equivalent, but not bisimilar,
in both the weighted and unweighted version i.e. s0 = s′0 and s0 =u s′0 where as s0 ∼/ s′0
and s0 ∼/ u s′0 .

The fundamental observation which has motivated much of the work presented in this
thesis, is that extra-functional behavior by nature is quantitative and continuous, whereas
the functional, or qualitative, behavior of software and hardware systems is discontinuous.
Hence equalities and preorders are very natural ways of assessing qualitative behavior, as
a model either exhibits the behavior or not, but on the other hand, by our observation,
extra-functional behavior may differ only very little. Keeping in mind that when modeling
physical objects, which may be the case for extra-functional behavior, approximation is
unavoidable, whereas the specifications by nature are ideal. The discontinuity of the
equivalences and preorders discussed so far, that is, their inability to distinguish minor
inadequacies, or perturbations, in extra-functional behavior, indicates an inherent lack of
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robustness in such analysis, and discourages their use in analysis of quantitative (reactive)
systems.
By adapting the standard Boolean framework of behavioral equivalences and preorders,
and insisting that, if extra-functional aspects are observable, they must match exactly
the ones of the specification, we induce a gap in expressivity. That is, we are left with
a hierarchy in which we cannot determine extra-functional properties of systems which
are arbitrarily close to satisfying the specification.
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In order to ameliorate both of these limitations, we adopt the approach of quantitative
analysis, popularized by de Alfaro et.al. [dAM01, dAHM03, dAFS04, dAFS09] for reactive
systems, and previously studied by Jou and Smolka [JS90] and others [DGJP04, Buc08]
for approximating behavior of probabilistic processes and weighted automata. Basically,
quantifying the relationship between behaviors we consider two behaviors to induce a
value on the extended real line, as opposed to being equal or not. Formally a hemimetric
on states (see Paper A), we obtain a continuous relationship between behaviors, corresponding to a continuous hierarchy of relations {Rε ∣ ε ≥ 0} spanning the gap between
the weighted and unweighted relation.
For a weighted, and corresponding unweighted relation ≡ ⊆ ≡u ⊆ S × S, we say that
a hemimetric d ∶ S × S → R≥0 ∪ {∞} is a ≡-distance, if
s ≡ t implies d(s, t) = 0 and s ≡/ u t implies d(s, t) = ∞

DR

Realizing that, in different domains, e.g. in real-time and probabilistic systems, we
are concerned with specific aspects, or abstractions, of a system’s dynamic behavior, we
will not insist that a distance corresponding to any one equality or preorder is unique.
Rather, we aim at a framework guiding us to define distances for each of the equalities
and preorders, given a distance of traces as a starting point. Hence we get a continuous
hierarchy for each of these.
In order to understand the properties of such distances, we will consider several examples
• Point-wise distance, as introduced in [dAFS04]
• Hamming distance, adopted from the original work in [Ham50]
• Accumulating (and discounted) distance, generalizing the Hamming distance.
• Maximum-lead distance, as defined for real-time systems in [HMP05]
Throughout this thesis we pursue different techniques for defining system distances, focusing on quantifying trace inclusion and equivalence, as well as simulation and bisimula-
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tion as the underlying qualitative behavior. Motivated by the work in [dAFS04, dAFS09]
we study their characterization as fixed points of recursive equations which admit a
operational view on distances. In Paper A we introduce a corresponding notion of
simulation families which constitute a co-inductive approach to defining a family of
relations, with the property that the distance of a pair of states corresponds to the
index of the smallest family member in which they are contained. Hence, for any
pair (s, t) a family F = {Rε ∣ ε ≥ 0} ensures that (s, t) ∈ Rε ∈ F for all ε ≥ d(s, t)
and the future behavior is closed under F . This approach turns out to be a useful proof technique, as it allows us to establish the distance by producing the relevant family. As an example we consider the following definition (of a singleton family) which measures the point-wise distance over the branching semantics. Note that
the use of discounting, which is readily used in later chapters, in order to ensure convergence, necessitates that relations are collected in families, as the (local) distance
between weights may grow proportional to the inverse of the discounting factor. Example 3 building on 2 demonstrates the point-wise ε-bisimulation defined over WTS.
Point-wise ε-Bisimulation: Given ε ∈ R≥0 , a ε indexed binary relation Rε over
the set S of a weighted transition system (S, s0 , →, w), is an ε-bisimulation relation
provided that for all (s, t) ∈ Rε and a ∈ Σ
a,d

a,d′

• s Ð→ s′ implies t ÐÐ→ t′ with ∣d − d′ ∣ ≤ ε and (s′ , t′ ) ∈ Rε for some t′ ∈ S
a,d

a,d′

• t Ð→ t′ implies s ÐÐ→ s′ with ∣d − d′ ∣ ≤ ε and (s′ , t′ ) ∈ Rε for some s′ ∈ S

DR

We write s ∼ε t whenever there exist a point-wise ε-bisimulation Rε such that (s, t) ∈
Rε and this is the infimum ε for which this holds.

In Paper B we study a simple CCS [Mil89] based weighted process algebra for finite and
regular behaviors, axiomatize the bisimulation distances based on underlying point-wise
and accumulating semantics, and establish the complexity by reduction to well-known
games.

2.3. A Game Theoretic Approach

In addition to the equational and relational approach for defining distances, we study the
use of games, as popularized by von Neumann, where the notion of a pay-off corresponds
naturally to distances, and the game structure lends itself to establishing properties of
distances at a very general level.
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s
s′
To illustrate what we mean by the
(a, 0.3)
(a, 0.3)
Boolean gap and motivate a more con(a, 0.3)
tinuous approach, we consider a slight
s′1
s′2
variation of our previous example, in
s1
(b, 0.1)
(b, 0.1)
(β, d)
which we compare the behavior from (b, 0.1)
′
states s and s .
s2
s3 s′3
s′4
For this purpose we let β and d be parameters of s′ as illustrated. Instantiating s′ with b and 0.1 (written s′ (b, 0.1)) we
have s ∼ s′ (b, 0.1) and s ∼u s′ (b, d) for any d ∈ R≥0 . We easily see that a minor
change in d has the same effect as a major change, e.g. instantiating s′ (b, 0.2) or
s′ (b, 2) has the same effect since both s ∼/ s′ (b, 0.2) and s ∼/ s′ (b, 2).
Using the definition of point-wise bisimulation, clearly s ∼0 s′ (b, 0.1) as expected, but
more importantly we can establish s ∼ε s′ (b, d) whenever ∣d−0.1∣ = ε. Additionally, as
our bisimulation distance is a hemimetric, we inherit the useful triangle inequality.
Meaning that, for any β ∈ Σ if ∣d − d′ ∣ = ε and hence s′ (β, d) ∼ε s′ (β, d′ ), if also
s ∼ε′ s′ (β, d) we may conclude that s ∼ε′′ s′ (β, d′ ) for some ε′′ ≤ ε′ + ε.
Example 3: Computing the point-wise bisimulation distance

Games are a very natural way of comparing a specification with a model, since in each
round of the game Player I, playing on behalf of the specification, challenges Player II
to demonstrate how well the two objects correspond, by picking a property in one, and
continuing to do so along the dynamic behavior of the two, as long as Player II prevails.
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The game theoretic approach to evaluating behavior of reactive systems was first
studied by Stirling [Sti95], who showed that bisimulation may be characterized as a
game (albeit a discrete game where the pay-off is 1 or 0). Later, in [CD08] a more
elaborate hierarchy of discrete games was presented, embedding (or characterizing) all
of van Glabbeek’s hierarchy. In the meantime, both discrete games and games with
more refined pay-offs haves been studied, incorporating different types of objectives, see
[dAM01, ABM04, dAMRS07, CD08] for a non-exhaustive list.
The so-called bisimulation game, which determines the ground rules for our bisimulation based distance games, such as the point-wise distance above, is an instance of a
Ehrenfeucht-Fraïssé game [Ehr61, Fra54], where players I and II play to disprove and
prove the bisimilarity respectively, starting at different states in the LTS. Player I initiates the game from either state, by playing a transition. Player II is then obliged to
match the transition from the remaining state, by picking one labeled by the same action. If the process can continue indefinitely (infinitely often) from the resulting states;
i.e. such that Player I chooses a new transition and Player II responds and so on, then
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the states visited are pair-wise bisimilar. However, if Player I can manage to win the
game, by bringing the game to a position where Player II no longer can respond to the
challenge, then there cannot exist a bisimulation relation containing the states.
A pair of states in an LTS is bisimilar if and only if Player I does not have a strategy
which will guarantee her to win the bisimulation game [Sti95].
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This game enjoys the property that players only need to consider positional strategies,
meaning that if a winning strategy exists, then it is effectively a map from states to
transitions. As the game is hence memory-less, players can safely ignore the history of
an ongoing game. By a slightly ad-hoc approach, we may obtain a game corresponding
to our point-wise bisimulation distance.
The point-wise bisimulation distances may be obtained as the game played according
α,d

α′ ,d′

to the above rules, where a match of a pair of transitions τ = s ÐÐ→ s′ , τ ′ = t ÐÐ→ t′
is evaluated according to
⎧
⎪
⎪∞
d(τ, τ ′ ) = ⎨
′
⎪
⎪
⎩∣d − d ∣

if α ≠ α′
otherwise
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The pay-off v(s, t) of the game, played from states s and t is ε, if ε is the smallest
value satisfying that Player II indefinitely can match every transition τ played by
Player I with a transition τ ′ such that d(τ, τ ′ ) ≤ ε.

In Paper C we propose a much more generic approach, where the pay-off is evaluated
as a metric on the history of the game, that is, the pair of traces which is traversed as
the game progresses. Depending on the game, i.e. the metric chosen, the games are
however no longer memory less. This approach is motivated by the observation, similar
to that in [Var01], that from an application point of view, it is easier to describe how one
possible computation of a system compares to another, ignoring the branching behavior
at first. The suggested game framework then prescribes a corresponding simulation
distance. Notice that this approach permits a host of more advanced distances e.g.
which consider permutations or reorderings of actions. Restricting the ability of Player I
to observe the moves of Player II, and alternate between states, either at certain intervals
or permanently, we obtain different types of qualitative analysis (relations), including
trace inclusion, which are immediately quantifiable.
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2.4. Specifications with Quantitative Interpretations
Having seen how system distances, provide a continuous relationship between systems,
and thus seem to be more robust than the standard Boolean approach of preorders and
equivalences, we may additionally consider a quantitative interpretation of specification
formalisms which provide a more succinct representation of requirements. In doing so, we
formalize a helpful intuition of “how close a model (i.e. a system design) is to be within
specification”. That is, we shift focus towards quantifying membership of a specification
i.e. how close a given model is to being a member of the set of systems satisfying a
specification.
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When specifying properties of reactive systems and especially their branching behavior,
temporal logic based specification formalisms [Pnu77, CE81, QS82] complement behavioral relations (or metrics), enabling us to express, and combine, partial requirements
which are in some sense less global. Logics such as computation tree logic (CTL) [CE81,
QS82] and linear temporal logic (LTL) [Pnu77] and several extensions have a substantial
user base in formal verification, and have been implemented as part of several prominent
tools e.g. [Hol04, LPY97, KNP00].
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Yet another approach to system specifications, which we return to in Paper E, is that of
modal transition systems (MTS) [Lar89]. MTS combine useful properties of logic-based
specification theories and those comprised of transition systems (e.g. LTS or WTS)
accompanied by a preorders, equivalences or metrics. Whereas in logics implication
provide a notion of refinement from one specification to another, and conjunction provides
a natural intersection of specifications and therefor the allowed implementations, both
notions have only trivial counterparts in the setting of equivalences over WTS. However,
structural composition (parallel composition) is much better understood for transition
system based specifications than in the logic based frameworks. MTS in turn permit
step-wise refinement and (logical) composition as well as structural composition.
Incorporating quantitative information into CTL and LTL (see e.g. [FLT11, Mar11,
BFLM11] for an overview w.r.t time), and MTS (see e.g. the recent work in [BJL+ 11])
is a highly active research subject, aiming at more expressive specification formalisms,
which allows us to address extra-functional requirements.
To aid verification of properties which are real-time or probabilistic in nature, CTL and
LTL have been extended with quantitative information, in terms of time bounds [ACD90,
AD94] or probability bounds [HJ94] on certain properties, in terms of observations. Referring to quantities in the specification provides us with a larger set of more precise
specifications, allowing us to partition the set of all models, in a more refined manner,
into those which stay within the desired real-time (or probabilistic) requirements and
those which do not. Say, e.g. those which can and can not, perform an action a within 5
time-units. Albeit pertaining a Boolean semantics, quantitative specifications referring
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to upper bounds (e.g. ≤ 5), or lower bounds, clearly admit a finer partitioning than that
of the timed vs. timed-abstract equivalences discussed above.
However, as observed by Kozen in [Koz85] and de Alfaro et.al. in [dAFS04] an arithmetic interpretation of formulae, may facilitate an even less strict distinction between
satisfying the specification and not. The idea also fundamental to the theory of fuzzy
set [Zad65] and multi-valued logics (see e.g. [Fit91, Fit92, KY95]) is related to the problem of uncertainty, and the philosophical question of whether every proposition is either
true or false. A question which dates back to Aristotle’s work titled On Interpretation in
which he discuss the problematic truth status of matters that are future contingent, and
to the Heisenberg principle of uncertainty pertaining to quantum mechanics.
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In the setting of timed automata and weighted timed automata [BFH+ 01], which we
study in Papers A and F, a massive body of research provides theoretical and practical
tools for verification. Not only in terms of model-checking of logical specifications and
timed properties of real-time controllers and real-time communication protocols (see e.g.
[DKRT97, JLS00, Ern05, Hen05, LMNS05, JRLD07]. or www.uppaal.org for numerous
industrial examples), but also of a more general type of quantitative analysis1 related to
cost in reachability [BFH+ 01, ABM04] and schedulability [BFL+ 08, FL09].
In this section, and in papers D, E and F, we focus on quantitative interpretations of
specification formalisms, more precisely CTL and MTS, as well as Hennessy-Milner logic
with recursion. Using a similar approach to that of [dAFS09], we measure (or quantify)
how well a system decorated with quantitative information, adheres to a specification
expressing requirements on behavior and the associated quantitative information.
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2.4.1. A first attempt: Quantitative Hennessy–Milner Logic

As an example of suitable specification theory, we consider multi-valued, or quantitative,
Hennessy–Milner Logic (HML) with recursion, similar to the quantitative µ-calculus from
[dAM01, dAFS04, dAFS09, KP04, LLM05], and show that our semantics is both adequate for measuring the corresponding bisimulation distance of processes, and expressive
enough to characterise any WTS w.r.t. our point-wise bisimulation distance.
Quantitative HML Let X be a set of identifiers, LX is then the smallest set of
expressions generated, by the following abstract syntax:
ϕ, ϕ1 , ϕ2 ∶= tt ∣ ff ∣ ϕ1 ∧ ϕ2 ∣ ϕ1 ∨ ϕ2 ∣ X ∣ ⟨a⟩c ϕ ∣ [a]c ϕ with X ∈ X and c ∈ R≥0 ∪ {∞}
1

The term quantitative analysis has several meanings in the literature, most of which refer to (Boolean)
verification of models w.r.t. properties, where one or both contain constraints of a quantitative nature.
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As usual LX is intended as a specification language for systems and their quantitative
behavior, i.e. for models which may be can interpreted as WTS. Each formula will be
characterized by a function assigning a value in R≥0 ∪ {∞} to states, according to how
suited it is as a candidate for the specification. As such, any state will be suitable for
the specification tt, hence they will have the value 0, meaning no deviation from the
specification. No state is supposed to have the property ff hence all states deviate with
the value ∞. Now any state will deviate at most ε from the property ⟨a⟩c ϕ iff it is capable
of an (a,d)-labeled transition into a state deviating at most ε from ϕ and also ∣c − d∣ ≤ ε.

JttKσ (s) = 0

Jff Kσ (s) = ∞
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Fixing a WTS (S, s0 , →) let ∆ = (R≥0 ∪ {∞})S (i.e all functions from S to R≥0 ∪ {∞})
and let D ∶ X → LX be a declaration, assigning formulae to identifiers. The semantics of
a formula ϕ is defined, relative to an interpretation σ ∶ X → ∆, as a function JϕKσ ∶ S →
R≥0 ∪ {∞} is inductively defined as:

Jϕ1 ∧ ϕ2 Kσ (s) = max{Jϕ1 Kσ (s), Jϕ2 Kσ (s)}
Jϕ1 ∨ ϕ2 Kσ (s) = min{Jϕ1 Kσ (s), Jϕ2 Kσ (s)}
JXKσ (s) = σ(s)

a,d

J⟨a⟩c ϕKσ (s) = min { max{∣d − c∣, JϕKσ (s′ )} ∣ s Ð→ s′ }
a,c

J[a]c ϕKσ (s) = max {JϕKσ (s′ ) ∣ s Ð→ s′ }

J⟨a⟩c ϕKσ (s) = ∞ and J[a]c ϕKσ (s) = 0

a

if s Ð
→
a,c

if s Ð→

otherwise
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We see that ⟨a⟩c ϕ is computed by minimizing the value over all outgoing transitions,
whereas [a]c ϕ is computed as the highest deviation of any transition or, and if no (a,c)labeled transition exists there is clearly no deviation.
Given a recursive declaration D we want the semantics of variables Xi to be functions
Si ∈ ∆ satisfying the following
S1 = JD(X1 )K(X1 =S1 ,⋯,Xn =Sn )
⋮

Sn = JD(Xn )K(X1 =S1 ,⋯,Xn =Sn )

To ensure that this indeed is well-defined we observe that, as usual, the declaration D
semantically can be viewed as a transformer JDK ∶ ∆n → ∆n given as
JDK(S1 , . . . , Sn ) = (JD(X1 )K(X1 =S1 ,⋯,Xn =Sn ) . . . JD(Xn )K(X1 =S1 ,⋯,Xn =Sn ) )
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Considering states s and s′ it is easy
(a, 1.1)
to see that s ∼0.6 s′ for our point-wise s
s1
bisimulation. Let ϕO = ∧a∈Σ,d∈R≥0 [a]d ff
be the property of a (terminated) state
with no successors, satisfying that for all
states t : JϕO K(t) ∈ {0, ∞}.
It is then easy too see that ϕ = ⟨a⟩1.1 ϕO is satisfied by s,
However for s′ we get
⎧
⎪
⎪max{∣1.1 − 0.5∣, JϕO K(s′1 )}
JϕK(s ) = min ⎨
′
⎪
⎪
⎩max{∣1.1 − 1.5∣, JϕO K(s2 )}

s′1

s′
(a, 1.5)

s′2

i.e. that JϕK(s) = 0.
= 0.4
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′

(a, 0.5)

Meaning ϕ does not specify a property enhancing the difference between s and s′
as it does not capture the behavior not present from s. The formula ϕ′ = ⟨a⟩0.5 ϕO
however does distinguish the states, since Jϕ′ K(s) = 0.6 and Jϕ′ K(s′ ) = 0.
Example 4: Expressing the difference between states.

To see that by Tarski’s Theorem [Tar55] JDK has a least fixed point σ ∗ = JDK(σ ∗ ), we
observe that ∆n together with the partial order ⊑, defined point-wise by σ1 ⊑ σ2 iff
∀X∀s.σ1 (X)(s) ≤ σ2 (X)(s), is a complete lattice and that JDK is indeed a monotone
endofunction (since min and max used in the semantics are also monotone).
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Like the extension of behavioral relations with metrics, our semantics allows us, in a
succinct manner, to obtain a continuous verdict on satisfaction. Given a specification
as a formula ϕ, and an LTS state s, satisfying ϕ with ε ≠ 0, we learn that s is close, in
terms of our point-wise bisimulation, to some s′ which is within specification. Example
4 demonstrates this on a pair of simple weighted transition systems.
Conversely, it is not hard to imagine that the specification instead may be modified
slightly to match our existing system. This in turn gives rise to a distance on specifications. In Paper E we implement this intuition in terms of specifications given as modal
transition systems.
Adequacy

In order to show that our semantics is adequate to characterize the relationship between
systems in up to point-wise ε-bisimulation, we present a quantitative Hennessy–Milner
theorem [HM85]. We will use that for any pair of states s and s′ in a image-finite
LTS, whenever s ∼/ s′ then there exists a number n such that s ∼/ n s′ (denoting n-depth
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bisimulation) [HM85]. Meaning, that if a distinguishing formula exist for s and s′ , it
requires at most n nestings of ⟨⋅⟩ and [⋅] operators. Dually, if any formula of depth n
cannot distinguish the pair, then no formula can hope to do so. Hence, we need only
consider the recursion-free fragment L of our syntax. Note that a similar result has been
presented by the authors in [dAFS09] for a point-wise semantics over metric transition
systems.
Adequacy Let (S, s0 , →) be a finite WTS, with s, s′ ∈ S, and ε ∈ R≥0 then s ∼ε s′
iff ∀ϕ ∈ L ∶ ∣JϕK(s) − JϕK(s′ )∣ ≤ ε. (or JϕK(s) = JϕK(s′ ) = ∞)
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The proof, which is similar to that in [AILS07] for the qualitative Hennessy and Milner
theorem, require the use of the following lemma
Lemma 1. Let a1 , a2 , b1 , b2 , ε ∈ R≥0 ∪ {∞}, and assume ∣a1 − b1 ∣ ≤ ε and ∣a2 − b2 ∣ ≤ ε.
Then ∣ max{a1 , a2 } − max{b1 , b2 }∣ ≤ ε and ∣ min{a1 , a2 } − min{b1 , b2 }∣ ≤ ε.
Proof of adequacy: The proof may be shown by standard induction in the formula. Hence
we restrict our efforts to showing the case for the formula ⟨a⟩c ϕ.
Assume s ∼ε s′ . To prove that ∣J⟨a⟩c ϕK(s) − J⟨a⟩c ϕK(s′ )∣ ≤ ε we use the IH and that
s ∼ε s′ implies that
a,d

a,d

∀s Ð→ si ∃s′ Ð→ s′i such that ∣d − d′ ∣ ≤ ε and si ∼ε s′i
and vise versa.

a,d

Let J⟨a⟩c ϕK(s) be attained by s Ð→ si i.e. J⟨a⟩c ϕK(s) = max{∣c − d∣, JϕK(si )} and let
a,d′
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J⟨a⟩c ϕK(s′ ) be attained by s′ ÐÐ→ s′i meaning J⟨a⟩c ϕK(s′ ) = max{∣c − d′ ∣, JϕK(s′i )}.

Assume towards a contradiction that ∣ max{∣c − d′ ∣, JϕK(si )} − max{∣c − d′ ∣, JϕK(s′i )}∣ > ε
and without loss of generality that max{∣c − d′ ∣, JϕK(si )} > max{∣c − d′ ∣, JϕK(s′i )}.
a,d∗

a,d

Now since s ∼ε s′ there must exist a transition s′ ÐÐ→ s∗ which will match s Ð→ si
sufficiently. Hence ∣d∗ − d∣ ≤ ε and si ∼ε s∗ and also by IH ∣(d∗ − c) − (d − c)∣ ≤ ε and
∣JϕK(si ) − JϕK(s∗ )∣ ≤ ε
By Lemma 1 we then get ∣ max{∣d∗ − c∣, JϕK(s∗ )} − max{∣d − c∣, JϕK(s)}∣ ≤ ε.

But this can only be possible if max{∣d∗ − c∣, JϕK(s∗ )} < max{∣d′ − c∣, JϕK(s′i )} contraa,d′

dicting that s ÐÐ→ s′i attains J⟨a⟩c ϕK(s′ ).

For the other direction, we define a relation R ⊆ S × S as follows.
R = {(s, s′ ) ∣ ∀ϕ ∈ LX ∶ ∣JϕK(s) − JϕK(s′ )∣ ≤ ε or JϕK(s) = JϕK(s′ ) = ∞}

it is now sufficient to see that R is a ε-bisimulation containing (s, s′ ).
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Expressivity
Though we have established that our quantitative semantics corresponds to our notion of
point-wise bisimulation, we do not yet know how expressive our specification formalism
is. The expressiveness of a specification formalism, such as our logic, is another important
factor, since we obviously prefer a formalism allowing us to express sufficiently broad or
narrow specifications.
Establishing the existence of characteristic formulae for finite WTS, we show that
our specification formalism allows us to specify each system uniquely, up to point-wise
bisimulation.
a,d
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Expressivity Let (S, s0 , →) be a finite WTS, and W = {d ∈ R≥0 ∣ ∃s, s′ , a.s Ð→ s′ }
be the finite set of weights used. For each state s ∈ S, let Xs be declared in Dc as
Dc (Xs ) =

⟨a⟩d Xs′ ∧ ⋀ [a]d ( ⋁ Xs′ )
⋀
a,d
a,d
d∈W,a∈Σ
s′ ,a,d∶sÐ→s′
sÐ→s′

and let σ∗ be the least fixed point of Dc i.e. σ∗ = JDc K(σ ∗ ). Then for every s′ ∈ S :
JXs Kσ∗ (s′ ) ≤ ε iff s ∼ε s′ .
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Logics with quantitative semantics, such as the presently discussed HML, permit us
to specify many useful properties of systems, pertaining to both functional and extrafunctional requirements. Logical conjunction and disjunction enable us to develop partial
specifications, describing fragments of the behavior independently and combining them
afterwards. However, most logics do not admit an intuitive way of ascertaining whether
specifications are equivalent, incompatible or unrelated. Studying a quantitative extension of modal transition systems [Lar89] and refinement, as we do in Paper E, we obtain a
complementary specification formalism in which procedures for answering such questions
come more natural.

2.5. Robustness in Formalisms
Studying continuity in analysis techniques for reactive systems, quantitative bisimulation and HML provide a continuous verdict on properties of WTS. However, modeling
formalisms such as timed automata [ACD90, AD94] for which the semantic may be understood in terms of WTS do not directly inherit this continuity [Pur00].
As the behavior of timed automata depends on the quantitative information representing time, minor changes in this information inadvertently accumulate and may introduce
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press

x = 100
x ∶= 0
Off

Bright
x ≤ 100

press
x ∶= 0

x ∶= 0
x = 100

Light
x ≤ 100

x ∶= 0

x ∶= 0
x≤3
press
press
x>3
x ∶= 0
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A timed automaton model of an intelligent light switch. Starting in the “Off”
location, a press of the button turns the
light on, and it remains in this state for
100 time units (i.e. until clock x = 100),
at which time the light turns off again.
During this time, an additional press resets the clock x and prolongs the time
in the state by 100 time units. Pressing
the button twice, with at most three time
units between the presses, triggers a special bright light.

Example 5: A light switch modelled as a timed automaton from [Beh03, FLT11].

drastically new behaviors in models. Initially the lack of continuity seems natural, however these minor changes are of practical importance.
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When modelling real-time systems which are to be executed on digital hardware, the
mathematical semantics governing the behavior of timed automata, fails to take fixed
clock speeds, clock drifts, etc. of the physical platform into account, and instead assumes continuous and infinitely precise measurement of time. It turns out that the
continuity which has occupied the previous sections, correspond to robustness of timed
automata [Pur00, DDR05] and ultimately their implementability.
Timed automaton: Let C be a set of clocks, then Ψ(C) contains all expression
formed by the syntax:
ϕ ∶∶= x & c ∣ x − y & c ∣ ϕ1 ∧ ϕ2

with c ∈ R≥0 , and x, y ∈ C and & ∈ {≤, <, >, ≥}

A timed automaton over a set of labels Σ is a tuple (L, `0 , C, I, E) where:
• L is a finite set of locations, with `0 as the initial location,
• C is a finite set of clocks,

• I ∶ L → Ψ(C) assigns invariants to locations,
• E ∈ L × Ψ(C) × Σ × 2C × L is a set of edges.
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In short, timed automata extend NFAs with positive real-valued variables, called clocks,
measuring delays between actions. Simple Boolean expressions over clocks decorate the
states of the automaton which we call locations, as well as the transitions which are
called edges. The purpose of these are to ensure timely progress, and model delays in the
behavior of the automata. The value clocks grow continuously at the same rate, but we
allow clocks to be reset whenever the location of the automata is changed. Example 5
demonstrates a model of an intelligent light switch in which the timing of the interaction
determines the behavior of the light.
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The semantics of timed automata over Σ is traditionally given as a timed transition
system [ACD90, AD94], over states encoding the location and values of clocks, with
transitions representing passing of time in a location or the move to a new location
via an edge. We may equally interpret the automaton as a WTS over the label set
Σ ∪ {delay} × R≥0 where delay is a new label, allowing transitions to always be labeled
by an action and a time delay, say (delay, 1.5) or (press, 0) referring to a delay of
1.5 times units or an instantaneous press action (see Papers A and F for details and
variations).
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Using transition systems as the semantics of timed automata directly provides us with
a way to interpret our existing equivalences, metrics and specifications. However, as observed by Puri in [Pur00] the consequences of executing systems corresponding to timed
automata models on real hardware, entails changes in behavior, which we can approximate through minor syntactic changes of the model which in turn (greatly) affects the
underlying transition system. This means that verification results concluded based on
the formal models may not hold for the implemented system (see Example 6). In order to address this problem robust model-checking for timed automata has been studied
and solved for safety properties [Pur00, DDMR08], and for richer linear-time properties [BMR06, BMR08]. However the proof techniques and verification algorithms take a
much more advanced form that those for the non-robust case, meaning that in order to
adopt these robust model-checking, existing tools will need to be adapted.
In Paper F, we take a different approach to the robustness problem, allowing us to
reuse existing tools and algorithms, circumventing the need to solve robust verification of
branching behavior, which is paramount when considering the interaction of reactive systems. We consider two realistic views on behavior, or implementation semantics, referred
to as the sampled semantics [AMP98, BMPY97] and enlarged semantics [Pur00, DDR05]
in order to ascertain the relationship between our previous notion of continuity and the
perturbation induced by implementation. In order to address the needs of analysis for
reactive systems, study several new, and stronger notions of robustness.
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This example demonstrates the discontinuity of
behavior in timed automaton, even for simple cya
y ≤0±∆
{y}
cles. Note that for ease of demonstration, the cycle is not a progress cycle (requiring that all clocks
`
have been reset), meaning that the example does
y ≤0±∆
x≥1±∆
not comply with the standard assumption adopted
c
b
in many papers on the subject. However, we will
make no such assumptions in Paper F.
The perturbation considered, referred to as the enlarged semantics in [Pur00, DDR05], correspond to a parametrization on ∆, effectively widening and narrowing the time intervals in which the model declares that
actions will occur.
Interpreting the automaton with ∆ = 0 (corresponding to the standard semantics),
the set of reachable states at location ` from the initial state (`, x = 0, y = 0)
are those where (clocks) x = y. Either time is allowed to pass, or the action
a is performed immediately, needlessly resetting y, resulting in the same state.
Alternatively c is performed, or delays corresponding to
y
1 or more time units are performed, after which only b
can be performed.
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For any parameter ∆ > 0 we see that the behavior
changes. By repeatedly delaying (at most) ∆ followed
by action a, the automaton is able to reach a state with
(`, y ≤ ∆, x > 1 − ∆), which admits both actions b and c. ∆
x
Meaning that any attempt to establish an ε-bisimulation
∆
relation is futile.
Notice however that in both cases the traces admitted by
the systems are intuitively quite similar. In the transition system of the standard
semantics, we can choose to delay 0 whenever at most ∆ is delayed in the enlarged
semantics. For example:
0

0

1

b

0

c

∆

∆

∆

c

s0 Ð
→ s1 Ð
→ ... Ð
→ sn Ð
→ is close to s0 Ð→ s1 Ð→ . . . Ð→ sn Ð
→ for n ≥ 0
1−∆

b

s0 Ð
→ s1 Ð
→ is close to s0 ÐÐ→ s1 Ð
→

We study the corresponding notion of linear metrics (or trace distances) in Papers
A and C, however, for certain applications of reactive systems, the linear view is
inadequate, and we need to consider the stronger bisimulation based notions, and
corresponding notions of robustness.
Example 6: The behavior of timed automata is discontinuous w.r.t guard enlargement.
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A timed automata A is timed-action bisimulation robust if there exist a ∆ > 0
such that the transition systems JAK and JA∆ K of A and the perturbed A∆ are related
by point-wise bisimulation relation of some finite index ε. i.e. JAK ∼ε JA∆ K.
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However, as we see in Example 6, this fails to hold in general. Proposing a transformation of models which guarantees that both the sampled semantics and enlarged semantics
of the transformed models are robust, i.e. point-wise bisimilar to what we started with,
we are able to deduce that any property (e.g. HML or CTL specification) shown for the
model, will be preserved by the implementation of the transformed model up to some
arbitrary small error. Meaning that metrics, again, permit us to establish a continuous
relationship between the behavior of systems, provided that these are robust.
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3. Thesis Summary
This chapter presents an overview of the articles composing this thesis. For each article
the abstract, contributions and publication history are presented.
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The research questions from Chapter 1 are being addressed as follows: ¶ and · are
the subject of all papers, but have been given special attention in A, ¸ is addressed in
B and C, ¹ is the primary focus of C and º is studied in D and E. Finally, » is solved
in F.

Paper A: Quantitative Simulations of Weighted Transition
Systems

We present a general framework for the analysis of quantitative and qualitative properties
of reactive systems, based on a notion of weighted transition systems. We introduce and
analyze three different types of distances on weighted transition systems, both in a linear
and a branching version. Our quantitative notions appear to be reasonable extensions of
the standard qualitative concepts, and the three different types introduced are shown to
measure inequivalent properties.
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When applied to the formalism of weighted timed automata, we show that some standard decidability and undecidability results for timed automata extend to our quantitative setting.

Contributions

- A formal definition of weighted transition systems as the semantics for weighted
timed automata.
- A formal definition of linear and branching distances based on point-wise, accumulating as well as maximum-lead distances on sequences of real numbers.
- A proof of topological inequivalence between corresponding linear and branching
distances.
- A formal definition of simulation distances and ε-simulation families.
- A continuous hierarchy of simulation distances.
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- A generalization of classical relation ship of language inclusion and simulation to
linear and branching distances.
- A generalization of the undecidability result for timed language inclusion to the
quantitative setting.
- A decidability result for accumulating ε-simulation over weighted timed automata.

Publication History
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An early version of this paper, in form of an extended abstract, was accepted and presented at the Nordic Workshop of Programming Theory 2008 (NWPT’08). The present
version has been published in Journal of Logic and Algebraic Programming volume 79,
number 7, 2010.

Paper B: Distances for Weighted Transition Systems:
Axiomatization and Complexity
Simulation distances are essentially an approximation of simulation which provide a
measure of the extent by which behaviors in systems are inequivalent. In this paper, we
consider the general quantitative model of weighted transition systems, where transitions
are labeled with elements of a finite metric space. We study the so-called point-wise and
accumulating simulation distances which provide extensions to the well-known Boolean
notion of simulation on labeled transition systems.
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We introduce weighted process algebras for finite and regular behavior and offer sound
and (approximate) complete inference systems for the proposed simulation distances. We
also settle the algorithmic complexity of computing the simulation distances.

Contributions

- A sound and complete axiomatization of point-wise and accumulating simulation
distance for a weighted process algebra.
- Results on algorithmic complexity of point-wise and accumulating simulation distance for finite state systems.

Publication History
This paper, has been published in volume 412 of Theoretical Computer Science (TCS),
June 2011.
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Paper C: Distances for Weighted Transition Systems:
Games and Properties

Contributions
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We develop a general framework for reasoning about distances between transition systems
with quantitative information. Taking as starting point an arbitrary distance on system
traces, we show how this leads to natural definitions of a linear and a branching distance
on states of such a transition system. We show that our framework generalizes and
unifies a large variety of previously considered system distances, and we develop some
general properties of our distances. We also show that if the trace distance admits a
recursive characterization, then the corresponding branching distance can be obtained as
a least fixed point to a similar recursive characterization. The central tool in our work
is a theory of infinite path-building games with quantitative objectives.

- Game characterizations of previously studied simulation distances.

- A generic game based approach permitting linear and branching distances for any
metric on computations.
- A generic result on topological inequivalence of linear and branching distances,
independent of the underlying metric on computations.

Publication History
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This paper was presented at the Ninth Workshop on Quantitative Aspects of Programming Languages (QAPL 2011) and published in volume 57 of the Electronic Proceedings
in Theoretical Computer Science (EPTCS) in 2011.

Paper D: A Quantitative Characterization of Weighted
Kripke-Structures in Temporal Logic
We extend the usual notion of Kripke structures with a weighted transition relation
and generalize the classical Boolean interpretation of CTL to a map which assigns to
states and temporal formulae a real-valued distance describing the degree of satisfaction.
We describe a general approach to obtaining quantitative interpretations for a generic
extension of the CTL syntax and show that, for one such interpretation, the logic is both
adequate and expressive with respect to quantitative bisimulation.
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Contributions
- Two quantitative semantics for CTL, based on the point-wise and accumulating
interpretations of errors.
- Positive results on adequacy and expressivity for the provided semantics.

Publication History
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The initial results were presented at an invited talk at QUANTLOG 2009, and a short
version was later accepted and presented at the 2009 Annual Doctoral Workshop on
Mathematical and Engineering Methods in Computer Science (MEMICS’09). The current version has been published in volume 29 of Computing and Informatics in 2010.

Paper E: Quantitative Refinement for Weighted Modal
Transition Systems
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Specification theories as a tool in the development process of component-based software
systems have recently attracted a considerable attention. Current specification theories
are however qualitative in nature and hence fragile and unsuited for modern software
systems. We propose the first specification theory which allows to capture quantitative
aspects during the refinement and implementation process.

Contributions

- A formal definition of quantitative refinement for modal transition systems.
- A technique for obtaining distances on specifications.
- A generalization and study of classical operations for modal transition systems in
the quantitative framework.

Publication History

This paper, has been presented at the 36th International Symposium on Mathematical
Foundations of Computer Science (MFCS’11) and has been published in volume 6907 of
Lecture Notes in Computer Science (LNCS) in 2011.
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Paper F: Timed Automata Can Always Be Made
Implementable
Timed automata follow a mathematical semantics, which assumes perfect precision and
synchrony of clocks. Since this hypothesis does not hold in digital systems, properties
proven formally on a timed automaton may be lost at implementation. In order to ensure
implementability, several approaches have been considered, corresponding to different hypotheses on the implementation platform. We address two of these: A timed automaton
is samplable if its semantics is preserved under a discretization of time; it is robust if
its semantics is preserved when all timing constraints are relaxed by some small positive
parameter.

Contributions
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We propose a construction which makes timed automata implementable in the above
sense: From any timed automaton A, we build a timed automaton A′ that exhibits the
same behaviour as A, and moreover A′ is both robust and samplable by construction.

- Formal definitions of system distances for timed transition systems.
- Several new notions of robustness based on system distances.
- A procedure for obtaining robust timed automata.
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We present a general framework for the analysis of quantitative and qualitative properties
of reactive systems, based on a notion of weighted transition systems. We introduce and
analyze three different types of distances on weighted transition systems, both in a linear
and a branching version. Our quantitative notions appear to be reasonable extensions of
the standard qualitative concepts, and the three different types introduced are shown to
measure inequivalent properties.
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When applied to the formalism of weighted timed automata, we show that some standard decidability and undecidability results for timed automata extend to our quantitative setting.
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1. Introduction

1. Introduction
The research presented in this work is motivated by the Challenge on embedded systems
design, posed by Henzinger and Sifakis in [HS06]. Henzinger and Sifakis express the need
for a coherent theory of embedded systems design, where concern for physical constraints
is supported by the computational models used to model software, thus achieving a more
heterogeneous approach to design. Highly distilled, Henzinger and Sifakis call for a
new mathematical basis for systems modeling which facilitates modeling of behavioural
properties as well as environmental constraints.
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Analysis and verification of concurrent and reactive systems [AILS07] is a well-established research field, a branch of which, referred to as implementation verification, involves
checking the behavioural equivalence of implementations and specifications. This approach requires a model of the system and specification, as well as a procedure for
checking whether the two are related with respect to some equivalence. The choice of
this equivalence reflects what one wants to observe and how. Classical examples of such
relations include trace inclusion and various types of simulation, see e.g. the survey provided in [vG01]. Correspondingly, the models which are analyzed must encompass all the
relevant information to facilitate the analysis. Specifically, the formalism used to model
the system must be rich enough to express the characteristics of the system, in order for
the analysis to prove or refute the proposed equivalence.
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In a quantitative setting, equivalences are replaced by real-valued distances; intuitively
the problem is lifted from a decision problem to a search problem, i.e. from deciding on
{true, false} to computing a distance ε ∈ R≥0 . A distance of 0 (zero) is given to instances
which are accepted by the binary decision procedure, and the meaning of values ε > 0 is
that the instance is not equal to the specification, yet related up to some error margin
given by the distance ε.

1.1. Motivation

Although the standard approach to implementation verification may be adequate when
analyzing qualitative properties such as behaviour of systems, it is arguably insufficient
for reasoning about their quantitative aspects. Indeed, it can be argued that in a setting
where system models and properties include both discrete and continuous, i.e. quantitative, information, for example real-time or probabilistic systems, a quantitative approach
to implementation verification is necessary.
As an example of how quantitative models and analysis may be applied in an industrial
setting, consider the design of a hybrid vehicle using two or more power sources, e.g.
electricity and petrol. Not only would we like to be able to verify the behaviour of the
vehicle: steering, breaks etc., but also quantities such as performance in terms of horse
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power and the ratio of energy consumption from the different sources. Hence given the
option to configure the fuel management system or suspension, a quantitative analysis
should reveal not only the qualitative property, i.e. whether the alternative component
will supply fuel or not, or whether the suspension will hold, but also the impact on fuel
consumption.

1.2. Contribution
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Generalizing the above example, quantitative methods are also increasingly used for
modeling optimal scheduling and control problems for hybrid systems. In this setting,
quantitative approaches to implementation verification, and to controller generation, are
essential. When generating controllers for hybrid systems for example, implementability
and robustness are important issues, and both need a quantitative approach to verification.

We present a general framework for the analysis of quantitative and qualitative properties of reactive systems, based on a notion of weighted transition systems. Weighted
transition systems can be used for specifying the semantics of systems with quantitative
and qualitative properties, such as weighted timed automata for example, which feature
both weights and time.
We introduce and analyze three different types of distances on weighted transition
systems, but note that other interesting types may be treated in a similar manner. The
three types are
• point-wise distance, which measures the largest individual difference between systems,
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• accumulated distance, which measures the sum of (absolute) differences accumulated during executions of the systems, and
• maximum-lead distance, which measures the largest distance between accumulated
differences occurring during executions of the systems.

We find that there are subtle similarities and differences between these distances.
All three kinds of distances are defined and analyzed both in a linear setting, i.e.
extending the standard notion of trace inclusion, and in a branching version, generalizing
the notion of simulation. We find that the usual relation between simulation and trace
inclusion generalizes to our quantitative setting.
We apply our quantitative framework to implementation verification for weighted timed
automata, and we show that the standard result on undecidability of timed language
inclusion for timed automata can be lifted to our quantitative setting, and that on the
other hand (and again generalizing standard results), accumulating simulation distance
is computable for weighted timed automata.
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1.3. Related work
The framework of measurements on weighted and timed systems presented here has close
ties to the study of probabilistic systems [JS90, DGJP04, vBW01] and weighted automata
[Sch61, DG07, DR09].
Related work specific to the quantitative analysis as employed here includes [CDH10]
where a language-theoretic approach to quantitative analysis is proposed. In their setting,
the notion of language is given a quantitative re-interpretation, but in contrast to our
approach, properties and relationships of languages remain Boolean.
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Another closely related work is [HMP05], where notions of maximum-lead linear and
branching distances (without discounting) are introduced for timed transition systems.
This “distance on timeliness” provides a robust analysis [GHJ97], allowing small perturbations of a systems behaviour without invalidating the result of the analysis. The authors
also show that their branching distance can be approximated for timed automata [AD94]
and that TCTL with a “weakened” semantics and the usual Boolean interpretation is
adequate to characterize their distance.
The present work is also closely related to reachability and safety analysis in weighted
timed automata [ATP04, BFH+ 01, BBL04, BFL+ 08, FL09, LBB+ 01]. When analysing
for paths with lowest accumulated weight, or for paths whose accumulated weight obeys
pre-specified bounds, one may want to replace the weighted timed automaton under
consideration with another, simpler one and ask a related question of the replacement.
Quantitative simulations as considered in the present paper come in useful here.
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Last but not least, we should make a note about quantitative extensions of temporal
logics such as CTL, LTL or the µ-calculus. The present paper omits any considerations
of these, but the interested reader may find a weighted extension of CTL in [FLT10]
which is shown to be both adequate and expressive with respect to our accumulated
branching distance. Related to this are the logics presented in [dAFH+ 05, dAFS04],
again in a probabilistic setting. Contrary to the approach in [FLT10], these logics only
measure weights along paths and do not allow one to pre-specify a desired weight; also,
no expressiveness result is provided. The approach in [DG07, DR09, LLM05] may be
seen as a generalization of this work.

2. Hemi-metrics

We need to recall a few basic facts about asymmetric distances before we can begin
our journey into the quantification of trace inclusion and simulation between weighted
transition systems. For this section, X denotes a general set. Also, R≥0 is the set of nonnegative real numbers, R+ the set of positive real numbers, and 2X denotes the power
set of X.
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Recall first the definition of hemimetric, and note that for us, a hemimetric can assume
the value ∞:
Definition 1. Let d ∶ X × X → R≥0 ∪ {∞} be a function for which d(x, x) = 0 for all
x ∈ X, and which satisfies the triangle inequality
d(x, y) + d(y, z) ≥ d(x, z)

for all x, y, z ∈ X

Then d is called a hemimetric.
We will need two different notions of equivalence of hemimetrics later; for metrics,
these are standard and can be found in any textbook:
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Definition 2. Hemimetrics d1 , d2 on X are said to be

• topologically equivalent provided that for all x ∈ X and all ε ∈ R+ , there exists δ ∈
R+ such that d1 (x, y) < δ implies d2 (x, y) < ε and d2 (x, y) < δ implies d1 (x, y) < ε
for all y ∈ X,
• Lipschitz equivalent if there exist m, M ∈ R+ such that md1 (x, y) ≤ d2 (x, y) ≤
M d1 (x, y) for all x, y ∈ X.
Recall also that topological equivalence is the same as asking the identity function
id ∶ (X, d1 ) → (X, d2 ) to be a homeomorphism, and Lipschitz equivalence is the same
as requiring it to be a Lipschitz function; hence Lipschitz equivalence is stronger than
topological equivalence. We shall later see that topological equivalence is useful for transferring negative results from one hemimetric to another, whereas Lipschitz equivalence
is used for positive results.
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The following standard construction is used to lift hemimetrics from a set to its set of
subsets:
Definition 3. The Hausdorff hemimetric d on 2X associated with a hemimetric d on X
is given by
d(A, B) = sup inf d(x, y)
x∈A y∈B

Note the following alternative formulation, which follows straight from the definition:
Proposition 4. For a hemimetric d on X, A, B ⊆ X, and ε ∈ R+ , we have d(A, B) ≤ ε
if and only if for any x ∈ A there exists y ∈ B for which d(x, y) ≤ ε.
For distance 0, we have the following useful fact:
Lemma 5. For a hemimetric d on X and A, B ⊆ X, we have d(A, B) = 0 if and only if
Ā ⊆ B̄, where Ā, B̄ denote the closures of A, respectively B, in the topology induced on
X by d.
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3. Weighted transition systems and weighted timed
automata
We now define our notion of weighted transition system (WTS), essentially an extension
of the standard concept of (labeled) transition system [Plo04], which has been used to
introduce operational semantics for a wide range of systems. The intention of WTS is
to describe a system’s behaviour as well as quantitative properties in terms of weights
and lengths. Recall that a transition system is a quadruple (S, s0 , Γ, R) consisting of a
set S of states with initial state s0 ∈ S, a finite set Γ of labels, and a set of transitions
R ⊆ S × Γ × S.
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Definition 6. A weighted transition system is a triple (S, w, lg), where
• S = (S, s0 , Γ, R) is a transition system,

• w ∶ R → R≥0 assigns weights to transitions, and
• lg ∶ Γ → R≥0 assigns lengths to labels.
α,w

We write s ÐÐ→ s′ whenever (s, α, s′ ) ∈ R and w(s, α, s′ ) = w, and s →
/ if there is no
transition (s, α, s′ ) in R for any α and s′ .
We lift the standard notions of path and trace to WTS:
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Definition 7. Let S = ((S, s0 , Γ, R), w, lg) be a WTS and s ∈ S. A path from s in S is
a (possibly infinite) sequence ((s0 , α0 , s1 ), (s1 α1 , s2 ), . . . ) of transitions (si , αi , si+1 ) ∈ R
with s0 = s. A (weighted) trace from s is a sequence ((α0 , w0 ), (α1 , w1 ), . . . ) of pairs
(αi , wi ) ∈ Γ × R≥0 for which there exists a path ((s0 , α0 , s1 ), (s1 α1 , s2 ), . . . ) from s for
which wi = w(si , αi , si+1 ).
The set of traces from a state s is denoted Tr(s). Given a trace σ, we denote by
U (σ) ∈ Γω its label sequence (i.e. the associated unweighted trace), and by σi its i’th
label-weight pair.
As finite models of weighted transition systems we use weighted timed automata. Recall [ACD90, AD94] that a timed automaton is essentially a finite automaton augmented
with a set C of clocks, which are used for imposing invariants on locations and guards on
transitions, controlling when these are enabled. These invariants and guards are given as
clock constraints, where the set Ψ(C) of clock constraints is generated by the following
grammar:
ψ ∶∶= x & k ∣ x − y & k ∣ ψ1 ∧ ψ2

x, y ∈ C, k ∈ Z, & ∈ {≤, <, =, >, ≥}

Weighted timed automata (WTA), introduced in [ATP04, BFH+ 01], are an extension
of timed automata with weights:
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Figure A.1.: Simple production system example

Definition 8. A weighted timed automaton is a tuple (L, `0 , C, I, E, r) where:
• C is a finite set of clocks,
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• L is a finite set of locations, with `0 as the initial location,
• I ∶ L → Ψ(C) assigns invariants to locations,

• E ∈ L × Ψ(C) × 2C × N × L is a set of weighted edges, and
• r ∶ L → N is a location weight-rate function.
ψ,C

We write ` ÐÐ
→ `′ instead of (`, ψ, C, p, `′ ) ∈ E for an edge from ` to `′ with guard
p
ϕ ∈ Ψ(C), reset set C ⊆ C, and weight p ∈ N.
An example of a WTA, taken from [BFH+ 01], is depicted in Figure A.1. It represents
a simple production plant with three different levels of productivity Low, Medium, and
High and rates modeling the cost of operation at each level. The plant will automatically
decrease in production level (action d) if unattended for 3 time units.
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The operational semantics of a timed automaton is given as a timed transition system,
i.e. an infinite transition system with both discrete (switch) and continuous (delay)
transitions. Similarly, the semantics of a WTA is usually defined by a timed transition
system with weights on transitions. Here we use a slightly different approach, translating
a WTA into a WTS with lengths:
Definition 9. The semantics of a weighted timed automaton A is given by the weighted
transition system JAK = ((S, {⋆} ∪ R≥0 , T ), w, lg) with
S = {(`, v) ∈ L × RC
≥0 ∣ v ⊧ I(`)}
ψ,C

T = {(`, v) Ð→ (`′ , v ′ ) ∣ ∃ ` ÐÐ
→ `′ ∈ E ∶ v ⊧ ψ, v ′ = v[C ← 0]}
p
⋆,p

δ,r

∪ {(`, v) Ð→ (`, v + δ) ∣ ∀ δ ′ ∈ [0, δ] ∶ v + δ ′ ⊧ I(`), r(`) = r}

lg(⋆) = 1

lg(δ) = δ for δ ∈ R≥0

Note that the weight function w ∶ T → R≥0 has been introduced implicitly above,
through the labeling of edges in T .
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4. Quantitative Analysis
In this section we introduce our quantitative analysis of WTS, both in a linear and
branching setting. For ease of exposition we concentrate on trace inclusion and strong
simulation here and defer treatment of both trace equivalence and bisimulation, and of
weak relations, to other work. We shall introduce three different quantitative notions
of trace inclusion and of strong simulation, all filling in the gap between the unweighted
and the weighted relations, which we recall below:
Definition 10. Let ((S, s0 , Γ, R), w, lg) be a WTS. A relation R ⊆ S × S is
α,c

α,d
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• an unweighted simulation provided that for all (s, t) ∈ R and s Ð→ s′ , also t ÐÐ→ t′
for some d ∈ R≥0 and (s′ , t′ ) ∈ R,
α,c

α,c

• a (weighted) simulation provided that for all (s, t) ∈ R and s Ð→ s′ , also t Ð→ t′
for some (s′ , t′ ) ∈ R.
We write

• s ≼u t if (s, t) ∈ R for some unweighted simulation R,
• s ≼ t if (s, t) ∈ R for some weighted simulation R.
Also, we write

• s ≤u t if U (Tr(s)) ⊆ U (Tr(t)),
• s ≤ t if Tr(s) ⊆ Tr(t).

DR

We shall fill in the gap between unweighted and weighted relations using (asymmetric)
distance functions R ∶ S × S → R≥0 ∪ {∞}. Any of the distances defined below will
obey the properties given in the following definition; note that we require them to be
hemimetrics:
Definition 11. A hemimetric R ∶ S × S → R≥0 ∪ {∞} defined on the states of a WTS
((S, s0 , Γ, R), w, lg) is called
• a trace distance if s ≤ t implies R(s, t) = 0, and s ≤/ u t implies R(s, t) = ∞,
• a simulation distance if s ≼ t implies R(s, t) = 0, and s ≼/u t implies R(s, t) = ∞.

As usual, we can generalize distances between states of a single WTS to distances
between two different WTS by taking their disjoint union.
Our distance functions are essentially based on three different metrics on the set of
sequences of real numbers. Throughout the paper, these are referred to as point-wise (1),
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accumulated (2), and maximum-lead (3) distances, respectively. For sequences a = (ai ),
b = (bi ) these are defined as follows:
d (a, b) = sup {∣ai − bi ∣}

(1)

i

d+ (a, b) = ∑ ∣ai − bi ∣

(2)

i

i

i

j=0

j=0

d± (a, b) = sup {∣ ∑ aj − ∑ bj ∣}
i

(3)
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The intuition behind these metrics is that d measures the largest individual difference
of sequence entries, d+ measures the accumulated sum of (the absolute values of) the
entries’ differences, and d± measures the largest lead of one sequence over the other, i.e.
the maximum difference in accumulated values. Hence the maximum-lead distance of
two sequences is the same as the point-wise distance of their partial sum sequences.
Besides the above three, other metrics on sequences of reals are also of interest, and
we expect that linear and branching distances of WTS based on these other metrics can
be developed similarly to the ones we introduce in this paper.
In the following we will consider discounted distances, where the contribution of each
step is decreased exponentially over time. To this end, we fix a discounting factor λ ∈
[0, 1]; as extreme cases, λ = 1 means that the future is undiscounted, and λ = 0 means
that only the present is considered.
Also, we fix a WTS (S, w, lg) with S = (S, s0 , Γ, R).
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4.1. Linear distances

We will now introduce our quantitative trace distances. In the following we denote by
si (σ) = ∑ij=0 lg(σj ) the accumulated lengths of labels up to the i’th step; recall that U (σ)
denotes the label sequence of a trace σ. The cost of a label-weight pair σi = (αi , wi ) is
given by c(σi ) = wi ⋅ lg(αi ).
Definition 12. For traces σ, σ ′ , the point-wise, accumulating, and maximum-lead distances are given by ∣σ, σ ′ ∣ = ∣σ, σ ′ ∣+ = ∣σ, σ ′ ∣± = ∞ if U (σ) ≠ U (σ ′ ), and for U (σ) = U (σ ′ ),
∣σ, σ ′ ∣ = sup {λsi (σ) ∣c(σi ) − c(σi′ )∣}
i

∣σ, σ ∣+ = ∑ λsi (σ) ∣c(σi ) − c(σi′ )∣
′

i

i

i

j=0

j=0

∣σ, σ ′ ∣± = sup {λsi (σ) ∣ ∑ c(σj ) − ∑ c(σj′ )∣}
i
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Observe that the above distances on traces are symmetric; they are indeed metrics on
the set of traces. This is not the case when lifted to states:
Definition 13. For states s, t ∈ S, the point-wise, accumulating and maximum-lead trace
distances are given by
∣s, t∣ = sup

inf

σ∈Tr(s) σ ′ ∈Tr(t)

∣σ, σ ′ ∣

∣s, t∣± = sup

∣s, t∣+ = sup
inf

σ∈Tr(s) σ ′ ∈Tr(t)

inf

σ∈Tr(s) σ ′ ∈Tr(t)
′
∣σ, σ ∣±

∣σ, σ ′ ∣+
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Note that this is precisely the Hausdorff-hemimetric construction from Definition 3,
hence it can be generalized to other distances between traces. Also, it is quite natural,
cf. Proposition 4. It can easily be shown that the distances defined above are indeed
trace distances in the sense of Definition 11.
Example 1. To illustrate differences between the three trace distances introduced above,
consider the three WTS models of beverage machines depicted in Figure A.2; a Tea maker
MT , a Tea and Coffee maker MTC and a Tea, Coffee and Chocolate maker MTCC . In the
figure, all edges have length 1, and edges without specified weight have weight 0.
The production of a beverage consists of six operations: Selecting the drink, boiling the
water, mixing the beverage, outputting the finished product, self cleaning, and resetting.
Each operation consumes a certain amount of power depending on its implementation by
electrical components. Weights thus model power consumption, and are given in such a
way as that in more powerful machines, some operations, as e.g. boiling, require more
power, whereas some other, as e.g. resetting, require less.
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By design of the beverage machines, there are unweighted trace inclusions MT ≤u
MTC ≤u MTCC ; any behaviour of a “lesser” machine can be emulated qualitatively by a
“better” one. What is less obvious is how they compare in power consumption.
Noting that any infinite behaviour in the beverage machines consists of loops of width
6, we can introduce some ad-hoc notation to simplify calculations. Let ∣MT , MTC ∣6 denote
point-wise distance from MT to MTC when only traces of length at most 6 are considered,
and similarly for the other machines and distances. For a (realistic) discount factor of
λ = .90, the point-wise distances can be computed as follows:
∣MT , MTC ∣ = sup {∣MT , MTC ∣6 ⋅ λ6i } = ∣MT , MTC ∣6

= 1.80

∣MT , MTCC ∣ = sup {∣MT , MTCC ∣6 ⋅ λ6i } = ∣MT , MTCC ∣6

= 1.80

i
i

∣MTC , MTCC ∣ = sup {∣MTC , MTCC ∣6 ⋅ λ6i } = ∣MTC , MTCC ∣6 = 2.70
i
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(b) MTC

(c) MTCC

Figure A.2.: Three beverage machines

For the accumulating distances,

1
≈ 2.52
1
−
λ6
i
1
∣MT , MTCC ∣+ = ∑ ∣MT , MTCC ∣6 ⋅ λ6i = ∣MT , MTCC ∣6
≈ 8.80
1 − λ6
i
1
∣MTC , MTCC ∣+ = ∑ ∣MTC , MTCC ∣6 ⋅ λ6i = ∣MTC , MTCC ∣6
≈ 7.41
1
−
λ6
i
∣MT , MTC ∣+ = ∑ ∣MT , MTC ∣6 ⋅ λ6i = ∣MT , MTC ∣6

Similarly, the maximum-lead distances can be computed as follows:
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∣MT , MTC ∣± ≈ 1.62

∣MT , MTCC ∣± ≈ 2.62

∣MTC , MTCC ∣± ≈ 3.34

The following lemma provides recursive bounds on trace distances and will be useful
as motivation for the definition of branching distance below.
Lemma 14. For states s, t ∈ S,

∣s, t∣ ≤ sup inf max (∣c − d∣lg(α), λlg(α) ⋅ ∣s′ , t′ ∣ )
α,c
α,d
sÐ→s′ tÐ
Ð→t′
∣s, t∣+ ≤ sup inf ∣c − d∣lg(α) + λlg(α) ⋅ ∣s′ , t′ ∣+
α,c
α,d
sÐ→s′ tÐ
Ð→t′
δ+(c−d)lg(α)
λlg(α)

∣s, t∣δ± ≤ sup inf max (∣δ∣, λlg(α) ⋅ ∣s′ , t′ ∣±
α,c
α,d
sÐ→s′ tÐ
Ð→t′

)
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Proof. We only show the proof for accumulated distance; the others are similar. If
Tr(s) = ∅, then ∣s, t∣+ = 0 and we are done. Otherwise, let σ ∈ Tr(s); we need to show
that
inf ∣σ, σ ′ ∣+ ≤ sup inf ∣c − d∣lg(α) + λlg(α) ⋅ ∣s′ , t′ ∣+
α,d
α,c
σ ′ ∈Tr(t)
Ð→t′
sÐ→s′ tÐ
α1 ,c1

Let π be a path from s which realizes σ, write π = s ÐÐÐ→ s1 → . . . , and let σ1 be the
trace generated by the suffix of π starting in s1 .
α1

If t Ð/→, then the infimum on the right hand side of the equation is ∞, and we are
done.
α1 ,d1
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Assume that the infimum is finite and let ε ∈ R+ . There exists t ÐÐÐ→ t1 for which
∣c1 − d1 ∣lg(α1 ) + λlg(α1 ) ⋅ ∣s1 , t1 ∣+ ≤

inf ∣c1 − d∣lg(α1 ) + λlg(α1 ) ⋅ ∣s1 , t′ ∣+ +
tÐÐ→t′
α1 ,d

Let σ1′ ∈ Tr(t1 ) be such that ∣σ1 , σ1′ ∣+ ≤ ∣s1 , t1 ∣+ +
concatenation, then

ε
2lg(α1 ) .

ε
2

Let σ ′ = (α1 , d1 ) ○ σ1′ , the

∣σ, σ ′ ∣+ = ∣c1 − d1 ∣lg(α1 ) + λlg(α1 ) ⋅ ∣σ1 , σ1′ ∣+

≤ ∣c1 − d1 ∣lg(α1 ) + λlg(α1 ) ⋅ ∣s1 , t1 ∣+ +

≤

ε
2
′

inf ∣c1 − d∣lg(α1 ) + λlg(α1 ) ⋅ ∣s1 , t ∣+ + ε
tÐÐ→t′
α1 ,d

(4)
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We have shown that for all ε ∈ R+ , there exists σ ′ ∈ Tr(t) for which Equation (4) holds,
hence
inf ∣σ, σ ′ ∣+ ≤ inf ∣c1 − d∣lg(α1 ) + λlg(α1 ) ⋅ ∣s1 , t′ ∣+
α1 ,d
σ ′ ∈Tr(t)
tÐÐ→t′
and the claim follows.

4.2. Simulation distances

As usual in implementation verification, the above linear approach may not yield a sufficient correctness criterion for certain systems; moreover, there are some uncomputability
issues with trace inclusion, see Section 6. Thus we now introduce quantitative extensions
of simulation.

In the following we use parametrized families {Rε ⊆ S × S} and {Rε,δ ⊆ S × S},
i.e. functions R≥0 → 2S×S and R≥0 × R≥0 → 2S×S , respectively; we shall show how these
give rise to distances in Section 4.3.
Definition 15. A family of relations R = {Rε ⊆ S × S ∣ ε ≥ 0} is
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α,c

• a point-wise simulation family provided that for all (s, t) ∈ Rε ∈ R and s Ð→ s′ ,
α,d

also t ÐÐ→ t′ with ∣c − d∣lg(α) ≤ ε for some d ∈ R≥0 and (s′ , t′ ) ∈ Rε′ ∈ R with
ε
ε′ ≤ λlg(α)
,
α,c

• an accumulating simulation family provided that for all (s, t) ∈ Rε ∈ R and s Ð→ s′ ,
α,d

also t ÐÐ→ t′ with ∣c − d∣lg(α) ≤ ε for some d ∈ R≥0 and (s′ , t′ ) ∈ Rε′ ∈ R with
ε−∣c−d∣lg(α)
ε′ ≤ λlg(α) .
A family of relations R = {Rε,δ ⊆ S × S ∣ ε ≥ 0, −ε ≤ δ ≤ ε} is
α,c

• a maximum-lead simulation family provided that for all (s, t) ∈ Rε,δ ∈ R and s Ð→
α,d

We write
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s′ , also t ÐÐ→ t′ with ∣δ + (c − d)lg(α)∣ ≤ ε for some d ∈ R≥0 and (s′ , t′ ) ∈ Rε′ ,δ′ ∈ R
δ+(c−d)lg(α)
ε
and δ ′ ≤
.
with ε′ ≤ λlg(α)
λlg(α)
• s ≼ε t if (s, t) ∈ Rε ∈ R for some point-wise simulation family R,

• s ≼+ε t if (s, t) ∈ Rε ∈ R for some accumulating simulation family R,

• s ≼±ε t if (s, t) ∈ Rε,0 ∈ R for some maximum-lead simulation family R.

Note that the relations defined in the last part above again can be collected into families
≼ = {≼ε ∣ ε ≥ 0}, ≼+ = {≼+ε ∣ ε ≥ 0}, and ≼± = {≼±ε ∣ ε ≥ 0}.
Some explanatory remarks regarding these definitions are in order. For point-wise
simulation, (s, t) ∈ Rε means that any computation from s can be matched by one from t
with the same labels and a point-wise cost difference of at most ε. Hence the requirement
α,c

α,d
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that s Ð→ s′ imply t ÐÐ→ t′ with cost difference ∣c − d∣lg(α) ≤ ε, and that computations
from the target states s′ , t′ be matched with (inverse) discounted point-wise distance
ε
ε′ = λlg(α)
.
For accumulated simulation, (s, t) ∈ Rε is interpreted so that any computation from s
can be matched by one from t with the same labels and accumulated absolute-value cost
difference at most ε. Hence we again require that ∣c − d∣lg(α) ≤ ε, but now computations
from the target states have to be matched by what is left of ε after ∣c − d∣lg(α) has been
used (and inverse discounting applied).
Maximum-lead simulation is slightly more complicated, because we need to keep track
of the lead δ which one computation has accomplished over the other. Hence (s, t) ∈ Rε,δ
is to mean that any computation from s which starts with a lead of δ, can be matched by
a computation from t with accumulated cost difference at most ε. Thus we require that
lead plus cost difference, δ + (c − d)lg(α), be in-between −ε and ε, and the new lead for
computations from the target states is set to that value (again with inverse discounting
applied).
For later use we collect the following easy facts about the above simulations:
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Lemma 16.
1. The families ≼ , ≼+ and ≼± are the largest respective simulation families.
2. For ε ≤ ε′ and Rε , Rε′ ∈ R a point-wise or accumulating simulation family, Rε ⊆
Rε′ . For ε ≤ ε′ , −ε ≤ δ ≤ ε and Rε,δ , Rε′ ,δ ∈ R a maximum-lead simulation family,
Rε,δ ⊆ Rε′ ,δ .
3. For states s, t ∈ S and ε ≤ ε′ , s ≼ε t implies s ≼ε′ t, s ≼+ε t implies s ≼+ε′ t, and s ≼±ε t
implies s ≼±ε′ t.
4. For states s, t ∈ S, s ≼ t implies s ≼0 t, s ≼+0 t, and s ≼±0 t.
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5. For states s, t ∈ S, s ≼/u t implies s ≼/ε t, s ≼/+ε t, and s ≼/±ε t for any ε.

4.3. Branching distances

We present an alternative characterization of the above simulation relations in form of
recursive equations; note that these closely resemble the inequalities of Lemma 14:
Definition 17. For states s, t ∈ S, the point-wise, accumulated, and maximum-lead
branching distances are the respective minimal fixed points to the following recursive
equations:
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≀s, t≀ = sup inf max (∣c − d∣lg(α), λlg(α) ⋅ ≀s′ , t′ ≀ )
α,c
α,d
sÐ→s′ tÐ
Ð→t′
≀s, t≀+ = sup inf ∣c − d∣lg(α) + λlg(α) ⋅ ≀s′ , t′ ≀+
α,c
α,d
sÐ→s′ tÐ
Ð→t′
0
≀s, t≀± = ≀s, t≀±

δ+(c−d)lg(α)
λlg(α)

with ≀s, t≀δ± = sup inf max (∣δ∣, λlg(α) ⋅ ≀s′ , t′ ≀±
α,c
α,d
sÐ→s′ tÐ
Ð→t′

)

Again, some remarks regarding these definitions will be in order. First note that
sup and inf are taken over the complete lattice R≥0 ∪ {∞} here, whence inf ∅ = ∞ and
α,c
α
sup ∅ = 0. Thus ≀s, t≀ = 0 in case s →
/ and ≀s, t≀ = ∞ in case s Ð→ but t Ð
→
/ for some α,
and similarly for the other distances.

The functionals defined by the first two equations above are endofunctions on the
complete lattice of functions S × S → R≥0 ∪ {∞}; they are easily shown to be monotone,
hence minimal fixed points exist. For the last equation, the functional is an endofunction
on the complete lattice R → (S × S → R≥0 ∪ {∞}), mapping each lead δ ∈ R to a function
≀⋅, ⋅≀δ± . Also this functional can be shown to be monotone and hence to have a minimal
fixed point.
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s1

t1
3

3

4

t2

t3

s2
11

5

5

s4

s5

t4

15
t5

Figure A.3.: Example WTS
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It is not difficult to see that the branching distances defined above are simulation
distances in the sense of Definition 11. Below we show that they are closely related to
the simulations of Definition 15:
Proposition 18. For states s, t ∈ S and ε ∈ R≥0 , we have
• s ≼ε t if and only if ≀s, t≀ ≤ ε,

• s ≼+ε t if and only if ≀s, t≀+ ≤ ε,
• s ≼±ε t if and only if ≀s, t≀± ≤ ε.

Proof. Each of the six implications involved can be shown using standard structuralinduction arguments.
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Example 2. We show a computation of the six different distances between states s1 and
t1 in the (unlabeled) weighted transition system in Fig A.3. All edges have length 1, edges
without specified weight have weight 0, and the discount factor is λ = .90.
We compute trace distances first. It is easy to see that supremum trace distance is
obtained for the path from s1 which always turns left at s2 , i.e. takes the transition
s2 Ð
→ s , and then for the point-wise and accumulating trace distances, that the matching
11 4
trace from t1 giving infimum trace distance in turn is obtained for the path which always
takes the transition t1 Ð
→
t . Hence we can compute
4 3
∣s1 , t1 ∣ = sup { max(1, 4λ) ⋅ λ3i } = 3.60
i

∣s1 , t1 ∣+ = ∑(1 + 4λ)λ3i ≈ 17.0
i

For maximum-lead trace distance the situation is more involved. It can be shown that
for this distance, an infimum trace σ ′ from t1 follows the path which takes t1 Ð
→
t3 ,
4
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followed by t1 Ð
→
t three times, and then repeats t1 Ð
→
t indefinitely. Using this trace,
3 2
4 3
we obtain
∣s1 , t1 ∣± = 4.60
For the branching distances, repeated application of the definition yields the following
fixed-point equations:
≀s1 , t1 ≀ = inf { max (6λ, λ3 ≀s1 , t1 ≀ ), max (10λ, λ3 ≀s1 , t1 ≀ )}
≀s1 , t1 ≀+ = 1 + 10λ + λ3 ≀s1 , t1 ≀+
−3 +6λ−2

≀s1 , t1 ≀δ± = inf { max (∣δ∣, ∣δ + 6λ∣, λ3 ≀s1 , t1 ≀δλ
±

−3

, λ3 ≀s1 , t1 ≀δλ
),
±
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max (∣δ∣, ∣δ − 1∣, ∣δ − 1 − 4λ∣, ∣δ − 1 − 10λ∣,
(δ−1)λ−3 −4λ−2

λ3 ≀s1 , t1 ≀±

(δ−1)λ−3 −10λ−2

, λ3 ≀s1 , t1 ≀±

)}

Solving these, one arrives at ≀s1 , t1 ≀ = 5.40, ≀s1 , t1 ≀+ ≈ 36.9, and also ≀s1 , t1 ≀± = 5.40.

5. Properties of distances

In this section we present a number of properties of the six distances introduced above.

5.1. Simulation versus trace distance
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For the qualitative relations, simulation implies trace inclusion, i.e. s ≼u t implies s ≤u t,
and s ≼ t implies s ≤ t. Below we show a natural generalization of this to our quantitative
setting, where implications translate to inequalities; note that an equivalent statement of
the theorem is that for any ε, ≀s, t≀ ≤ ε implies ∣s, t∣ ≤ ε for all three distances considered.
Theorem 19. For all states s, t ∈ S, we have
∣s, t∣ ≤ ≀s, t≀

∣s, t∣+ ≤ ≀s, t≀+

∣s, t∣± ≤ ≀s, t≀±

Proof. This follows from Lemma 14 by an easy structural-induction argument.

Note that Example 2 shows that indeed, all distances in the equations above can be
finite. Other, standard examples show however that WTS exist for which s ≼/ t and yet
s ≤ t, hence ≀s, t≀ = ∞ and ∣s, t∣ = 0 for all three distances, showing the following theorem:

Theorem 20. The distances ∣⋅, ⋅∣ and ≀⋅, ⋅≀ are topologically inequivalent. Similarly, ∣⋅, ⋅∣+
and ≀⋅, ⋅≀+ , and also ∣⋅, ⋅∣± and ≀⋅, ⋅≀± , are topologically inequivalent.
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5.2. Relationship between distances
The theorems below sum up the relationship between our three trace distances; note
that the results depend heavily on whether or not discounting is applied. The following
lemma is useful and easily shown:
Lemma 21. For states s, t ∈ S, we have
∣s, t∣ ≤ ∣s, t∣+

∣s, t∣± ≤ ∣s, t∣+

∣s, t∣ ≤ 2∣s, t∣±

≀s, t≀ ≤ ≀s, t≀+

≀s, t≀± ≤ ≀s, t≀+

≀s, t≀ ≤ 2≀s, t≀±
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The restrictions on traces mentioned below are understood to be applied to the sets
Tr(s), Tr(t) in Definition 13.
Theorem 22. Assume the discounting factor λ = 1.

1. When restricted to traces of bounded length, the three trace distances ∣⋅, ⋅∣ , ∣⋅, ⋅∣+ ,
∣⋅, ⋅∣± on S are Lipschitz equivalent.
2. For traces of unbounded length, the trace distances are mutually topologically inequivalent.
Proof. If the length of traces is bounded above by N ∈ N, then ∣s, t∣+ ≤ N ∣s, t∣ for all
s, t ∈ S, and the result follows with Lemma 21.
For traces of unbounded length, topological inequivalence of ∣⋅, ⋅∣ and ∣⋅, ⋅∣+ , and of ∣⋅, ⋅∣
and ∣⋅, ⋅∣± , can be shown by the following infinite WTS:
s

1
2

s1

s2

1
4

DR

0

⋯

1
2n

sn

⋯

Here we have ∣s, sn ∣+ = ∣s, sn ∣± = ∞ for all n, but for any δ ∈ R+ there is an n for which
∣s, sn ∣ < δ. Similarly, topological inequivalence of ∣⋅, ⋅∣+ and ∣⋅, ⋅∣± is shown by the infinite
WTS below:
s1

s

0

1

1
2

s2

1−

1
2

1
4

1−

sn
1
4

⋯

1
2n

1−

1
2n

⋯

s′1
s′2
s′n
s′
Theorem 23. For discounting factor λ < 1, the three trace distances ∣⋅, ⋅∣ , ∣⋅, ⋅∣+ , ∣⋅, ⋅∣± on
S are Lipschitz equivalent.
Proof. This is similar to the first claim of the previous theorem: For all states s, t ∈ S,
1
we have ∣s, t∣+ ≤ 1−λ
∣s, t∣ , and the result follows with Lemma 21.
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Theorem 24. For discounting factor λ = 1, the three simulation distances ≀⋅, ⋅≀ , ≀⋅, ⋅≀+ ,
≀⋅, ⋅≀± on S are mutually topologically inequivalent. For λ < 1, they are Lipschitz equivalent.
Proof. The first claim can be shown using the same example WTS as for the second part
1
of the proof of Theorem 22, and for the second claim we have ≀s, t≀+ ≤ 1−λ
≀s, t≀ and can
apply Lemma 21.

6. Computability
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This section presents our results on computability of distances on the subset of WTS
generated by the set of WTA.
First we provide the following easy result regarding upper bounds on distances. Recall
that a timed automaton is said to be bounded if there is an upper bound M on all its
reachable clock valuations, i.e. if every reachable state (`, v) has v(c) ≤ M for all clocks
c, and [BFH+ 01] that any WTA is weighted bisimilar to a bounded WTA.
Proposition 25. Let the discounting factor λ < 1 and A be a bounded WTA. Pointwise
distance between any two states of A is either infinite or at most max(P, RM ), and ac1
cumulating and maximum-lead distances are either infinite or at most 1−λ
max(P, RM ),
where P , R, and M denote maximum edge weight, maximum location rate, respectively
maximum clock value of A.
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For standard (unweighted) timed automata, it is well-known that trace inclusion is
undecidable, but similarity is decidable. The following theorems provide a partial generalization to our quantitative setting:
Theorem 26. For discounting factor λ < 1 and ∣⋅, ⋅∣ any of the three trace distances, it
is undecidable whether ∣s, t∣ = 0 for weighted timed automata.

This can be proven by reducing trace inclusion for timed automata to the current
problem, letting all weights have value 0.
Theorem 27. For discounting factor λ < 1, accumulating branching distance from deterministic to non-deterministic weighted timed automata is computable.
The proof of this result will occupy the rest of this section and will proceed along the
following lines: We will show that from deterministic WTS to (non-deterministic) WTS,
calculating accumulating branching distance reduces from a sup-inf computation to an
inf computation, i.e. a minimization problem. For WTA, we are then able to reduce this
minimization problem to one of minimizing accumulated (discounted) weight of infinite
paths in a corresponding product WTA, which is shown computable by results in [JT08].
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Definition 28. The independent product U ⊗ V = (S, s0 , Γ, R, w, lg) of WTS U =
U
V
U
U
U
V
V
V
V
V
(S U , sU
0 , Γ , R , w , lg ), V = (S , s0 , Γ , R , w , lg ) is defined as follows:
• S = SU V ⊎ SV U ⊆ S U × S V , where SU V and SV U are given recursively by
V
– (sU
0 , s 0 ) ∈ SU V ,
α

– for all (u, v) ∈ SU V and all u Ð
→ u′ ∈ RU , (u′ , v) ∈ SV U ,
α

– for all (u, v) ∈ SV U and all v Ð
→ v ′ ∈ RV , (u, v ′ ) ∈ SU V .
V
U
V
• s0 = (sU
0 , s0 ), Γ = Γ ⊎ Γ , and R = RU V ∪ RV U with
α

α

α

α

RU V = {(u, v) Ð
→ (u′ , v) ∣ u Ð
→ u′ ∈ RU } ⊆ SU V × Γ × SV U ,
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RV U = {(u, v) Ð
→ (u, v ′ ) ∣ v Ð
→ v ′ ∈ RV } ⊆ SV U × Γ × SU V
α
α
⎧
⎪
→ u′ ) if t = (u, v) Ð
→ (u′ , v) ∈ RU V
⎪wU (u Ð
• w(t) = ⎨ V
α
α
⎪
→ v ′ ) if t = (u, v) Ð
→ (u, v ′ ) ∈ RV U
⎪
⎩w (v Ð
• lg(α) = lgU (α) if α ∈ ΓU and lgV (α) otherwise.

Observe that this product construction, starting with a transition from U , ensures that
transitions alternate. That is, whenever a transition from U is taken, it is followed by a
transition from V and vice versa. Alternately, the product may be viewed as bipartite
graph or a two-player game graph. Fig. A.4 illustrates the construction.
Lemma 29. If U , V are WTS with U deterministic, then ≀U, V ≀+ = min+ (s0 ), where s0
is the initial state of U ⊗ V and min+ is given recursively by
α,c

α,d

(5)
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min+ (s) = inf {∣c − d∣lg(α) + λlg(α) min+ (s′ ) ∣ s Ð→ t ÐÐ→ s′ }

Proof. Compared to the definition of ≀U, V ≀+ , the initial sup part can be removed because
of determinacy of U . The resulting inf computation can then be carried out in the
independent product U ⊗ V .
By introducing a similar independent-product construction on WTA, synchronized on
time but not on actions, we obtain a finite product construction lifting the semantic
product to the syntactic level:
Definition 30. The independent product A ⊗ B = (L, `0 , C ⊎ {u}, I, E, r) of WTA A =
A
A A
B B
B
B B
(LA , `A
0 , C, I , E , r ), B = (L , `0 , C, I , E , r ) is defined as follows:
• L = LA ⊎ LB ⊆ LA × LB , where LA and LB are given recursively by
B
– (`A
0 , `0 ) ∈ LA ,
ψ,C

– for all (p, q) ∈ LA and all p ÐÐ
→ p′ ∈ E A , (p′ , q) ∈ LB ,
w
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Figure A.4.: Independent product (c) of WTS (a) and (b).
ψ,C

– for all (p, q) ∈ LB and all q ÐÐ
→ q ′ ∈ E B , (p, q ′ ) ∈ LA .
w
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B
• `0 = (`A
0 , `0 ), and

• E = →A ∪ →B ∪ →TL with
ψ,C∪{u}

ψ,C

→A = {(p, q) ÐÐÐÐÐ
→ (p′ , q) ∣ p ÐÐ
→ p′ ∈ E A } ⊆ LA × Ψ(C) × 2C × N × LB
w
w
ψ,C

ψ,C

→B = {(p, q) ÐÐ
→ (p, q ′ ) ∣ q ÐÐ
→ q ′ ∈ E B } ⊆ LB × Ψ(C) × 2C × N × LA
w
w
tt,∅

→TL = {(p, q) Ð∞
Ð→ (p, q) ∣ (p, q) ∈ L}

⎧
⎪
⎪I A (p) ∧ I B (q)
• I(p, q) = ⎨
⎪
⎪
⎩{u = 0}
• r(p, q) = ∣rA (p) − rB (q)∣

for (p, q) ∈ LA
otherwise

Note that an extra clock u is introduced in the product WTA in order to make the
LB locations urgent. Also, by adding the self-loops in →TL we rule out the possibility of
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time-locks occurring in the product when composing systems which are not in timed simulation; instead the product is forced to proceed by means of an ∞-weighted transition,
adding its weight to the path. The following is clear by construction:
Lemma 31. If A, B are WTA, then JA ⊗ BK = JAK ⊗ JBK.
We are now ready to present the proof of Theorem 27:
B
of Theorem 27. We need to compute min+ (`A
0 , `0 , v0 ), the initial state of JA ⊗ BK =
JAK ⊗ JBK. Let P be the following cost function on paths in JA ⊗ BK:
d1

d0
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P ((`0 , v0 ) Ð→ (`0 , v0 + d0 ) Ð
→ (`1 , v1 ) Ð→ (`1 , v1 + d1 ) Ð
→ (`2 , v2 ) → ⋯)
p1
p2
∞

i

i=0

j=0

= ∑ λi ∣p2i+1 − p2i+2 ∣ ∏ λd2j /2 (6)

(Recall that all d2j+1 = 0 by definition of A ⊗ B.)
By definition of min+ , we have

⎧
⎪
inf {∣p1 − p2 ∣ + λ min+ (`′ , v ′ ) ∣
⎪
⎪
⎪
⋆,p1
⋆,p2
⎪
(`, v) ÐÐ→ (`′′ , v ′′ ) ÐÐ→ (`′ , v ′ )}
min+ (`, v) = min ⎨
⎪
⎪
2d,r
⎪
d
⎪
⎪
⎩inf {λ min+ (`, v + 2d) ∣ (`, v) ÐÐ→ (`, v + 2d)}

for all states (`, v), hence min+ (`0 , v0 ) can be computed by minimizing P (π) over all
paths π emanating from (`0 , v0 ).
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In [JT08] it is shown that the minimization problem is decidable on weighted timed
automata for all concave-regular cost functions on paths, hence all that remains to be
seen is that our cost function P from Equation (6) is indeed concave-regular in the sense
of [JT08]. Lipschitz continuity and uniform convergence of the associated cost function
on run types is clear, and quasi-concavity can be shown by direct calculations.

7. Conclusion

We have argued above that our proposed extension of the qualitative notion of trace
inclusion and simulation to a quantitative setting is reasonable, and we have shown
some evidence that for weighted timed automata, our generalization works as expected
with respect to standard undecidability and decidability results. As a side note to this,
we should mention that in [HMP05] it is shown that a variant of our maximum-lead
branching distance can be approximated with arbitrary precision for timed automata
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(without weights); whether a similar result can be obtained for our WTA maximum-lead
branching distance is open.
We should also remark that our algorithm for computing accumulated branching distance, and also the algorithm for computing maximum-lead branching distance given
in [HMP05], are region-based and hence not very efficient. To devise feasible algorithms
for these kinds of calculations remains future work.
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For the three types of distances considered in this work, we have seen that trace
distances can easily be introduced, whereas definition of simulation distances requires
more work and involves fixed-point computations. Our Lemma 14 remedies some of
these difficulties, and we expect this remedy to also be applicable for other interesting
trace distances; hence a general procedure for obtaining simulation distances from trace
distances should be available.
We have shown that all our three trace distances are topologically inequivalent to
their corresponding simulation distance, thus measure inherently different properties.
Still, and analogously to the qualitative setting, simulation distance can be used as an
over-approximation of trace distance. Also, and perhaps more surprisingly, whether
different trace, or simulation, distances are mutually equivalent depends on the usage
of discounting. We expect all these results to also hold for other kinds of trace and
simulation distances.
As a side remark to this, we should note that inequivalence of hemimetrics does not
pass to subsets, hence for weighted timed automata some of the above inequivalences
might turn into equivalences. This issue is potentially important for distance calculation
algorithms and hence should be investigated.
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We have mentioned earlier that in this work we concentrate on trace inclusion and simulation (asymmetric) distances, and of course similar treatment should be given to trace
equivalence and bisimulation distances. Symmetric trace distances are easily defined as
symmetrizations of the trace distances introduced here, but for the branching distances
there are subtle differences between symmetrized simulation distances on the one hand
and bisimulation distances on the other hand which should be analyzed in depth.
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Abstract

Simulation distances are essentially an approximation of simulation which provide a
measure of the extent by which behaviors in systems are inequivalent. In this paper, we
consider the general quantitative model of weighted transition systems, where transitions
are labeled with elements of a finite metric space. We study the so-called point-wise and
accumulating simulation distances which provide extensions to the well-known Boolean
notion of simulation on labeled transition systems.
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We introduce weighted process algebras for finite and regular behavior and offer sound
and (approximate) complete inference systems for the proposed simulation distances. We
also settle the algorithmic complexity of computing the simulation distances.
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1. Introduction
The need for an extension of the state-of-the art modeling and verification techniques to
encompass systems with quantitative information has long been recognized; see [HS06]
for a recent position paper on this subject. Classical modeling formalisms for concurrent
and reactive systems have focused on describing qualitative aspects of systems with a
range of behavioral equivalences and preorders used for the so-called implementation
verification, see e.g. the survey provided in [vG01]. This approach requires a model of
the systems and specifications, as well as a procedure for checking whether the two are
related with respect to the given equivalence or preorder.

AF
T

During more than a decade, classical modeling formalisms have been extended with
quantitative aspects such as real time, probabilistic or continuous (so-called hybrid) information. Despite successful generalization of several behavioral preorders and equivalences they largely remain qualitative, e.g. two (quantitative) system models either are,
or are not, equivalent. To properly take account of robustness, it is advocated in [HS06]
that in the quantitative setting, equivalences and preorders are replaced by real-valued
distances: i.e. from deciding on the Boolean truth of equivalence P ∼ Q between two
models P and Q, the problem becomes that of computing their distance ∣P, Q∣ = ε ∈ R≥0 .
It is argued that exact behavioral equivalence for quantitative models is unrealistic –
as it typically requires exact matching of all quantitative aspects – whereas in practical
application matching up to some error margin given by the distance ε suffices.
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During the past years, substantial progress has been made towards defining suitable
metrics or distances for various types of quantitative models including probabilistic models [DGJP04], real-time systems [HMP05] and metrics for linear and branching systems
in general [CHR10, Dav99, dAFS09, FLT10, FTL11, EJSL99, KKSdV91, TFL10, vB96].
In this paper, which is the third in a series of papers on general system distances [FLT10,
TFL10], we consider the general quantitative model of weighted transition systems where
transitions are labeled with elements from a finite metric space K. We consider two different distances on states of such transition systems, point-wise and accumulating simulation distance, and provide sound and complete axiomatizations for these distances
on weighted process algebras, akin to the axiomatization of bisimulation for finite and
regular process algebra in Milner’s seminal paper [Mil84]. Note that the maximum-lead
distance from [HMP05, TFL10] is not treated here; we leave this for future work.
We also consider the algorithmic complexity of computing point-wise and accumulating simulation distance for finite-state weighted transition systems. Whereas point-wise
simulation distance is shown decidable in polynomial time – similar to that of ordinary
simulation and bisimulation as shown by Smolka and Kanellakis [KS83] – we show that
the problem of accumulating simulation distance is polynomial-time equivalent to that
of computing payoff for discounted games and hence in NP ∩ coNP.
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2. Weighted Transition Systems
We need to fix some terminology and notation which we will use heavily: A mapping
d ∶ X × X → [0, ∞] = R≥0 ∪ {∞} from a set X to the non-negative reals together with
positive infinity is called a hemimetric if d(x, x) = 0 for all x ∈ X and d(x, y) + d(y, z) ≥
d(x, z) (the triangle inequality) for all x, y, z ∈ X; it is called a metric if additionally,
d(x, y) > 0 for all x ≠ y ∈ X and d(x, y) = d(y, x) for all x, y ∈ X.
A sequence (xj ) in a metric space X is a Cauchy sequence if it holds that for all ε > 0
there exist N ∈ N such that d(xm , xn ) < ε for all n, m ≥ N . X is said to be complete if
every Cauchy sequence in X converges in X.
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A continuous function f ∶ X → X is called a contraction if there exists 0 ≤ α < 1
(its Lipschitz constant) such that d(f (x), f (y)) ≤ αd(x, y) for all x, y ∈ X. Finally, we
recall the Banach fixed-point theorem: Any contraction on a complete metric space has
a unique fixed point.
Throughout this article we fix a finite metric space K of weights with a metric dK ∶
K × K → R. We also fix a discounting factor λ with 0 ≤ λ < 1, which will be used in the
definition of accumulating distance below.
Definition 1. A weighted transition system is a tuple (S, T ), where S is a finite set of
states and T ⊆ S × K × S is a set of (weighted) transitions.

DR

Note that all transition systems in this paper are indeed assumed finite, hence requiring
finiteness of the metric space K does not add extra restrictions.

3. Simulation distances

In this section we fix a weighted transition system (S, T ) and introduce simulation distance between states in (S, T ). We concentrate on two types here, accumulating and
point-wise distance, but other kinds may indeed be defined.

3.1. Accumulating distance

Definition 2. For states s, t ∈ S, accumulating simulation distance from s to t is defined
to be the least fixed point to the set of equations
(dK (n, m) + λ≀s′ , t′ ≀+ )
≀s, t≀+ = max
min
n
m
′
′
sÐ
→s tÐ→t

(1)
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To justify this definition, we need to show that the equations (1) indeed have a least
solution. To this end, write S = {s1 , . . . , sp } and assume for the moment that the transition system (S, T ) is non-blocking such that every si ∈ S has an outgoing transition
n
p×p
→ sk for some sk ∈ S. Define a function F ∶ Rp×p
si Ð
≥0 → R≥0 by
(dK (n, m) + λxk,` )
min
F (x)i,j = max
m
n
→sk sj Ð→s`
si Ð
Here we are using the standard linear-algebra notation Rp×p
≥0 for p×p-matrices with entries
in R≥0 and xk,` for the entry in their k’th row and `’th column.
p
Lemma 3. With metric on Rp×p
≥0 defined by d(x, y) = maxi,j=1 ∣xi,j − yi,j ∣, F is a contraction with Lipschitz constant λ.

AF
T

Proof. (Cf. also the proof of Theorem 5.1 in [ZP95].) We can partition Rp×p
≥0 into finitely
p2 q 2
many (indeed at most 2
with q = ∣K∣) closed polyhedral regions Ri,j (some of which
may be unbounded) such that for x, y ∈ Ri,j in a common region, the p2 max-min equations get resolved to the same transitions. In more precise terms, there are mappings
n, m, k, ` ∶ {1, . . . , p} × {1, . . . , p} → {1, . . . , p} such that F (x)i,j = dK (n(i, j), m(i, j)) +
λxk(i,j),`(i,j) for all x ∈ Ri,j .
Now if x, y ∈ Ri,j are in a common region, then

d(F (x), F (y)) ≤ λ max ∣xk(i,j),`(i,j) − yk(i,j),`(i,j) ∣
i,j

≤ λ max ∣xi,j − yi,j ∣ = λd(x, y)
i,j

DR

If x ∈ Ri1 ,j1 , y ∈ Ri2 ,j2 are in different regions, a bit more work is needed. The straight
line segment between x and y admits finitely many intersection points with the regions
Ri,j ; denote these x = z0 , . . . , zq = y. We have
d(F (x), F (y)) ≤ d(F (z0 ), F (z1 )) + ⋅ ⋅ ⋅ + d(F (zq−1 , zq ))
≤ λ(d(z0 , z1 ) + ⋅ ⋅ ⋅ + d(zq−1 , zq )) = λd(x, y)

Note that the last equality only holds because all zi are on a straight line.
Using the Banach fixed-point theorem and completeness of Rp×p
≥0 we can hence conclude
that F has a unique fixed point. In the general case, where (S, T ) may not be nonblocking, F is a function [0, ∞] → [0, ∞] with (extra) fixed point [∞, . . . , ∞]. Hence as a
function [0, ∞] → [0, ∞], F has at most two fixed points. Now we can write the equation
set from the definition as
⎡≀s1 , s1 ≀+ ≀s1 , s2 ≀+ ⋯ ≀s1 , sp ≀+ ⎤
⎡≀s1 , s1 ≀+ ≀s1 , s2 ≀+ ⋯ ≀s1 , sp ≀+ ⎤
⎢
⎥
⎢
⎥
⎢≀s , s ≀ ≀s , s ≀ ⋯ ≀s , s ≀ ⎥
⎢≀s , s ≀ ≀s , s ≀ ⋯ ≀s , s ≀ ⎥
⎢ 2 1+
⎢ 2 1+
2 2 +
2 p +⎥
2 2 +
2 p +⎥
⎥
⎢
⎥=F⎢
⎥
⎢
⎥
⎢
⋮
⋮
⋱
⋮
⋮
⋮
⋱
⋮
⎥
⎢
⎥
⎢
⎢≀sp , s1 ≀+ ≀sp , s2 ≀+ ⋯ ≀sp , sp ≀+ ⎥
⎢≀sp , s1 ≀+ ≀sp , s2 ≀+ ⋯ ≀sp , sp ≀+ ⎥
⎣
⎦
⎣
⎦
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hence (1) has indeed a unique least fixed point.

3.2. Point-wise distance
For point-wise simulation distance we follow a lattice-theoretic rather than a contraction
approach.
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Definition 4. For states s, t ∈ S, point-wise simulation distance from s to t is defined to
be the least fixed point to the set of equations
≀s, t≀ = max
min
max (dK (n, m), ≀s′ , t′ ≀ )
n
m
sÐ
→s′ tÐ→t′
Let G ∶ [0, ∞]p×p → [0, ∞]p×p be the function defined by

G(x)i,j = max
min
max (dK (n, m), xk,` )
n
m
si Ð
→sk sj Ð→s`

Lemma 5. With partial order on [0, ∞]p×p defined by x ≤ y iff xi,j ≤ yi,j for all i, j, G
is (weakly) increasing.

DR

Proof. Trivial.

Now the Tarski fixed-point theorem allows us to conclude that G has a unique least
fixed point, hence the above definition is justified.

3.3. Example

We show a computation of the two simulation distances between states s1 and t1 in the
weighted transition system in Figure B.1. Here K ⊆ N, d(n, m) = ∣n − m∣, edges without
specified weight have weight 0, and the discount factor is λ = .90.
Repeated application of the definition yields the following fixed-point equation for
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s1

t1
3

3

4

t2

t3

s2
11

5

5

s4

s5

t4

15
t5

Figure B.1.: Example WTS.
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≀s1 , t1 ≀+ (note that there is only one transition from s1 , t2 and t3 , respectively):
≀s1 , t1 ≀+ = min {

∣3 − 3∣ + .90≀s2 , t2 ≀+

∣3 − 4∣ + .90≀s2 , t3 ≀+

⎧
∣11 − 5∣ + .90≀s4 , t4 ≀+
⎪
⎪
⎪
.90 max {
⎪
⎪
⎪
∣5 − 5∣ + .90≀s5 , t4 ≀+
⎪
= min ⎨
⎪
∣11 − 15∣ + .90≀s4 , t5 ≀+
⎪
⎪
⎪
1 + .90 max {
⎪
⎪
⎪
∣5 − 15∣ + .90≀s5 , t5 ≀+
⎩
⎧
⎧
⎪ 6 + .902 ≀s1 , t1 ≀+
⎪
⎪
⎪
⎪
⎨ 2
.90
max
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎩ .90 ≀s1 , t1 ≀+
= min ⎨
⎧
2
⎪
⎪
⎪
⎪ 4 + .90 ≀s1 , t1 ≀+
⎪
⎪
⎪
⎨
1
+
.90
max
⎪
2
⎪
⎪
⎪
⎪
⎩
⎩ 10 + .90 ≀s1 , t1 ≀+

DR

= min (.90(6 + .902 ≀s1 , t1 ≀+ ), 1 + .90(10 + .902 ≀s1 , t1 ≀+ ))

= 5.4 + .903 ≀s1 , t1 ≀+

Hence ≀s1 , t1 ≀+ ≈ 19.9. For the point-wise distance ≀s1 , t1 ≀ we have accordingly,
⎧
⎪
⎪ max (∣3 − 3∣, ≀s2 , t2 ≀ )
≀s1 , t1 ≀ = min ⎨
⎪
⎪
⎩ max (∣3 − 4∣, ≀s2 , t3 ≀ )
⎧
⎪
⎪ max (0, ∣11 − 5∣, ≀s4 , t4 ≀ , ∣5 − 5∣, ≀s5 , t4 ≀ )
= min ⎨
⎪
⎪
⎩ max (1, ∣11 − 15∣, ≀s4 , t5 ≀ , ∣5 − 15∣, ≀s5 , t5 ≀ )
⎧
⎪ max (6, ≀s1 , t1 ≀ )
⎪
= min ⎨
⎪
⎪
⎩ max (10, ≀s1 , t1 ≀ )

which has least fixed point ≀s1 , t1 ≀ = 6.
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3.4. Properties
Proposition 6. ≀⋅, ⋅≀+ and ≀⋅, ⋅≀ are hemimetrics on S.
Proof. To show that ≀s, s≀+ = ≀s, s≀ = 0 is trivial. The triangle inequalities can be shown
inductively; we prove the one for ≀⋅, ⋅≀+ : For s, t, u ∈ S, we have
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(dK (n, m) + λ≀s′ , t′ ≀+ )
≀s, t≀+ + ≀t, u≀+ = max
min
n
m
′
′
sÐ
→s tÐ→t
(dK (m, z) + λ≀t′ , u′ ≀+ )
+ max
min
m
z
tÐ
→t′ uÐ
→u′
(dK (n, m) + dK (m, z) + λ(≀s′ , t′ ≀+ + ≀t′ , u′ ≀+ ))
≥ max
min
min
n
m
z
′
′
′
sÐ
→s tÐ→t uÐ
→u
(dK (n, z) + λ≀s′ , u′ ≀+ ) = ≀s, u≀+
≥ max
min
n
z
sÐ
→s′ uÐ
→u′
assuming the triangle inequality has been proven for the triple (s′ , t′ , u′ ).

In the next proposition we take the standard liberty of comparing different (weighted)
transition systems by considering their disjoint union.
Proposition 7. The weighted transition systems O = ({s1 }, ∅) and U = ({s1 }, {(s1 , n, s1 ) ∣
n ∈ K}) are respectively minimal and maximal elements with respect to both ≀⋅, ⋅≀+ and ≀⋅, ⋅≀ ,
that is, ≀O, A≀+ = ≀O, A≀ = ≀A, U≀+ = ≀A, U≀ = 0 for any WTS A.
Proof. For ≀O, A≀+ and ≀O, A≀ , the maximum max

s1 Ð
→s′1
n ′
n

is taken over the empty set and
n

DR

hence is 0. For ≀A, U≀+ and ≀A, U≀ , any transition s Ð
→ s in A can be matched by s1 Ð
→ s1
in U, hence the distance is again 0.
Our distances are related to the usual notion of simulation in the following way. Recall [TFL10] that a relation R ⊆ S × S is called a
n

n

− weighted simulation if whenever (s, t) ∈ R and s Ð
→ s′ , then also t Ð
→ t′ with
(s′ , t′ ) ∈ R;
n

m

− unweighted simulation if whenever (s, t) ∈ R and s Ð
→ s′ , then also t Ð→ t′ with
(s′ , t′ ) ∈ R and dK (n, m) < ∞.
State s is weighted simulated, denoted s ≤ t, respectively unweighted simulated, denoted
s ≤u t, if there exists a weighted simulation relation, respectively an unweighted simulation relation, R with (s, t) ∈ R.
Proposition 8. For s, t states in a WTS (S, T ),
− s ≤ t implies ≀s, t≀+ = ≀s, t≀ = 0,
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− ≀s, t≀+ = 0 or ≀s, t≀ = 0 imply s ≤ t,
− s ≤u t implies that ≀s, t≀+ < ∞ and ≀s, t≀ < ∞, and
− ≀s, t≀+ < ∞ or ≀s, t≀ < ∞ imply s ≤u t.
Proof. For the first claim, if (s, t) ∈ R for some weighted simulation relation R, then any
n
n
sÐ
→ s′ can be matched by a transition t Ð
→ t′ with (s′ , t′ ) ∈ R, hence ≀s, t≀+ = 0 + λ≀s′ , t′ ≀+
and ≀s, t≀ = max (0, ≀s′ , t′ ≀ ), and we can proceed by induction. Conversely, if ≀s, t≀+ = 0,
then max n ′ min m ′ d(n, m) + λ≀s′ , t′ ≀+ = 0, hence d(n, m) = 0, and as d is a metric,
tÐ
→t
sÐ
→s
n = m, and we can proceed by induction. The situation if ≀s, t≀ = 0 is similar.
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For the third claim, if (s, t) ∈ R for some unweighted simulation relation R, then any
n
m
sÐ
→ s′ can be matched by a transition t Ð→ t′ with (s′ , t′ ) ∈ R, and as d(n, m) < ∞,
we can again proceed by induction. Conversely, ≀s, t≀+ < ∞ or ≀s, t≀ < ∞ imply that any
n
m
transition s Ð
→ s′ has a match t Ð→ t′ .

4. Axiomatizations for Finite Weighted Processes

We now turn to a setting where our weighted transition systems are generated by finite
or regular (weighted) process expressions. We construct a sound and complete axiomatization of simulation distance in a setting without recursion first and show afterward
how this may be extended to a setting with recursion.
Let P be the set of process expressions generated by the following grammar:

DR

E ∶∶= O ∣ n.E ∣ E + E ∣

n∈K

Here O is used to denote the empty process, cf. Proposition 7.
The semantics of finite process expressions is a weighted transition system generated
by the following standard SOS rules:

n

n.E Ð
→E

n

E1 Ð
→ E1′
n

E1 + E2 Ð
→ E1′

n

E2 Ð
→ E2′
n

E1 + E2 Ð
→ E2′

We can immediately get the following equalities
≀E + O, E≀+ = 0

≀n.E, m.F ≀+ = dK (n, m) + λ≀E, F ≀+

(2)

≀E1 + E2 , F ≀+ = max(≀E1 , F ≀+ , ≀E2 , F ≀+ )
≀n.E, F1 + F2 ≀+ = min(≀n.E, F1 ≀+ , ≀n.E, F2 ≀+ )
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⊢ [O, E] & r
(R1)

(A2)

⊢ [E, F ] & r1
⊢ [n.E, m.F ] & r

⊢ [n.E, O] & r

∞&r

dK (n, m) + λr1 & r

⊢ [E1 , F ] & r1
⊢ [E2 , F ] & r2
⊢ [E1 + E2 , F ] & r

(R2)

(R3)

0&r

max(r1 , r2 ) & r

⊢ [n.E, F1 ] & r1
⊢ [n.E, F2 ] & r2
⊢ [n.E, F1 + F2 ] & r

min(r1 , r2 ) & r
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(A1)

Figure B.2.: The F proof system.

For the point-wise distance, we again need only exchange (2) with
≀n.E, m.F ≀ = max(dK (n, m), ≀E, F ≀ )

In order to see e.g. Equation (3) we simply need to apply the definitions:
≀n.E, F1 + F2 ≀+ =

infm dK (n, m) + λ≀E, F ′ ≀+
F1 +F2 Ð
→F ′

= min(

inf
dK (n, m) + λ≀E, F ′ ≀+ , inf
dK (n, m) + λ≀E, F ′ ≀+ )
m
m
F1 Ð
→F ′
F2 Ð
→F ′
= min(≀n.E, F1 ≀+ , ≀n.E, F2 ≀+ )

DR

For Equation (2), the sup-inf expression ranges over singleton sets, hence the result is
easy; the remaining equalities may shown in a similar way.
The inference system F as given in Figure B.2 axiomatizes accumulating simulation
distance for finite processes, as we shall prove below. Its sentences are inequalities of the
form [E, F ] & r where & ∈ {=, ≤, ≥} and 0 ≤ r ≤ ∞. Whenever [E, F ] & r may be concluded
from F , we write ⊢F [E, F ] & r.
In addition to reflexivity and transitivity, we will need the following standard properties
of & in latter proofs of soundness and completeness: Whenever a & b then, for all c:
a + c & b + c, a ⋅ c & b ⋅ c, and max{a, c} & max{b, c}.
We also remark that the left process indeed needs to be guarded in rule (R3) above,
i.e. the following proposed rule (R3′ ) leads to an unsound inference system:
(R3′ )

⊢ [E, F1 ] & r1
⊢ [E, F2 ] & r2
⊢ [E, F1 + F2 ] & r

min(r1 , r2 ) & r
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Indeed, using this rule we can derive the following (incomplete) proof tree with a
contradictory conclusion; the reason behind is that with E = E1 + E2 non-deterministic
as below, both F1 and F2 may be needed to answer the challenge posed by E:

O O

O O

O O

O O

⊢ [1. , 1. ] ≥ 0
⊢ [2. , 1. ] ≥ 1
⊢ [1. , 2. ] ≥ 1
⊢ [2. , 2. ] ≥ 0
⊢ [1. + 2. , 1. ] ≥ 1
⊢ [1. + 2. , 2. ] ≥ 1
⊢ [1. + 2. , 1. + 2. ] ≥ 1

O

O O

O

O O

O

O

O O

Theorem 9 (Soundness). If ⊢F [E, F ] & r, then ≀E, F ≀+ & r.
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Proof. By an easy induction in the proof tree for ⊢F [E, F ] & r, with a case analysis for
the applied proof rule:
(A1) follows from ≀O, E≀+ = 0.

(A2) follows from ≀n.E, O≀+ = ∞ which is clear by the definition of ≀⋅, ⋅≀+ .

(R1) By induction hypothesis, ≀E, F ≀+ & r1 , and as ≀n.E, m.F ≀+ = dK (n, m) + λ≀E, F ≀+ , it
follows that ≀n.E, m.F ≀+ = dK (n, m) + λr1 .
(R2) By induction hypothesis, ≀E1 , F ≀+ & r1 and ≀E2 , F ≀+ & r2 , hence ≀E1 + E2 , F ≀+ =
max(≀E1 , F ≀+ , max{E2 , F }) & max(r1 , r2 ).
(R3) By induction hypothesis, ≀n.E, F1 ≀+ & r1 and ≀n.E, F2 ≀+ & r2 , hence ≀n.E, F1 + F2 ≀+ =
min(≀n.E, F1 ≀+ , ≀n.E, F2 ≀+ ) & min(r1 , r2 ).
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Theorem 10 (Completeness). If ≀E, F ≀+ & r, then ⊢F [E, F ] & r.
Proof. By an easy structural induction on E:

(E = O) We have ≀O, F ≀+ = 0 & r. By Axiom (A1), also ⊢ [O, F ] = 0.

(E = n.E ′ ) We use an inner induction on F :
Subcase F = O Here ≀E, F ≀+ = ≀n.E ′ , O≀+ = ∞ & r. By Axiom (A2), also ⊢
[n.E ′ , O] = ∞.

Subcase F = m.F ′ Here ≀E, F ≀+ = ≀n.E ′ , m.F ′ ≀+ = dK (n, m) + λ≀E ′ , F ′ ≀+ & r, hence
with r′ = λ−1 (r − dK (, nm)), ≀E ′ , F ′ ≀+ & r′ . By induction hypothesis it follows that
⊢ [E ′ , F ′ ] & r′ , and we can use Axiom (R1) to conclude that ⊢ [E, F ] & r.
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Subcase F = F1 + F2 Using Equation (3), we have ≀E, F ≀+ = ≀n.E ′ , F1 + F2 ≀+ =
min (≀n.E ′ , F1 ≀+ , ≀n.E ′ , F2 ≀+ ). Let ≀n.E ′ , F1 ≀+ & r1 , ≀n.E ′ , F2 ≀+ & r2 . By the previous
case, ⊢ [n.E ′ , F1 ] & r1 . As min{r1 , r2 } & r it follows using (R3) that ⊢F [n.E, F1 +
F2 ] & r.
(E = E1 + E2 ) By an argument similar to the one in the preceding subcase, we have
≀E, F ≀+ = max (≀E1 , F ≀+ , ≀E2 , F ≀+ ). If ≀E1 , F ≀+ &r1 and ≀E2 , F ≀+ &r2 with max(r1 , r2 )&
r, we can use the induction hypothesis to conclude ⊢ [E1 , F ]&r1 and ⊢ [E1 , F ]&r1 ,
whence ⊢ [E, F ] & r by Axiom (R2).
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4.1. Point-wise distance
We can devise a sound and complete inference system F ● for point-wise distance (instead
of accumulating) by replacing inference rule (R1) in System F by the rule
(R1● )

⊢ [E, F ] & r1
⊢ [n.E, m.F ] & r

max(dK (n, m), λr1 ) & r

As before, we write ⊢F ● [E, F ] & r if [E, F ] & r can be proven by F ● .

Theorem 11 (Soundness & Completeness). ⊢F ● [E, F ] & r if and only if ≀E, F ≀ & r
Proof. The proof is similar to the one for F .
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4.2. Simulation distance zero

We show here that for distance zero, our inference system F specializes to a sound
and complete inference system for simulation. The inference system F0 is displayed in
Figure B.3.
Theorem 12 (Soundness & Completeness). ⊢F0 E ≤ F if and only if E ≤ F
Proof. Soundness follows immediately from the soundness of Proof system F , and for
completeness we note that the arguments one uses in the inductive proof of Theorem 10
all specialize to distance zero.
We remark that, contrary to the situation for general distance above, we may indeed
replace the guarded process n.E in (R3′0 ) and (R30 ) by a plain E without invalidating
the rules. Note also that F0 may similarly be obtained as a specialization F0● of the
axiomatization F ● of point-wise distance above.
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(A10 )

(R10 )

(R20 )

(R3′0 )

⊢O≤E
⊢E≤F
⊢ n.E ≤ n.F

⊢ E1 ≤ F
⊢ E2 ≤ F
⊢ E1 + E2 ≤ F

⊢ n.E ≤ F1
⊢ n.E ≤ F1 + F2

(R30 )

⊢ n.E ≤ F2
⊢ n.E ≤ F1 + F2
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Figure B.3.: The F0 proof system

5. Axiomatizations for Regular Weighted Processes
Let N = max{dK (n, m) ∣ n, m ∈ K}; by finiteness of K, N ∈ R. Let V be a fixed set of
variables, then P R is the set of process expressions generated by the following grammar:
E ∶∶= U ∣ X ∣ n.E ∣ E + E ∣ µX.E

n ∈ K, X ∈ V

DR

Here we use U to denote the universal process recursively offering any weight in K,
cf. Proposition 7. Note that we do not incorporate the empty process O. Semantically
this will mean that all processes in P R are non-terminating, and that the accumulating
distance between any pair of processes is finite. The reason for the exchange of O
with U is precisely this last property; specifically, completeness of our axiomatization
(Theorem 17) can only be shown if all accumulating distances are finite.
The semantics of processes in P R is given as weighted transition systems which are
generated by the following standard SOS rules:

n

E1 Ð
→ E1′
n

E1 + E2 Ð
→ E1′

n

n

n.E Ð
→E

UÐ
→U

n

E2 Ð
→ E2′
n

E1 + E2 Ð
→ E2′

n

E[µX.E/X] Ð
→F
n

µX.E Ð
→F

As usual we say that a variable X is guarded in an expression E if any occurrence of
X in E is within a subexpression n.E ′ . Formally, we define the guarding depth gd(E, X)
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of variable X in expression E recursively by
gd(U, X) = ∞
gd(X, X) = 0
gd(n.E, X) = 1 + gd(E, X)
gd(E1 + E2 , X) = min ( gd(E1 , X), gd(E2 , X))
⎧
⎪
⎪gd(E, X) if X ≠ Y
gd(µX.E, Y ) = ⎨
⎪
if X = Y
⎪
⎩∞
and we say that X is guarded in E if gd(E, X) ≥ 1.
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Also as usual, we denote by E[F /X] the expression derived from E by substituting all free occurrences of variable X in E by F , and given tuples F̄ = (F1 , . . . , Fk ),
X̄ = (X1 , . . . , Xk ), we write E[F̄ /X̄] = E[F1 /X1 , . . . , Fk /Xk ] for the simultaneous substitution.
Our inference system for regular processes consists of the set of rules R as shown in
Figure B.4; whenever [E, F ] & r may be concluded from R, we write ⊢R [E, F ] & r.
Compared to inference system F for finite processes, we note that we have to include
the triangle inequality (R4) as an inference rule. Also, the precongruence property of
simulation distance is expressed by rules (R1), (R5), and (R6). We will need all those
extra rules in the proof of Lemma 14 which again is necessary for showing completeness.
Theorem 13 (Soundness). For closed expressions E, F ∈ P R we have that ⊢R [E, F ] & r
implies ≀E, F ≀+ & r.
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Proof. By an easy induction in the proof tree for ⊢F [E, F ] & r, using the definition of
≀⋅, ⋅≀+ . In relation to Axiom (A3), we note that N = max{dK (n, m) ∣ n, m ∈ K} implies
N
i
≀E, F ≀+ ≤ ∑∞
i=0 λ N = 1−λ .
Our completeness result for regular processes will be based on the following lemmas;
here we call an expression E ∈ P R non-recursive if it does not contain any subexpressions
µX.E ′ :
Lemma 14. For all E ∈ P R and k ∈ N there exist a non-recursive expression F and
tuples Ē = (E1 , . . . , Ek ), X̄ = (X1 , . . . , Xk ) for which gd(F, Xi ) ≥ k for all i and
⊢R [E, F [Ē/X̄]] = 0

⊢R [F [Ē/X̄], E] = 0

Proof. Repeated use of the unfolding axioms (A6) and (A7), the congruence rules (R1),
(R5), and (R6) with r = 0 and of the triangle inequality (R4).
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(A5)

(A4)

⊢ [U, ∑n∈K n.U] = 0
(A6)

⊢ [µX.E, E[µX.E/X]] = 0
(A8)

⊢ [E[µX.E/X], µX.E] = 0
⊢ [E, F ] & r1
⊢ [n.E, m.F ] & r

⊢ [E, U] = 0

dK (n, m) + λr1 & r
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(R1)

≤r

⊢ [E, F ] ≤ r

⊢ [∑n∈K n.U, U] = 0

(A7)

N
1−λ

(A3)

(R2)

(R3)

⊢ [E1 , F ] & r1
⊢ [E2 , F ] & r2
⊢ [E1 + E2 , F ] & r

⊢ [n.E, F1 ] & r1
⊢ [n.E, F2 ] & r2
⊢ [n.E, F1 + F2 ] & r

(R4)

⊢ [E, F ] ≤ r
⊢ [E + G, F + G] ≤ r

DR

(R5)

⊢ [E, F ] ≤ r1
⊢ [F, G] ≤ r2
⊢ [E, G] ≤ r
(R6)

max(r1 , r2 ) & r

min(r1 , r2 ) & r

r1 + r2 ≤ r

⊢ [E, F ] ≤ r
⊢ [G + E, G + F ] ≤ r

Figure B.4.: The R proof system

Lemma 15. Let F be a non-recursive expression and Ē = (E1 , . . . , Ek ), X̄ = (X1 , . . . , Xk )
tuples for which gd(F, Xi ) ≥ k for all i. Then
⊢R [F [Ē/X̄], F [Ū/X̄]] = 0

N
⊢R [F [Ū/X̄], F [Ē/X̄]] = λk 1−λ

Proof. Repeated use of Axioms (A3) and (A8) together with the congruence rules (R1),
(R5), and (R6) with r = 0.

Lemma 16. For closed non-recursive expressions E, F , ≀E, F ≀+ &r implies ⊢R [E, F ]&r.
Proof. By structural induction similar to the proof of Theorem 10.
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We are now in a position to state our completeness result which enables arbitrary εclose proofs in the sense below. The proof uses unfoldings of recursive expressions as in
Lemma 14, and as these unfoldings are finite non-recursive processes, we cannot expect
exact completeness.
Theorem 17 (Completeness up to ε). Let E and F be closed expressions of P R and
ε > 0. Then ≀E, F ≀+ = r implies ⊢R [E, F ] ≤ r + ε and ⊢R [E, F ] ≥ r − ε.
N
Proof. Assume ≀E, F ≀+ = r, and choose k ∈ N such that 2λk 1−λ
≤ ε. By Lemma 14 we
′
′
have non-recursive expressions E , F and tuples Ē, F̄ , X̄, and Ȳ for which gd(E ′ , Xi ) ≥ k
and gd(F ′ , Yi ) ≥ k for all i, and such that
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⊢R [E, E ′ [Ē/X̄]] = 0
⊢R [E ′ [Ē/X̄], E] = 0

⊢R [F, F ′ [F̄ /Ȳ ]] = 0

⊢R [F ′ [F̄ /Ȳ ], F ] = 0

From Lemma 15 it follows that

⊢R [E ′ [Ē/X̄], E ′ [Ū/X̄]] = 0

N
=
⊢R [E ′ [Ū/X̄], E ′ [Ē/X̄]] ≤ λk 1−λ

ε
2

⊢R [F ′ [F̄ /Ȳ ], F ′ [Ū/Ȳ ]] = 0

N
⊢R [F ′ [Ū/Ȳ ], F ′ [F̄ /Ȳ ]] ≤ λk 1−λ
=

ε
2

DR

Using the triangle inequality and Theorem 13 we now have

≀E ′ [Ū/X̄], F ′ [Ū /X̄]≀+ ≤ ≀E ′ [Ū/X̄], E ′ [Ē/X̄]≀+ + ≀E ′ [Ē/X̄], E≀+
+ ≀E, F ≀+ + ≀F, F ′ [F̄ /Ȳ ]≀+ + ≀F ′ [F̄ /Ȳ ], F ′ [Ū/Ȳ ]≀+

≤

ε
2

+0+r+0+0=r+

ε
2

Only non-recursive expressions are involved here, so that we can invoke Lemma 16 to
conclude
⊢R [E ′ [Ū/X̄], F ′ [Ū /X̄]] ≤ r + 2ε
Now we can use the triangle inequality axiom (R4) together with the eight equations
above to arrive at
⊢R [E, F ] ≤ r + ε
Similar arguments show that also ⊢R [E, F ] ≥ r − ε,
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5.1. Point-wise distance
Again we can easily convert our proof system R into one for point-wise (instead of
accumulating) distance. In this case, we obtain R● by replacing inference rule (R1) by
(R1● ) as we did for Proof system F , and (A3) needs to be replaced by
(A3● )

⊢ [E, F ] ≤ N

With these replacements we have a sound and ε-complete axiomatization of point-wise
simulation distance recursive weighted processes.
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Theorem 18 (Soundness & Completeness up to ε). Let E and F be closed expressions
of P R , then ⊢R● [E, F ] & r implies ≀E, F ≀ & r, and ≀E, F ≀ = r implies ⊢R● [E, F ] ≤ r + ε
and ⊢R● [E, F ] ≥ r − ε for any ε > 0.
Proof. The proof is similar to that for accumulated distance.

6. Algorithmic Complexity

In this section we show that, for finite weighted transition systems, computing accumulating distance is polynomial-time equivalent to computing the value of discounted
games (DG), hence contained in NP ∩ coNP. We also give a polynomial-time algorithm
for computing point-wise distance; hence the conceptually simpler point-wise distance
is also computationally easier. We assume throughout this section that for all weights
n, m ∈ K, dK (n, m) is polynomial-time computable.
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We recall the following definition from [ZP95]: A two-player game graph G = (S1 , S2 , Ð
_
) over a finite set W ⊆ R of weights is a finite directed bipartite graph with vertices S1 ∪S2
(where states in Si are said to belong to Player i) and edges Ð
_ ∈ S1 ×W ×S2 ∪S2 ×W ×S1 ,
in which each vertex has at least one outgoing edge.

A memoryless Player-i strategy is a map ξ ∶ Si → W × S3−i , and it is consistent with Ð
_
a
′
′
′
if ξ(s) = (a, s ) implies that there exists (s, a, s ) ∈ Ð
_ (the latter written as s Ð
_ s ). A
pair (ξ, χ) of Player-1 and Player-2 strategies admits a unique sequence (path) of edges
t = e0 e1 e2 . . . . We will sometimes write a = w(e) to denote the weight of e = (s, a, s′ ) ∈ Ð
_.

Definition 19. Let G = (S1 , S2 , Ð
_) be a game graph and 0 ≤ λ < 1 a discounting
factor, and s ∈ S1 ∪ S2 . The payoff of the discounted game on G from s is defined as
i
v = λ ∑∞
i=0 λ w(ei ), where the path t = e0 e1 e2 . . . , starting from s ∈ S1 , is induced by
strategies ξ and χ of Player 1 respectively Player 2 which are such that the objective of
Player 1 is to pick ξ maximizing v, whereas Player 2’s objective is to pick χ minimizing
v.
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The decision problem corresponding to discounted games is as follows: Given a game
graph G, a starting vertex s0 , a discount factor 0 ≤ λ < 1, and a threshold v ∈ R, can
Player 1 guarantee a payoff of v or more? We use the well-known fact [ZP95] that
this decision problem is in NP ∩ coNP, a fact obtained by reduction to simple stochastic
games [Con92].
Theorem 20. Computing accumulating distance is polynomial-time equivalent to computing the payoff for discounted games.
We present two supporting lemmas. Note that our weighted transition systems and
discounted games have different weight domains; we use the metric dK to map between
them.
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Lemma 21. For a given discount factor λ, a WTS (S, T ), and s, t ∈ S, one can construct
a game graph G together with a vertex s0√such that ≀s, t≀+ is the payoff of the discounted
game on G from s0 with discount factor λ.
Proof. We construct the game G = (S1 , S2 , Ð
_) with S1 = S × S, S2 = S × S × K, and edges
0

(s, t) Ð
_ (s′ , t, n) if (s, n, s′ ) ∈ T
dK (n,m)

(s, t, n) ÐÐÐÐ_ (s, t′ ) if (t, m, t′ ) ∈ T

Note that the set of weights of the game is W ⊆ {dK (n, m) ∣ n, m ∈ K}, hence finite.
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Now recall [ZP95, Thm. 5.1]: For some labeling S1 ∪ S2 = {s1 , . . . , sp }, the payoff xi of
G from si is given as the unique fixed point of the set of equations
√
⎧
max
{c
+
λxj } if si ∈ V1
⎪
⎪
c
⎪
⎪
⎪si Ð
_sj
√
xi = ⎨
⎪
min
{c + λxj } if si ∈ V2
⎪
⎪
c
⎪
⎪
_sj
⎩si Ð

Hence we can let s0 = (s, t), then ≀s, t≀+ = x0 .

Lemma 22. For any game graph G with start vertex x there exists a WTS with states
px and qx such that the payoff v of the discounted game on G from x is ≀px , qx ≀+ .
Proof. Let G = (S1 , S2 , Ð
_) be the game, with weight set W . Then (S, T ), with (finite)
weight set K = (S1 ∪ S2 ) × W is defined as follows: S = {px , qx , qx′ ∣ x ∈ S1 } ∪ {pbx ∣ x ∈
S1 , x Ð
_ b}, and for x, y ∈ S1 and b ∈ S2 , T is given by:
b,n

n

− px Ð→ pbx whenever x Ð
_b
b,0

− qx Ð→ qy′ whenever x Ð
_bÐ
_y
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y,0

− pbx Ð→ py whenever b Ð
_y
y,m

S1 ∖{y},0

m

− qy′ ÐÐ→ qy and qy′ ÐÐÐÐÐ→ U whenever b Ð_ y

S1 ∖{y},0

In the last item, U denotes the universal WTS, and the notation qy′ ÐÐÐÐÐ→ U means
z,0

that there are transitions qy′ Ð→ U for all z ∈ S1 ∖ {y}.
The metric on K is defined by dK ((x, n), (y, m)) = ∣n − m∣ if x = y and ∞ otherwise.
The construction is sketched in Figure B.5.
To see that ≀px , qx ≀+ = v, consider a strategy ξ for which ξ(x) = b which maximizes
b,n
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Player 1’s payoff from x ∈ S1 . The transition px Ð→ pbx models the choice in ξ, ensuring
that minimization from qx must match the b-label, acknowledging the move to b ∈ S2 .
b,0

Doing so requires taking precisely qx Ð→ qy′ for some y ∈ S1 . Whenever χ(b) = y ′
b,0

minimizes the payoff for Player 2 in vertex b, the corresponding qx Ð→ qy′ ′ ensures
1. the correct cost for the match, i.e. ∣n − 0∣ = w(x Ð
_ b), and
y,0

2. that the maximizing transition from pbx is pbx Ð→ py′ .

The latter implies that the choice of Player 2 is passed on to Player 1, and that Player 1
S1 ∖{y},0

must act according to it. This latter property is obtained by the qx′ ÐÐÐÐÐ→ U transitions, which match any “cheating” maximization and afterward allow Player 2 to match
all possible Player 1 transitions perfectly.
y,0

DR

After the Player 1 transition pbx Ð→ py′ , Player 2 must minimize the game value by
y,m
choosing a qy′ ′ ÐÐ→ qy′ , thereby adding ∣0−m∣ = w(b Ð
_ y ′ ) both to the total value of G and
to the total accumulating distance from px to qx . We have arrived at a new configuration
py′ , qy′ which models the vertex y ′ of the game and from which the simulation game can
proceed.

Example We shortly elaborate on the reduction in the preceding proof by considering
the game in Figure B.5. Assume Player 1 (with diamond-shaped vertices) has an optimal
(maximizing) strategy in which A ↦ (n1 , B) and Player 2 (with square vertices) wants
to play B ↦ (n4 , E) for minimizing the game value. Then the simulation from (pA , qA )
b,n1

is performed accordingly, i.e. the maximal choice is pA ÐÐ→ pB
A signaling the label b
(alternatively c or d could have been chosen). The simulating response is, of course, to
c
match b (since taking e.g. Ð
→ results in weight dK ((b, n1 )(c, 0)) = ∞); the transition corn4

b,0

′
responding to Player 2’s minimizing choice B Ð_ E is qA Ð→ qE
. The next maximizing
e,0

f,0

B
challenge then has to be pB
A Ð→ pE , as e.g. pA Ð→ pF would allow for a minimizing
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pA

A
n1
B
n4
E

′
qE

C

D

n5

pB
A
0 e

F

f

e n4

0
b

0
b

¬{
e}

f}

¬{

qF′
n5 f

U

0

pE

c

qA

pC
A
d

n1 b

n3

n2

c

pF

qE

qF

e,0
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Figure B.5.: DG to WTS Translation (dashed lines represents omitted parts)
′
response qE
Ð→ U, after which any challenge can be met with distance 0. The only
′ e,n4
minimizing transition is now qE
ÐÐ→ qE .

Proof of Theorem 20. The result follows directly from Lemmas 21 and 22, together with
the additional fact that both reductions are clearly polynomial.
The sought-after property follows:

Lemma 23. The decision problem corresponding to computing accumulating simulation
distance of states in a WTS is contained in NP ∩ coNP.

6.1. Point-wise distance
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To see that point-wise simulation distance is computable in polynomial time, we note
that the fixed-point iteration converges in time polynomial in the size of the WTS:
Theorem 24. For a WTS (S, T ) with ∣S∣ = p and s0 , t0 ∈ S, ≀s0 , t0 ≀ may be computed in
p2 steps.
Proof. For a threshold δ, define iterated δ-simulation relations ≤nδ , for n ∈ N, by ≤0δ = S ×S
and
m
n
s ≤k+1
t iff ∀s Ð→ s′ ∃t Ð
→ t′ ∶ dK (m, n) ≤ δ and s′ ≤kδ t′
δ
k
The lattice of ≤kδ relations such defined has at most p2 elements, hence ≤δ = ⋂∞
k=0 ≤δ can
be computed in at most p2 iterations. To finish the proof, we note that ≀s0 , t0 ≀ ≤ δ if and
only if s0 ≤δ t0 .

Lemma 25. The decision problem corresponding to computing point-wise simulation
distance is contained in P.
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We develop a general framework for reasoning about distances between transition systems
with quantitative information. Taking as starting point an arbitrary distance on system
traces, we show how this leads to natural definitions of a linear and a branching distance
on states of such a transition system. We show that our framework generalizes and
unifies a large variety of previously considered system distances, and we develop some
general properties of our distances. We also show that if the trace distance admits a
recursive characterization, then the corresponding branching distance can be obtained as
a least fixed point to a similar recursive characterization. The central tool in our work
is a theory of infinite path-building games with quantitative objectives.
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1. Introduction
In verification of concurrent and reactive systems, one generally seeks to assert properties
of systems expressed in terms of sets of traces (or languages) or in terms of computation
trees. The language point of view leads to what is generally called linear semantics,
whereas the tree point of view leads to branching semantics. These semantics are the
extreme points in a spectrum containing a number of other useful notions; see [vG01] for
an overview.
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As emphasized in [HS06], working with applications in complex reactive systems or in
embedded systems means that classical notions of linear and branching equivalence (or
inclusion) of processes often need to be extended to accommodate quantitative information. This can be in relation to real-time behavior, resource usage, or can be probabilistic
or stochastic information. In such a quantitative setting, equivalences and inclusions are
replaced by symmetric or asymmetric distances between systems.
This approach of quantitative analysis has been taken in numerous papers by multiple
authors, both in the real-time (or hybrid), in the probabilistic, and in general quantitative
settings, see [DLT08, CHR10, CDH10, dAFS04, dAHM03, DGJP04, FLT10, GJS90,
HMP05, TFL10, Koz85, LFT11] for a (non-exhaustive) choice of references. Indeed,
the quantitative approach is also useful in settings without quantitative information in
the models, e.g. in [CHR10] various distances related to implementation correctness of
discrete systems are considered.
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The above-mentioned dichotomy between languages and trees persists in the quantitative setting, where one hence encounters both notions of linear and of branching
distances. To the best of our knowledge, the treatment of those distances, and of the
relations between them, has so far been somewhat ad hoc. Indeed, the general approach
appears to be to introduce some particular distances which are relevant for a particular
application and then show some useful properties; in this paper, we try to unify and
generalize some of these approaches.
The present paper is in a sense a follow-up to previous papers [FLT10, TFL10] by
the same authors. In those papers, we introduce and investigate three different linear
and branching distances. A paper similar in spirit to these is [dAFS04], which analyses
properties of what we later will call the point-wise distance for weighted Kripke structures.
The starting point for the present paper is then the observation of similarities between
the constructions for different types of distances, which we here generalize to encompass
all of them and to construct a coherent framework.
In this paper, we take the view that in practical applications, say in reactive systems,
the system distance which measures adherence to the property which we want to verify,
will be specific to the concrete domain of the application. Hence in a general framework
like the one proposed here, its description must be given as an input. A method to obtain
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the actual system distances, for some desired level of interaction, is then prescribed by
the framework.
In this paper we assume that this system distance input is given as a distance on
traces: Given two sequences of executions, one needs only to define what it means for
these sequences to be closely related to each other. We show that such a trace distance
always gives rise to natural notions both of linear and of branching distance.
To relate linear and branching distances, we introduce a general notion of simulation
game with quantitative objectives. The idea of using games for linear and branching
equivalences is not new [Sti95] and has been used in a quantitative setting e.g. in [CDH10,
DLT08], but here we explore this idea in its full generality.
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One interesting result which we can show in our general framework is that for all interesting trace distances, the corresponding linear and branching distance are topologically
inequivalent. From an application point of view this means that corresponding linear and
branching distances (essentially) always measure very different things and that results
about one of them cannot generally be transferred to the other. This result – and indeed
also its proof – is a generalization of the well-known fact that language inclusion does
not imply simulation to a quantitative setting.
We also show that for the common special case that the trace distance has a recursive
characterization, the associated branching distance can be obtained as a least fixed point
to a similar recursive characterization. This is again a generalization of some standard
facts about simulation, but shows that for a large class of branching distances, characterizations as least fixed points are available.

DR

Acknowledgment

The authors acknowledge interesting and fruitful discussions on the topic of this work
with Tom Henzinger, Pavol Černý and Arjun Radhakrishna of IST Austria.

2. From Trace Distances to System Distances
Our object of study in this work are general K-weighted transition systems (to be defined
below), where K is some set of weights. For applications, K may be further specified and
admit some extra structure, but below we just assume K to be some finite or infinite set.
Definition 1. A trace is an infinite sequence (σj )j=0 of elements in K. The set of all
such traces is denoted Kω .
∞

Note that we confine our study to infinite traces; this is mostly for convenience, to
avoid issues with finite traces of different length. All our results are valid when also
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finite traces are allowed and the definitions changed accordingly. We write σj for the jth
element in a trace σ, and σ j for the trace obtained from σ by deleting elements σ0 up to
σj−1 .
Definition 2. A K-weighted transition system (WTS) is a pair A = (S, T ) of sets S, T
with T ⊆ S × K × S.
x

We use the familiar notation s Ð
→ s′ to indicate that (s, x, s′ ) ∈ T . Note that S and
T may indeed be infinite, also infinite branching. For simplicity’s sake we shall follow
the common assumption that all our WTS are non-blocking, i.e. that for any state s ∈ S
x
there is a transition s Ð
→ s′ in T .
xj

A path from s0 ∈ S in a WTS (S, T ) is an infinite sequence (sj Ð→ sj+1 )j=0 of transitions
in T . The set of such is denoted Pa(s0 ). We will in some places also need finite paths,
xj
n
i.e. finite sequences (sj Ð→ sj+1 )j=0 of transitions; the set of finite paths from s0 is
denoted fPa(s0 ). For a finite path π as above, we let lg(π) = n denote its length and
last(π) = sn+1 its last state. We write πj = sj for the (j + 1)th state and tr(π)j for the
(j + 1)th weight in a finite or infinite path.
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∞

xj

A path π = (sj Ð→ sj+1 )j=0 gives rise to a trace tr(π) = (xj )j=0 . The set of (infinite)
∞

∞

traces from s0 ∈ S is denoted Tr(s0 ) = { tr(π) ∣ π ∈ Pa(s0 )}.

2.1. Interlude: Hemimetrics
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Before we proceed, we recall some of the notions regarding asymmetric metrics which we
will be using. First, a hemimetric on a set X is a function d ∶ X × X → [0, ∞] which
satisfies d(x, x) = 0 for all x ∈ X and the triangle inequality d(x, y) + d(y, z) ≥ d(x, z) for
all x, y, z ∈ X.
We will have reason to consider two different notions of equivalence of hemimetrics.
Two hemimetrics d1 , d2 on X are said to be Lipschitz equivalent if there are constants
m, M ∈ R such that
m d1 (x, y) ≤ d2 (x, y) ≤ M d1 (x, y)
for all x, y ∈ X. Lipschitz equivalent hemimetrics are hence dependent on each other;
intuitively, a property using one hemimetric can always be approximated using the other.
Another, weaker, notion of equivalence of hemimetrics is the following: Two hemimetrics d1 , d2 on X are said to be topologically equivalent if the topologies on X generated
by the open balls Bi (x; r) = {y ∈ X ∣ di (x, y) < r}, for i = 1, 2, x ∈ X, and r > 0, coincide. Topological equivalence hence preserves topological notions such as convergence of
sequences: If a sequence (xj ) of points in X converges in one hemimetric, then it also
converges in the other.
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It is a standard fact that Lipschitz equivalence implies topological equivalence. From
an application point-of-view, topological equivalence is interesting for showing negative
results; proving that two hemimetrics are not topologically equivalent can be comparatively easy, and implies that intuitively, the two hemimetrics measure very different
properties.

2.2. Examples of Trace Distances
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The framework we are proposing in this article takes as starting point a trace distance
defined on executions of a weighted automaton, i.e. a hemimetric dT ∶ Kω × Kω → [0, ∞].
In this section we introduce a number of different such trace distances, to show that the
framework is applicable to a variety of interesting examples.
Discrete trace distances. The discrete trace distance on Kω is defined by dT (σ, τ ) = 0 if
σ = τ and dT (σ, τ ) = ∞ otherwise. Hence only equality or inequality of traces is measured;
we shall see below that this distance exactly recovers the usual Boolean framework of
trace inclusion and simulation.
If K comes equipped with a preorder ⊑ ⊆ K × K indicating that a label x ∈ K may
be replaced by any y ∈ K with x ⊑ y, as e.g. in [Tho87], then we may refine the above
distance by instead letting dT (σ, τ ) = 0 if σj ⊑ τj for all j and dT (σ, τ ) = ∞ otherwise. We
will see later that using this trace distance, we exactly recover the extended simulation
of [Tho87]; note that something similar is done in [dMvdAW08].
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Hamming distance. If one defines a metric d on K by d(x, y) = 0 if x = y and d(x, y) = 1
otherwise, then the sum ∑j d(σj , τj ) for any pair of finite traces σ, τ of equal length is
precisely the well-known Hamming distance [Ham50]. For infinite traces, some technique
can be used for providing finite values for infinite sums; two such techniques are to use
limit average or discounting. We can hence define the limit-average Hamming distance
by dT (σ, τ ) = lim inf j→∞ 1j ∑j d(σj , τj ), and for a fixed discounting factor 0 ≤ λ < 1, the
discounted Hamming distance by dT (σ, τ ) = ∑j λj d(σj , τj ).
Note that this approach can easily be generalized to other (hemi)metrics d on K; indeed
the discrete trace distances from above can be recovered using d(x, y) = 0 if x ⊑ y and
d(x, y) = ∞ otherwise.
Labeled weighted transition systems. A common example of weighted systems [BFL+ 08,
CHR10, CDH10, TFL10, vB05] has K = Σ × R where Σ is a discrete set of labels. Hence
x = (x` , xw ) ∈ K has x` ∈ Σ as discrete component and xw ∈ R as real weight. A useful
trace distance for this type of systems is the point-wise distance, see [dAFS04, TFL10],

83

2. From Trace Distances to System Distances
given by dT (σ, τ ) = supj ∣σjw − τjw ∣ if σj` = τj` for all j and dT (σ, τ ) = ∞ otherwise. This
measures the biggest individual difference between σ and τ .
Another interesting trace distance in this setting is the accumulated distance [TFL10],
where individual differences in weights are added up. Again one can use limit average or
discounting for infinite sums; limit-average accumulating distance is defined by
⎧
⎪
inf 1j ∑j ∣σjw − τjw ∣ if σj` = τj` for all j
⎪
⎪lim
j→∞
dT (σ, τ ) = ⎨
⎪
⎪
otherwise
⎪
⎩∞
and discounted accumulating distance, for a fixed λ < 1, by
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⎧
⎪
⎪∑ λj ∣σjw − τjw ∣ if σj` = τj` for all j
dT (σ, τ ) = ⎨ j
⎪
otherwise
⎪
⎩∞

This is indeed a generalization of the Hamming distance above, setting d((x, w), (y, v)) =
∣w − v∣ if x = y and d((x, w), (y, v)) = ∞ otherwise.
Also of interest is the maximum-lead distance from [HMP05], where the individual
weights are added up and one is concerned with the maximal difference between the
accumulated weights. The definition is
⎧
j
j
⎪
⎪supj ∣∑i=0 σiw − ∑i=0 τiw ∣ if σj` = τj` for all j
dT (σ, τ ) = ⎨
⎪
otherwise
⎪
⎩∞

2.3. Simulation Games
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In this central section we introduce the game which we will use to define both the linear
and the branching distances. We shall use some standard terminology and constructions
from game theory here; for a good introduction to the subject see e.g. [Fer].

Let A = (S, T ) be a weighted transition system with s, t ∈ S and dT ∶ Kω × Kω → [0, ∞]
a trace distance. Using A as a game graph, the simulation game played on A from (s, t)
is an infinite turn-based two-player game, where we denote the strategy space of Player i
by Θi and the utility function of Player 1 by u ∶ Θ1 × Θ2 → [0, ∞]. As usual u determines
the pay-off of Player 1; we will not use pay-offs for Player 2 here.
The game moves along transitions in A while building a pair of paths extending from
s and t, according to the strategies of the players. In the terminology of [Bod93, FS93]
we are playing a partisan path-forming game.

A configuration of the game is a pair of finite paths (π1 , π2 ) ∈ fPa(s) × fPa(t) (i.e. the
history) which are consecutively updated by the players as the game progresses. The
players must play according to a strategy of the following types:
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− Θ1 = T fPa(s)×fPa(t) , the set of mappings from pairs of finite paths to transitions,
with the additional requirement that for all θ1 ∈ Θ1 and (π1 , π2 ) ∈ fPa(s) × fPa(t),
θ1 (π1 , π2 ) = (last(π1 ), x, s′ ) for some x ∈ K, s′ ∈ S. This is the set of Player-1
strategies which observe the complete configuration.
− Similarly, Θ2 = T fPa(s)×fPa(t) with the additional requirement that for all θ2 ∈ Θ2
and (π1 , π2 ) ∈ fPa(s) × fPa(t), θ2 (π1 , π2 ) = (last(π2 ), y, t′ ) for some y ∈ K, t′ ∈ S.
− Θ̃1 = T fPa(s) , the set of blind Player-1 strategies which cannot observe the moves of
Player 2. (Blind Player-2 strategies can be defined similarly, but we will not need
those here.) It is convenient to identify Θ̃1 with the subset of Θ1 of all strategies
θ1 which satisfy θ1 (π1 , π2 ) = θ1 (π1 , π2′ ) for all π1 ∈ fPa(s), π2 , π2′ ∈ fPa(t).

AF
T

− In the proof of Proposition 4 we will also need Player-2 strategies with additional
memory. Such a strategy is a mapping fPa(s) × fPa(t) × M → T × M , where M is
a set used as memory.
Given a game with configuration (π1 , π2 ), a round is played, according to a strategy
profile (i.e. a pair of strategies) (θ1 , θ2 ) ∈ Θ1 × Θ2 , by first updating π1 according to θ1
and then updating the resulting configuration according to θ2 . Hence we define
Round(θ1 ,θ2 ) (π1 , π2 ) = (π1 ⋅ θ1 (π1 , π2 ), π2 ⋅ θ2 (π1 ⋅ θ1 (π1 , π2 ), π2 ))
where ⋅ denotes sequence concatenation.
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A strategy profile (θ1 , θ2 ) ∈ Θ1 × Θ2 inductively determines an infinite sequence of con∞
figurations ((π1j , π2j ))j=0 given by (π10 , π20 ) = (s, t) and (π1j , π2j ) = Round(θ1 ,θ2 ) (π1j−1 , π2j−1 )
for j ≥ 1. The paths in this sequence satisfy πij ⊑ πij+1 , where ⊑ denotes prefix ordering,
hence the limits π1 (θ1 , θ2 ) = limj→∞ π1j ∈ Pa(s), π2 (θ1 , θ2 ) = limj→∞ π2j ∈ Pa(t) exist (as
infinite paths). We define the utility function u as
u(θ1 , θ2 ) = dT ( tr(π1 (θ1 , θ2 )), tr(π2 (θ1 , θ2 )))

This determines the pay-off to Player 1 when the game is played according to strategies
θ1 , θ2 . Note again that the utility function for Player 2 is left undefined; especially we
make no claim as to the game being zero-sum.
The value of game on A from (s, t) is defined to be the optimal Player-1 pay-off
v(s, t) = sup inf u(θ1 , θ2 )
θ1 ∈Θ1 θ2 ∈Θ2

Observe that the game is asymmetric; in general, v(s, t) ≠ v(t, s).
A strategy θ̂1 for Player 1 is said to be optimal if it realizes the supremum above,
i.e. whenever inf θ2 ∈Θ2 u(θ̂1 , θ2 ) = supθ1 ∈Θ1 inf θ2 ∈Θ2 u(θ1 , θ2 ). The strategy is called εoptimal for some ε > 0 provided that inf θ2 ∈Θ2 u(θ̂1 , θ2 ) ≥ supθ1 ∈Θ1 inf θ2 ∈Θ2 u(θ1 , θ2 ) − ε.
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Note that ε-optimal strategies always exist for any ε > 0, whereas optimal strategies may
not.
We also recall that the game is said to be determined if the sup and inf above can
be interchanged, i.e. if v(s, t) = inf θ2 ∈Θ2 supθ1 ∈Θ1 u(θ1 , θ2 ). Intuitively, the game is determined if there also exist ε-optimal Player-2 strategies for any ε > 0 which realize the
value of the game (up to ε) independent of the strategy Player 1 might choose.
The 1-blind value of the game is defined to be
ṽ(s, t) = sup inf u(θ1 , θ2 )
θ1 ∈Θ̃1 θ2 ∈Θ2
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2.4. Example: Discrete Trace Distance

It may be instructive to apply the above simulation game in the context of the discrete
trace distance dT (σ, τ ) = 0 if σ = τ , dT (σ, τ ) = ∞ otherwise, from Section 2.2. In this case,
the game has value v(s, t) = 0 if and only if, for every θ1 ∈ Θ1 there exist a θ2 ∈ Θ2 which in
each round i ≥ 0 of the game, in configuration (π1i , π2i ), maps θ2 (π1i , π2i ) = (last(π2i ), x, ti+1 )
whenever θ1 (π1i , π2i ) = (last(π1i ), x, si+1 ). Otherwise, v(s, t) = ∞.
Hence we have v(s, t) = 0 if t simulates s in the sense of [Mil89], and v(s, t) = ∞
otherwise. In other words, for discrete trace distance the game reduces to the standard
simulation game of [Sti95].
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Likewise, the blind value ṽ(s, t) = 0 if and only if every θ1 ∈ Θ̃1 and corresponding
path π1 has a match θ2 ∈ Θ2 where configuration (π1i , π2i ), of round i ≥ 0 facilitates
θ2 (π1i , π2i ) = (last(π2i ), x, ti+1 ) whenever θ1 (π1i , π2i ) = (last(π1i ), x, si+1 ). Hence ṽ(s, t) = 0
if Tr(s) ⊆ Tr(t); we recover standard trace inclusion.

2.5. Linear and Branching Distance
We can now use the game introduced in Section 2.3 to define linear and branching
distance:
Definition 3. Let A = (S, T ) be a WTS and s, t ∈ S.
− The linear distance from s to t is the 1-blind value dL (s, t) = ṽ(s, t).
− The branching distance from s to t is the value dB (s, t) = v(s, t).

We proceed to show that the distances so defined are hemimetrics on S, cf. the proof
of Theorem 1 in [CHR10]. For linear distance, this also follows from Theorem 6 below,
and we only include the proof for reasons of exposition. For branching distance, we have
to assume in the proof below that the simulation game is determined ; currently we do
not know whether this assumption can be lifted.
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θ11,3

θ21,3

s1

s3
θ22,3

θ11,2
s2
θ21,2

θ12,3
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Figure C.1.: Construction of strategies in the proof of Proposition 4

Proposition 4. Linear distance dL is a hemimetric on S, and if the simulation game is
determined, so is dB .
Proof. Non-negativity of dL and dB follow directly from the non-negativity of dT . To
prove that dL (s, s) = dB (s, s) = 0 for all s ∈ S, given any strategy θ1 ∈ Θ1 , we construct a
Player-2 strategy θ2 ∈ Θ2 that mimics θ1 and attains the game value of 0, as follows:
⎧
⎪
if π ′ = π ⋅ θ1 (π, π)
⎪θ1 (π, π)
θ2 (π , π) = ⎨
′
′
⎪
⎪
⎩(last(π), y, s ) for some (last(π), y, s ) ∈ T otherwise
′

It is easily seen that the paths constructed by both players are the same, i.e. u(π1 , π2 ) =
dT (τ, τ ) for some τ ∈ Pa(s0 ). Therefore, u(π1 , π2 ) = 0 as dT is a hemimetric, whence
dL (s, s) = dB (s, s) = 0.
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We are left with showing that dL and dB obey the triangle inequality. For linear
i,j
distance, let s1 , s2 , s3 ∈ S and write Θi,j
k (Θ̃k ) for the set of (blind) Player-k strategies
in the simulation game computing dL (si , sj ), for i, j ∈ {1, 2, 3} and k ∈ {1, 2}. Let ε > 0.
It might be beneficial to look at Figure C.1 to see the “chase of strategies” we will be
conducting.
Choose a blind Player-1 strategy θ11,3 ∈ Θ̃11,3 . Blind strategies correspond to choosing
a path, so let π1 ∈ Pa(s1 ) be the path chosen by θ11,3 . This path in turn corresponds to
a blind Player-1 strategy θ11,2 ∈ Θ̃1,2
1 .
1,2 1,2
ε
Let θ21,2 ∈ Θ1,2
2 be a Player-2 strategy for which u(θ1 , θ2 ) < dL (s1 , s2 ) + 2 . Write
π2 ∈ Pa(s2 ) for the path constructed by the strategy profile (θ11,2 , θ21,2 ), and let θ12,3 ∈ Θ̃12,3
be a blind Player-1 strategy which constructs π2 .
2,3 2,3
ε
Let θ22,3 ∈ Θ2,3
2 ensure u(θ1 , θ2 ) < dL (s2 , s3 ) + 2 . Write π3 ∈ Pa(s3 ) for the path
constructed by the strategy profile (θ12,3 , θ22,3 ), and let θ21,3 ∈ Θ21,3 be a strategy which
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constructs π3 . For the strategy profile (θ11,3 , θ21,3 ) in G1,3 , the paths constructed are
π1 ∈ Pa(s1 ) and π3 ∈ Pa(s3 ). Hence we have
inf u(θ11,3 , θ2 ) ≤ u(θ11,3 , θ21,3 ) = dT (π1 , π3 )

θ2 ∈Θ1,3
2

≤ dT (π1 , π2 ) + dT (π2 , π3 )
= u(θ11,2 , θ21,2 ) + u(θ12,3 , θ22,3 )

(1)

≤ dL (s1 , s2 ) + dL (s2 , s3 ) + ε
As θ11,3 ∈ Θ̃1,3
1 was chosen arbitrarily, we have
inf u(θ1 , θ2 ) ≤ dL (s1 , s2 ) + dL (s2 , s3 ) + ε
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sup

1,3
θ1 ∈Θ̃1,3
1 θ2 ∈Θ2

and as also ε was chosen arbitrarily, dL (s1 , s3 ) ≤ dL (s1 , s2 ) + dL (s2 , s3 ).

For branching distance, we cannot construct the paths in a one-shot manner as above,
as the transitions chosen by Player 1 may depend on the history of the play. Let
again ε > 0; assuming that the simulation game is determined, we can choose Player2,3
2,3
1,2
ε
2 strategies θ21,2 ∈ Θ1,2
2 , θ2 ∈ Θ2 for which supθ1 ∈Θ1,2 u(θ1 , θ2 ) < dB (s1 , s2 ) + 2 and
1

supθ1 ∈Θ2,3 u(θ1 , θ22,3 ) < dB (s2 , s3 ) + 2ε . Intuitively, we will use these strategies to allow
1
Player 2 to find replying moves to Player-1 moves in the game computing dB (s1 , s2 ) by
using the reply given by θ22,3 to the reply given by θ21,2 . Hence we still follow the proof
strategy depicted in Figure C.1, but now for individual moves.
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The strategy θ21,3 uses a finite path m = π2 ∈ fPa(s2 ) as memory and is defined by
θ21,3 (π1 , π3 )(π2 ) = θ22,3 (π2 ⋅ θ21,2 (π1 , π2 ), π3 )

with memory update m(π1 , π3 )(π2 ) = π2 ⋅ θ21,2 (π1 , π2 ). The initial memory for θ21,3 is set
to be the empty path, hence as the game progresses, a path π2 ∈ Pa(s2 ) is constructed.

Now choose some θ11,3 ∈ Θ1,3
1 , and let π1 ∈ Pa(s1 ) and π3 ∈ Pa(s3 ) be the paths
constructed by the strategy profile (θ11,3 , θ21,3 ). If π2 ∈ Pa(s2 ) is the corresponding memory
path, then the pair (π1 , π2 ) is constructed by the strategy profile (θ11,3 , θ21,2 ) and the pair
(π2 , π3 ) by the profile (θ21,2 , θ22,3 ). Hence we can use the exact same reasoning as in (1)
to conclude that
inf u(θ11,3 , θ2 ) ≤ dB (s1 , s2 ) + dB (s2 , s3 ) + ε
θ2 ∈Θ1,3
2

and hence dB (s1 , s3 ) ≤ dB (s1 , s2 ) + dB (s2 , s3 ).
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2.6. Properties
The following general result confirms that, regardless of the trace distance chosen, the
linear distance is always bounded above by the branching distance. In the context of
the discrete trace distance from Section 2.2, this specializes to the well-known fact that
simulation implies language inclusion.
Theorem 5. For any s, t ∈ S, we have dL (s, t) ≤ dB (s, t).
Proof. Any Player-1 strategy in Θ̃1 is also in Θ1 , hence
sup inf u(θ1 , θ2 ) ≤ sup inf u(θ1 , θ2 )
θ1 ∈Θ1 θ2 ∈Θ2
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θ1 ∈Θ̃1 θ2 ∈Θ2

The game definition of linear distance yields the following explicit formula. Note the
resemblance of this to the well-known Hausdorff construction for lifting a metric on a set
to its set of subsets.
Theorem 6. For all s, t ∈ S we have

dL (s, t) = sup

inf dT (σ, τ )

σ∈Tr(s) τ ∈Tr(t)
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Proof. The definition of ṽ(s, t) immediately entails the fact that for any π1 ∈ Pa(s)
there exists π2 ∈ Pa(t) such that dT (tr(π1 ), tr(π2 )) ≤ ṽ(s, t). It remains to show that
ṽ(s, t) ≤ supσ∈Tr(s) inf τ ∈Tr(t) dT (σ, τ ). By blindness, any θ1 ∈ Θ̃1 produces a unique path
π1 ∈ Pa(s) independent of the opponent strategy θ2 ∈ Θ2 . Hence we need only consider
strategies θ2 which define a single path π2 from t, and the result follows.
We finish this section by exposing two properties regarding equivalence of the introduced hemimetrics. Transferring (in)equivalence of distances from one setting to another
is an important subject, and we hope to show other results of the below kind, especially
relating trace distance to branching distance, in future work.
Proposition 7 (cf. [AB07, Thm. 3.87]). If trace distances d1T and d2T are Lipschitz
equivalent, then the corresponding linear distances d1L and d2L are topologically equivalent.
Proof. This follows immediately from Theorem 6 and Theorem 3.87 in [AB07]. Note
that the theorem in [AB07] actually is stronger; it is enough to assume d1T and d2T to be
uniformly equivalent.
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s

t
σ0

σ0 = τ0
σ1

τ2

σ1

τ1

σ2

τ2
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σ2

τ1

τ0

Figure C.2.: Weighted transition system for the proof of Proposition 9

The next theorem shows that if a trace distance can be used for measuring trace differences beyond the first symbol (which will be the case except for some especially trivial
trace distances), then the corresponding linear and branching distances are topologically
inequivalent. The proof is an easy adaption of the standard argument for the fact that
language inclusion does not imply simulation.
Definition 8. A trace distance dT ∶ Kω × Kω is said to be one-step indiscriminate if
σ0 = τ0 implies dT (σ, τ ) = 0 for all σ, τ ∈ Kω .
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Proposition 9. If dT is not one-step indiscriminate, then there exists a weighted transition system A on which the corresponding distances dL and dB are topologically inequivalent.
Proof. Let σ, τ ∈ Kω such that σ0 = τ0 , dT (σ, τ ) > 0, and dT (τ, σ) > 0. A is depicted in
Figure C.2.

We have Tr(s) = Tr(t), hence dL (s, t) = 0. On the other hand, as two equivalent hemimetrics have value 0 at the same set of pairs of points, dB (s, t) = min (dT (σ, τ ), dT (τ, σ)) >
0, this finishes the proof.
Also note that if σ and τ are cyclic, the construction can be adapted to yield a finite
WTS A.

3. Recursively Defined Distances
The game definition of branching distance in Definition 3 gives a useful framework, but
it is not very operational. In this section we show that if the given trace distance has
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a recursive characterization, then the corresponding branching distance can be obtained
as the least fixed point of a similar recursive formula.
We give the fixed-point theorem first and show in Section 3.1 below that the theorem
covers all examples of distances introduced earlier.
Theorem 10. Let L be a complete lattice and f ∶ Kω × Kω → L, g ∶ L → [0, ∞], F ∶
K × K × L → L such that dT = g ○ f , g is monotone, F (x, y, ⋅) ∶ L → L is monotone for all
x, y ∈ K, and
f (σ, τ ) = F (σ0 , τ0 , f (σ 1 , τ 1 ))
(2)
for all σ, τ ∈ Kω . Define I ∶ LS×S → LS×S by
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I(h)(s, t) = sup inf F (x, y, h(s′ , t′ ))
y
x
sÐ
→s′ tÐ
→t′
Then I has a least fixed point h∗ ∶ S × S → L, and dB = g ○ h∗ .

Let us give some intuition about the theorem before we prove it. Note first the composition dT = g ○ f , where f maps pairs of traces to the lattice L which will act as memory
in the applications below. Equation (2) then expresses that F acts as a distance iterator
function which, within the lattice domain, computes the trace distance by looking at
the first elements in the traces and then iterating over the rest of the trace. Under the
premises of the theorem then, branching distance is the projection by g of the least fixed
of a similar recursive function involving F .
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Proof. It is not difficult to show that I indeed has a least fixed point: The lattice LS×S
with partial order defined point-wise by h1 ≤ h2 iff h1 (s, t) ≤ h2 (s, t) for all s, t ∈ S is
complete, and I is monotone because of the monotonicity condition on F , hence Tarski’s
Fixed-point Theorem can be applied.
To show that dB = g ○h∗ , we pull back dB along g: With the notation for the simulation
game from Section 2.3, define
fB (s, t) = sup inf f ( tr(π1 (θ1 , θ2 )), tr(π2 (θ1 , θ2 )))
θ1 ∈Θ1 θ2 ∈Θ2

We have dB = g ○ fB by monotonicity of g, so it will suffice to show that fB = h∗ .
Let us first prove that fB is a fixed point for I: Let s, t ∈ S, then
I(fB )(s, t) = sup inf F (x, y, fB (s′ , t′ ))
y
x
sÐ
→s′ tÐ
→t′
= sup inf F (x, y, sup inf f (tr(π1 (θ1′ , θ2′ )), tr(π2 (θ1′ , θ2′ ))))
y
x
θ1′ ∈Θ′1 θ2′ ∈Θ′2
sÐ
→s′ tÐ
→t′
= sup inf sup inf F (x, y, f (tr(π1 (θ1′ , θ2′ )), tr(π2 (θ1′ , θ2′ ))))
y
′
′
′ ′
x
sÐ
→s′ tÐ
→t′ θ1 ∈Θ1 θ2 ∈Θ2
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(the last step by the monotonicity assumption on F ; note that in the second sup-inf pair,
strategies from s′ and t′ are considered). By the recursion formula (2) for F , we end up
with
I(fB )(s, t) = sup inf sup inf f (x ⋅ tr(π1 (θ1′ , θ2′ )), y ⋅ tr(π2 (θ1′ , θ2′ )))
y
′
′ ′
′
x
sÐ
→s′ tÐ
→t′ θ1 ∈Θ1 θ2 ∈Θ2
Now because of independence of choices, we can rewrite this to
I(fB )(s, t) = sup sup inf
inf f (x ⋅ tr(π1 (θ1′ , θ2′ )), y ⋅ tr(π2 (θ1′ , θ2′ )))
′ ∈Θ′
y
′
′
x
θ
→t′ 2 2
sÐ
→s′ θ1 ∈Θ1 tÐ
and collapsing the sup-sup and inf-inf into one sup and inf, respectively, conclude I(fB ) =
fB .
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To show that fB is the least fixed point for I, let h̄ ∶ S × S → L such that I(h̄) = h̄; we
y
x
want to prove fB ≤ h̄. Note first that for all s, t ∈ S and all s Ð
→ s′ , there is t Ð
→ t′ such that
F (x, y, h̄(s′ , t′ )) ≤ I(h̄)(s, t). Now fix s, t ∈ S and let θ1 ∈ Θ1 ; we will be done once we can
construct a Player-2 strategy θ2 ∈ Θ2 for which f (tr(π1 (θ1 , θ2 )), tr(π2 (θ1 , θ2 ))) ≤ h̄(s, t).
We have to define θ2 for configurations (π1′ , π2 ) ∈ fPa(s) × fPa(t) in which π1′ = π1 ⋅
(sj , x, sj+1 ) and lg(π1 ) = lg(π2 ). Write last(π2 ) = tj ; by the note above, we can choose
y
a transition tj Ð
→ tj+1 for which F (x, y, h̄(s′ , t′ )) ≤ I(h̄)(s, t), so we let θ2 (π1′ , π2 ) =
(tj , y, tj+1 ). The so-defined strategy has
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f (tr(π1 (θ1 , θ2 )), tr(π2 (θ1 , θ2 ))) ≤ sup inf F (x, y, h̄(s′ , t′ )) = h̄(s, t)
y
x
→t′
sÐ
→s′ tÐ

3.1. Applications

We reconsider here the example trace distances from Section 2.2 and exhibit the corresponding linear and branching distances.

Discrete trace distances. For the discrete trace distance on Kω given by dT (σ, τ ) = 0 if
σ = τ and dT (σ, τ ) = ∞ otherwise, we saw already in Section 2.4 that we recover ordinary
trace inclusion and simulation. For linear distance, we can also use Theorem 6 to show
that dL (s, t) = 0 if Tr(s) ⊆ Tr(t) and dL (s, t) = ∞ otherwise.
For the branching distance, we can now also apply Theorem 10 with L = [0, ∞], g the
identity mapping, and F (x, y, z) = z if x = y, F (x, y, z) = ∞ otherwise. Then the branching distance is the least fixed point of the equations dB (s, t) = sup x ′ inf x ′ dB (s′ , t′ ),
sÐ
→s
tÐ
→t
hence dB (s, t) = 0 if t simulates s in the standard sense [Mil89], and dB (s, t) = ∞ otherwise.
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For the refined discrete trace distance dT (σ, τ ) = 0 if σj ⊑ τj for all j, dT (σ, τ ) = ∞
otherwise, we analogously get dL (s, t) = 0 if all σ ∈ Tr(s) can be refined by a τ ∈ Tr(t)
(i.e. σj ⊑ τj for all j) and dL (s, t) = ∞ otherwise. Also, dB (s, t) = 0 if there is a relation
y
x
→ t′′ with
R ⊆ S ×S for which (s, t) ∈ R and whenever (s′ , t′ ) ∈ R and s′ Ð
→ s′′ , then also t′ Ð
x ⊑ y and (s′′ , t′′ ) ∈ R (the extended simulation of [Tho87]), and dB (s, t) = ∞ otherwise.

AF
T

Hamming distance. For Hamming distance induced by the metric d(x, y) = 0 if x = y
and d(x, y) = 1 otherwise on K, linear distance is given by dL (s, t) ≤ k if and only if any
trace σ ∈ Tr(s) can be matched by a trace τ ∈ Tr(t) with Hamming distance at most k,
both for the limit-average and the discounting interpretation. The branching distance
associated with the discounting version is precisely the (discounted) correctness distance
of [CHR10]: dB (s, t) measures “how often [the system starting in s2 ] can be forced to
cheat”, i.e. to take a transition different from the one the system starting in s1 takes.
Labeled weighted transition systems. For the trace distances on labeled weighted
transition systems, let us for simplicity assume that ∣Σ∣ = 1, hence K = R. For the
point-wise trace distance dT (σ, τ ) = supj ∣σj − τj ∣ we can derive a recursive formula for
the corresponding branching distance by applying Theorem 10 with L = [0, ∞], g the
identity mapping, and F (x, y, z) = max (∣x − y∣, z). Then dB is the least fixed point to
the equations
dB (s, t) = sup inf max (∣x − y∣, dB (s′ , t′ ))
y
x
→t′
sÐ
→s′ tÐ

DR

For discounted accumulated trace distance dT (σ, τ ) = ∑j λj ∣σj − τj ∣, we can similarly
let F (x, y, z) = ∣x − y∣ + λz, then the corresponding branching distance is the least fixed
point to the equations
dB (s, t) = sup inf ∣x − y∣ + λdB (s′ , t′ )
y
x
sÐ
→s′ tÐ
→t′

Note that these two branching distances are exactly the ones the authors define in [TFL10].
For the maximum-lead distance dT (σ, τ ) = supj ∣∑ji=0 σi − ∑ji=0 τi ∣, we need to do more
work. Intuitively, a recursive formulation needs to keep track of the accumulated delay,
hence needs (infinite) memory. This can be accomplished by letting L = [0, ∞][−∞,∞] ;
the set of functions from leads to distances. We can then define
j

j

i=0

i=0

f (σ, τ )(δ) = max (∣δ∣, sup ∣δ + ∑ σj − ∑ τj ∣)
∞

j=0

and g(h) = h(0). Now with F (x, y, h)(δ) = max (∣δ + x − y∣, h(δ + x − y)), we indeed have
that f (σ, τ ) = F (σ0 , τ0 , f (σ 1 , τ 1 )), hence we can apply Theorem 10 to conclude that
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dB (s, t) = h∗ (s, t)(0), where h∗ is the least fixed point to the equations
h(s, t)(δ) = sup inf max (∣δ + x − y∣, h(s′ , t′ )(δ + x − y))
y
x
sÐ
→s′ tÐ
→t′
This is precisely the formulation of branching maximum-lead distance given in [HMP05].

4. Conclusion and Future Work
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We have shown that simulation games with quantitative objectives provide a general
framework for studying linear and branching distances for quantitative systems. Specifically, that our framework covers and unifies a number of previously distinct approaches,
and that certain common special cases lead to useful recursive characterizations of branching distance.
Already we have seen that one very general property, topological inequivalence of linear
and branching distance, follows almost immediately from the game characterization. Also
this general approach permits the conclusion that independent of the trace distance, the
branching distance provides an upper bound on the linear distance, a property which is
useful for applications such as analysis of real-time systems, where linear distances are
known to be uncomputable [TFL10].
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It seems likely that by permitting a broader range of strategies, we may encompass more advanced levels of system interaction and observations, and hence capture
quantitative extensions of other well-known system relations such as 2-nested simulation [GV92, AFI01] or bisimulation [Mil89]. Thus, we expect our framework to be of
great use for reasoning about, and applying quantitative verification.
The game perspective on linear and branching distances also suggests that several interesting results and properties of games with quantitative objectives are transferable to
our setting. As an example, one may consider computability and complexity results: For
a concrete setting such as finite weighted labeled automata, discounted or limit average
accumulating distances can be computed using discounted and mean-payoff games, respectively. Hence the complexity of computing these branching distances is in NP∩coNP.
Similarly, results concerning strategy iteration or value iteration for games with quantitative objectives may be transferred to the distance setting.
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We extend the usual notion of Kripke structures with a weighted transition relation
and generalize the classical Boolean interpretation of CTL to a map which assigns to
states and temporal formulae a real-valued distance describing the degree of satisfaction.
We describe a general approach to obtaining quantitative interpretations for a generic
extension of the CTL syntax and show that, for one such interpretation, the logic is both
adequate and expressive with respect to quantitative bisimulation.
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1. Introduction

1. Introduction
Using logics for analysis of concurrent and reactive systems is a well-established approach [AILS07], but the standard qualitative techniques are arguably insufficient when
reasoning about quantitative aspects. Indeed, it can be argued that in a setting where
system models and properties include both discrete and continuous, i.e. quantitative,
information, e.g. real-time or probabilistic systems, a quantitative approach is necessary. The focus of this paper is to provide insight as to how expressivity results may be
obtained in a framework addressing this issue.
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A number of extensions of temporal logics have been proposed with the purpose of
providing verification techniques for real-world systems where the properties one is interested in go beyond behavioral quality, by addressing certain quantitative aspects such
as time, probabilities or cost related to realizing the behavior.
Most notably, both probabilistic and timed versions of LTL and CTL [BK08] have been
introduced, by allowing formulae to be interpreted over probabilistic or timed models,
respectively. In these, satisfaction of path formulae is subject to constraints on quantitative information encoded in the models, by weights typically drawn from the set of real
numbers. This allows specification and verification of properties such as “the probability
of reaching state A is .5.” or “P holds within 5.7 time units”. This approach is utilized in
verification tools such as PRISM [KNPQ10, RKNP04] and Uppaal [LPY97] to provide
simple and expressive ways to represent properties of models.
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From a more general perspective, multi-valued interpretations of CTL* and the µcalculus have been proposed by interpreting formulae over models endowed with weights
drawn from structures such as a semirings [LLM05] or quasi-Boolean lattices [KP03].
This of course allows broader interpretation of weights, but more importantly allows
truth values to be more descriptive, as formulae may take any value in the chosen
weight domain as opposed to their Boolean counterparts. To see the benefits of this
approach, we may simply consider devising a formula which evaluates to the number of
times a classical property is violated over a path. In light of this, a number of recent
papers [dAFS04, dAHM03, HMP05] have been advocating the use of multi-valued interpretations of temporal logics for games, general quantitative transition systems and
real-time systems.
A shared aim of most of the these extensions — e.g. [dAFS04, HMP05, KP04, LLM05]
— is to maintain a certain level of expressive power so as to be able to characterize
bisimulation, generalizing the results from [BCG87] for CTL. Hence one wants to show
that the logic is in fact adequate to distinguish any non-bisimilar models and that the
logic is expressive enough to build characteristic formulae of models.
In this paper we consider both properties, in the search of a generic approach to discounted multi-valued extensions of CTL and corresponding bisimulations, which likewise

96

D. A Quantitative Characterization of Weighted Kripke-Structures in Temporal Logic
provide a measure on the relationship between states.
In addition to the multi-valued and annotative approach, both of which we refer to
as quantitative model checking, there are different ways of extending the usual Kripke
structures, and logics, with quantitative information. One can allow either a quantitative
interpretation of atomic propositions, or extend the model with a weighted transition
relation (in [KP03] referred to as an accessibility relation) [Fit91, Fit92], or both. In this
paper we choose the latter as it seems to admit more elegant proofs. Additionally, we
retain the useful features from the syntax of timed CTL and probabilistic CTL which
allow specification of expected values along a path.
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In [dAFS04], multi-valued (or quantitative) LTL and µ-calculus are presented in which
propositions, instead, map states to weights in the interval [0, 1], using a point-wise
semantics similar to the one presented here. Because the syntax allows only the evaluation
of an atomic proposition at states, and not specifying its expected value, additional
operators are required to gain expressiveness. The discounted CTL presented in [HMP05]
on the other hand, considers atomic propositions to be Boolean ( = 0 and ⊺ = 1), and
uses the time elapsed until a satisfying event occurs to discount the value of the formula.
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In [dAFS04, HMP05, KP04, LLM05], only adequacy of the respective logics is considered. In [dAFS04] it is shown that a restricted subset of the presented quantitative
µ-calculus is adequate to characterize the distance relating states, in a variant of pointwise bisimulation. Similarly [HMP05] shows that, for a given discounted CTL formula,
maximum-lead bisimulation (another quantitative relation which we will not be concerned
with here) provides an upper bound on the absolute difference of the formula evaluated
at the corresponding states.
In the more general setting of [KP04], the authors consider the relationship of multivalued CTL* and a notion of multi-valued bisimulation which (in the classical Boolean
sense) relates states that allow the same (qualitative) behavior, and where the weights of
atomic propositions at states are partitioned to be within some set of designated truth
values. Finally [LLM05] shows that strong bisimilarity of states implies that all formulae
evaluate to the same element from the semiring considered for the corresponding pair of
states.
As a final note on related subjects we note that, cf. also [dAHM03, HMP05], the
present approach to quantitative analysis in terms of multi-valued or quantitative temporal logic and bisimulation is closely related to the notion of robustness, i.e. the tolerance for estimation errors and imprecision, see also [Pur00, WDMR04], which provides
more realistic analysis for real-world applications than the idealized semantics otherwise
considered. Treatment of these robustness issues is not within the scope of this paper.
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2. Preliminaries

1.1. Contribution
We present a general approach to quantitative analysis and approximate characterizations
of weighted Kripke structures (WKS) using formulae expressed in a weighted extension
of CTL (WCTL). The theory presented here is an extension of a general framework for
quantitative analysis of reactive systems presented in [TFL10].
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The goal of [TFL10] was to set the scene for a generic approach to simulation-based
analysis, measuring the degree with which one system may simulate another. Developing
this paradigm, the current objective is to extend the analysis to verification of specifications in temporal logic. Thus we introduce here a matching quantitative semantics for
WCTL which lifts the usual Boolean satisfaction relation of the logic to a function mapping formulae and states to R≥0 ∪ {∞}, with ⊺ = 0 and  = ∞. We show that with this
semantics, WCTL is both adequate and expressive with respect to one of the quantitative
bisimulation relations introduced in [TFL10].

2. Preliminaries

As in [TFL10], the generalizations presented in this paper are based on metrics on sequences of real numbers. Let a = (ai ) and b = (bi ), respectively be such sequence, we
then define for λ ∈ ]0, 1[ the following basic distances:
d+ (a, b) = ∑ λi ∣ai − bi ∣

(1)

d● (a, b) = sup {λi ∣ai − bi ∣}

(2)

i

i
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Throughout the paper we will refer to (1) and (2), as well other distances based on these,
as an accumulating distance and as a point-wise distance, respectively. For the remainder
of this paper we fix a discounting factor λ ∈ ]0, 1[.
The model which we shall consider is that of weighted Kripke structures (WKS), which
represent a straight-forward extension of Kripke structures with a weighted transition
relation labeling each transition. A natural interpretation is to view the labellings as the
cost of taking transitions in the structure. This extension is similar to the one presented
in [TFL10] for labeled transition systems, thus the results presented in this paper are
transferable to the current setting.
Definition 1. For a finite set AP of atomic propositions, a weighted Kripke structure
is a quadruple M = (S, T, L, w) where
− S is a finite set of states,
− T ⊆ S × S is a transition relation
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Figure D.1.: The behavior and cost and resource usage of a simple printer

− L ∶ S → 2AP is the proposition labeling, and

− w ∶ T → R≥0 assigns a positive real-valued weight to transitions.
w

We write s → s′ instead of (s, s′ ) ∈ R and s Ð
→ s′ to indicate w(s, s′ ) = w.

A (weighted) path in a WKS M = (S, T, L, w) is a (possibly infinite) sequence σ =
((s0 , w0 ), (s1 , w1 ), (s2 , w2 ), . . .) with (si , wi ) ∈ S × R≥0 and such that si → si+1 and wi =
w(si , si+1 ) for all i. We denote by P(s) the set of paths in M starting at state s, and by
P(M ) the set of all paths in M . Given path σ, we write σ(i) = (σ(i)s , σ(i)w ) for its i-th
state-weight pair, and σ i for the suffix starting at σ(i).
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Notice that we have restricted ourselves to finite weighted Kripke structures here,
i.e. structures with a finite set of states and finitely many atomic propositions. Our
characterization results in Section 5 only hold for such finite structures.
Example 3. Figure D.1 gives a model of a simple printer as a WKS which we shall come
back to again later. Resource usage is modeled as atomic propositions, and transition
weights model the combined cost of the operations. Turning on the machine, it moves
from the state Off to Ready, from where it can Suspend and wake up at a much lower
cost. Input is processed in the Receiving state, and the chosen output form incurs
different costs related to resource usage, clean-up and reset.

3. Weighted CTL
We now consider two interpretations of weighted CTL (WCTL), based on (1) and (2),
which will encompass quantitative information by two means. Firstly, as with TCTL and
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PCTL, syntactic extension of path operators, by annotation of real numbers (weights),
modeling requirements on path weights (the exact meaning of these are deferred to the
choice of semantics). Secondly, satisfaction of a formula by a system is no longer interpreted in the Boolean domain {⊺, }, but rather assigns to a state a truth value in
the domain R≥0 ∪ {∞}. We will interpret 0 as an exact match, whereas ∞ indicates an
incompatibility between the system and the specified atomic propositions of a formula.
Any intermediate value is interpreted as real-valued distance (from an exact match).
That is, a smaller distance means a closer (better) match of the specified weights in the
formula. We denote by JϕK(s) ∈ R≥0 ∪ {∞} the value obtained by evaluating formula ϕ
at state s.
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From here on, we fix a set AP of atomic propositions and a WKS (S, T, L, w). All
definitions and results below will be given for the states of one single WKS, but we note
that to relate states of different WKS, one can simply form the disjoint union.
Definition 2. For p ∈ AP, Φ generates the set of state formulae, and Ψ the set of path
formulae, annotated by weights c ∈ R≥0 , according to the following abstract syntax:
Φ ∶∶= p ∣ ¬p ∣ Φ1 ∧ Φ2 ∣ Φ1 ∨ Φ2 ∣ EΨ ∣ AΨ

Ψ ∶∶= Xc Φ ∣ Gc Φ ∣ Fc Φ ∣ [Φ1 Uc Φ2 ]

The logic WCTL is the set of state formulae, written Lw (AP) or simply Lw .
Before presenting the formal semantics, let us consider the usual meaning of the CTL
modalities, as well as how these may be generalized to ensure adherence to bisimulation
variants considered in the following section:
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Given CTL propositions on the form M, s ⊧ Eψ and M, s ⊧ Aψ, we may interpret
these as infinite existential, respectively universal, quantifications over paths in M from
s satisfying ψ. Similarly, M, σ ⊧ Fϕ and M, σ ⊧ Gϕ may be interpreted as an infinite
disjunction, respectively conjunction, over propositions on the form M, si ⊧ ϕ for i ≥ 0,
where si is a state on σ.
This observation is in line with some arguments given in [KP04], and we expect that a
generic approach to defining quantitative (or multi-valued) semantics for WCTL over the
truth domain R≥0 ∪ {∞} is obtainable. To this end, the standard sup and inf operators
are reasonable generalization of E,A,F and G (interpreted as disjunction and conjunction
over the standard Boolean domain) to the (complete) lattice R≥0 ∪ {∞}.

Furthermore, this approach requires only modification to the evaluation (i.e. semantics) of path formulae. Our semantics specializes to the usual one in two different ways:
either by mapping to the designated set of truth values (i.e. to ⊺), all ε < ∞ and ∞ to
, or by mapping only 0 to ⊺ and all ε > 0 to .
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3.1. Semantics
In the following we present two discounted semantics, derived from the distances d+
from (1), and d● from (2) where weights of transition, respectively, are accumulated or
considered point-wise. Formally, the semantics of ϕ ∈ Lw defines a map from the set of
states S to the set R≥0 ∪ {∞}. The first definition gives a general weighted semantics to
state formulae:
Definition 3 (State semantics). The semantics of state formulae is defined inductively
as follows:
⎧
⎪
⎪0 if p ∈ AP ∖ L(s)
J¬pK(s) = ⎨
⎪
⎪
⎩∞ otherwise
Jϕ1 ∧ ϕ2 K(s) = sup {Jϕ1 K(s), Jϕ2 K(s)}
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⎧
⎪
⎪0 if p ∈ L(s)
JpK(s) = ⎨
⎪
⎪
⎩∞ otherwise
Jϕ1 ∨ ϕ2 K(s) = inf {Jϕ1 K(s), Jϕ2 K(s)}

JEψK(s) = inf {JψK(σ) ∣ σ ∈ P(s)}

JAψK(s) = sup {JψK(σ) ∣ σ ∈ P(s)}

In the last two formulae, JψK(σ) is the accumulating or point-wise semantics of σ with
respect to ψ as appropriate, see below.
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In the next definition, we give the two different weighted semantics to path formulae;
an accumulated and a point-wise one. Note that the only difference between the two is an
interchange of maximum and sum, which supports the findings in [KP04, LLM05] which
advocates abstracting away from concrete operators and interpreting the semantics over
general algebraic structures.
Definition 4 (Path semantics). The accumulating semantics of path formulae is defined
inductively as follows:
JϕK+ (σ) = JϕK(σ(0)s )

JXc ϕK+ (σ) = ∣σ(0)w − c∣ + λJϕK+ (σ 1 )
k−1

JFc ϕK+ (σ) = inf ( ∑ λj ∣σ(j)w − c∣ + λk JϕK+ (σ k ))
k

j=0

k−1

JGc ϕK+ (σ) = sup ( ∑ λj ∣σ(j)w − c∣ + λk JϕK+ (σ k ))
k

j=0

k−1

Jϕ1 Uc ϕ2 K+ (σ) = inf ( ∑ λj ∣Jϕ1 K+ (σ j ) − c∣ + λk Jϕ2 K+ (σ k ))
k

j=0
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4. Bisimulation
The point-wise semantics of path formulae is defined inductively as follows:
JϕK● (σ) = JϕK(σ(0)s )
JXc ϕK● (σ) = max {∣σ(0)w − c∣, λJϕK● (σ 1 )}
JFc ϕK● (σ) = inf ( max { max {λj ∣σ(j)w − c∣}, λk JϕK● (σ k )})
k

0≤j<k

JGc ϕK● (σ) = sup ( max { max {λj ∣σ(j)w − c∣}, λk JϕK● (σ k )})
k

0≤j<k

Jϕ1 Uc ϕ2 K● (σ) = inf ( max { max {λj ∣Jϕ1 K● (σ j ) − c∣}, λk Jϕ2 K● (σ k )})
0≤j<k
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k

Note that as usual, Fc can also be derived from Uc by Fc ϕ ≜ ttUc ϕ (where tt is some
tautology).
Compared to e.g. TCTL, the annotated operators specify an expected value, hence
Xc ϕ evaluated on σ means that c is expected of the first transition in σ. The difference
is then added to (or the maximum is taken of it and) the value of ϕ over the remaining
path σ 1 .
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Example 4. In the context of the example from Figure D.1 we consider a useful property
of printers, that of having received a job, the printer cannot suspend before completing
the job. The formula ϕ = A(¬Suspended U10 Ready) formalizes this qualitative property and also states that we expect to reach the Ready state using transitions with cost 10.
With λ = .9, the point-wise interpretation JϕK● (Receiving) = 40 is the cost (minus 10)
of the transition in the computation tree which is furthest from 10. In the accumulating
interpretation, JϕK+ (Receiving) = 48.37 yields the sum of all such differences.

4. Bisimulation

We now consider extensions of strong bisimulation [Mil89] over WKS, based on (1) and
(2). These are filling the gap between unweighted and weighted strong bisimulation as
defined below:

Definition 5. Let (S, T, L, w) be a WKS on a set AP of atomic propositions. A relation
B ⊆ S × S is
− an unweighted bisimulation provided that for all (s, t) ∈ B, L(s) = L(t) and
if s → s′ , then also t → t′ and (s′ , t′ ) ∈ B for some t′ ∈ S ′ ,
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if t → t′ , then also s → s′ and (s′ , t′ ) ∈ B for some s′ ∈ S;
− a (weighted) bisimulation provided that for all (s, t) ∈ B, L(s) = L(t) and
c

c

c

c

if s Ð
→ s′ , then also t Ð
→ t′ and (s′ , t′ ) ∈ B for some t′ ∈ S ′ ,
if t Ð
→ t′ , then also s Ð
→ s′ and (s′ , t′ ) ∈ B for some s′ ∈ S.
u

We write s ∼ t if (s, t) ∈ B for some unweighted bisimulation B, and s ∼ t if (s, t) ∈ B
for some weighted bisimulation B.
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The motivation for the variants defined below is that, in order to relate structures, we
do not always need perfect matching of transition weights; rather we would like to know
how accurately weights are matched. As with the simulation distances of [TFL10], we
call a bisimulation distance any pseudometric on the states of a WKS which mediates
between unweighted and weighted bisimilarity:
Definition 6. A bisimulation distance on a WKS (S, T, L, w) is a function d ∶ S × S →

R≥0 ∪ {∞} which satisfies the following for all s1 , s2 , s3 ∈ S:

− d(s1 , s1 ) = 0,

− d(s1 , s2 ) + d(s2 , s3 ) ≥ d(s1 , s3 ),
− d(s1 , s2 ) = d(s2 , s1 ),

− s1 ∼ s2 implies d(s1 , s2 ) = 0 and
u

− d(s1 , s2 ) ≠ ∞ implies s1 ∼ s2
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Our distances are based on distances of (infinite) sequences of real numbers, which is
u
appropriate as for (s, t) in ∼ (or ∼ ), any path (s, a, s1 , a1 s2 , . . . ) ∈ P(s) must be matched
u
by an equal-length path (t, b, t1 , b1 , t2 , . . . ) ∈ P(t) with (si , ti ) in ∼ (respectively ∼ ).
By extending bisimulation with the d+ and d● distances, we collect a family of relations
{Rε ⊆ S ×S} (i.e. a map R≥0 → 2S×S ) since, due to discounting, for each step the distance
between each successor pair may grow:
Definition 7. A family of relations R = {Rε ⊆ S × S ∣ ε > 0} is
− an accumulating bisimulation family provided that for all (s, t) ∈ Rε ∈ R, L(s) =
L(t) and
c

d

c

d

if s Ð
→ s′ , then also t Ð
→ t′ with ∣c−d∣ ≤ ε for some d ∈ R≥0 and (s′ , t′ ) ∈ Rε′ ∈ R
′
with ε λ ≤ ε − ∣c − d∣, and

if t Ð
→ t′ , then also s Ð
→ s′ with ∣c−d∣ ≤ ε for some d ∈ R≥0 and (s′ , t′ ) ∈ Rε′ ∈ R
′
with ε λ ≤ ε − ∣c − d∣.
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− a point-wise bisimulation family provided that for all (s, t) ∈ Rε ∈ R, L(s) = L(t)
and
c

d

c

d

if s Ð
→ s′ , then also t Ð
→ t′ with ∣c−d∣ ≤ ε for some d ∈ R≥0 and (s′ , t′ ) ∈ Rε′ ∈ R
with ε′ λ ≤ ε, and
if t Ð
→ t′ , then also s Ð
→ s′ with ∣c−d∣ ≤ ε for some d ∈ R≥0 and (s′ , t′ ) ∈ Rε′ ∈ R
with ε′ λ ≤ ε .
We write s ∼ε t and s ∼ε t, if (s, t) ∈ Rε ∈ R for an accumulating, respectively point-wise,
bisimulation family R.
+

Lemma 8.
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Both variants of bisimulation families give raise to a bisimulation distance in the sense
+
of Definition 6 by d+ (s, t) = inf{ε ∣ s ∼ε t} and d● (s, t) = inf{ε ∣ s ∼ε t}. Observe the
following easy facts:
1. For ε ≤ ε′ and members Rε , Rε′ ∈ R of an accumulating or point-wise bisimulation
family, Rε ⊆ Rε′ .
2. Given s ∼ε t, then every path σ = (s0 , w0 , s1 , w1 s2 , . . . ) ∈ P(s) has a corresponding
+
path σ ′ = (t0 , w0′ , t1 , w1′ t2 , . . . ) ∈ P(t) such that ε = ε0 and si ∼εi ti for all i, where
εi+1 λ = εi − ∣wi − wi′ ∣.
+

3. Given s ∼ε t, then every path σ = (s0 , w0 , s1 , w1 s2 , . . . ) ∈ P(s) has a corresponding
path σ ′ = (t0 , w0′ , t1 , w1′ t2 , . . . ) ∈ P(t) such that ε = ε0 and si ∼εi ti for all i, where
εi+1 λ = εi .
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Note that as we only consider finite WKS, all Rε relations are finite. Also, we shall
speak of corresponding paths when referring to the second and third properties of the
above lemma.

5. Characterization

In this section we show that the presented WCTL interpretations are adequate and
expressive with respect to the appropriate bisimilarity variant.

5.1. Adequacy

The link between accumulating bisimilarity and our accumulating semantics for WCTL
is as follows:
Theorem 9. For s, t ∈ S, s ∼ε t if and only if ∀ϕ ∈ Lw ∶ ∣JϕK+ (s) − JϕK+ (t)∣ ≤ ε.
+
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The proof follows from Lemmas 12 and 13 below. Observe that this provides us with
the following corollary:
Lemma 10. For s, t ∈ S, s ∼0 t if and only if JϕK+ (s) = JϕK+ (t) for all ϕ ∈ Lw .
+

We obtain an equivalent result for the point-wise semantics:
Theorem 11. For s, t ∈ S, s ∼ε t if and only if ∀ϕ ∈ Lw ∶ ∣JϕK● (s) − JϕK● (t)∣ ≤ ε.
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Example 5. We consider again the printer from Figure D.1. When ignoring Color and
+
Printing as atomic propositions, we have Color ∼.2 Printing, as the two initial transition are the only difference. As a formula which realizes this bisimulation distance one can
take ϕ = power/on ∧ A4 ∧ AX0.5 Ready; then JϕK+ (Printing) = 0 and JϕK+ (Color) = .2.
The proofs of adequacy, and also of expressivity below, for the accumulating and pointwise cases are similar, hence we concentrate on the accumulating case below. In the proof
we will repeatedly make use of the lesser-known little brother of the triangle inequality
∣∣x − y∣ − ∣x − z∣∣ ≤ ∣y − z∣

Lemma 12. Let s, t ∈ S with s ∼ε t, and let σ = (s, u, s1 , u1 , . . .) ∈ P(s), τ = (t, v, t1 , v1 , . . .) ∈
P(t) be corresponding paths. Then ∣JϕK+ (s) − JϕK+ (t)∣ ≤ ε for all state formulae ϕ, and
∣JϕK+ (σ) − JϕK+ (τ )∣ ≤ ε for all path formulae ϕ.
+

Proof. We prove the lemma by structural induction in ϕ. The induction base is clear, as
+
s ∼ε t implies that p ∈ L(s) if and only if p ∈ L(t), hence JϕK+ (s) = JϕK+ (t) for ϕ = p or
ϕ = ¬p. For the inductive step, we examine each syntactic construction in turn:
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1. ϕ = ϕ1 ∨ ϕ2

There are four cases to consider, corresponding to whether Jϕ1 K+ (s) ≤ Jϕ2 K+ (s) or
Jϕ1 K+ (s) > Jϕ2 K+ (s) and similarly for Jϕ1 K+ (t) and Jϕ2 K+ (t). We show the proof
for one of the “mixed” cases; the other three are similar or easier:
Assume Jϕ1 K+ (s) ≤ Jϕ2 K+ (s) and Jϕ1 K+ (t) > Jϕ2 K+ (t). Then Jϕ1 ∨ ϕ2 K+ (s) − Jϕ1 ∨
ϕ2 K+ (t) = Jϕ1 K+ (s) − Jϕ2 K+ (t), and Jϕ1 K+ (s) − Jϕ1 K+ (t) ≤ Jϕ1 K+ (s) − Jϕ2 K+ (t) ≤
Jϕ2 K+ (s) − Jϕ2 K+ (t), and by induction hypothesis, −ε ≤ Jϕ1 K+ (s) − Jϕ1 K+ (t) and
Jϕ2 K+ (s) − Jϕ2 K+ (t) ≤ ε.

2. ϕ = ϕ1 ∧ ϕ2 . This is similar to the previous case.
3. ϕ = Eϕ1

By definition of JEϕ1 K+ there is a path σ ∈ P(s) for which Jϕ1 K+ (σ) = JϕK+ (s). By
Lemma 8 there is a corresponding path τ ∈ P(t), and from the induction hypothesis
we know that ∣Jϕ1 K+ (σ) − Jϕ1 K+ (τ )∣ ≤ ε. Thus ∣JϕK+ (s) − JϕK+ (t)∣ ≤ ε.
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4. ϕ = Aϕ1 . This is similar to the previous case.
5. ϕ = Xc ϕ1
By definition, JϕK+ (σ) = λJϕ1 K+ (σ 1 )+∣c−u∣ and JϕK+ (τ ) = λJϕ1 K+ (τ 1 )+∣c−v∣, where
u
v
+
+
σ=sÐ
→ σ 1 and τ = t Ð
→ τ 1 . Since s ∼ε t and σ and τ correspond, we have σ(1) ∼ε′
′
1
1
τ (1) with ε λ ≤ ε − ∣u − v∣, and by induction hypothesis ∣Jϕ1 K+ (σ ) − Jϕ1 K+ (τ )∣ ≤ ε′ .
Hence ∣JϕK+ (σ)−JϕK+ (τ )∣ ≤ ∣∣c−u∣−∣c−v∣∣+λ∣Jϕ1 K+ (σ 1 )−Jϕ2 K+ (τ 1 )∣ ≤ ∣u−v∣+ε−∣u−v∣ =
ε.
6. ϕ = Fc ϕ1
j
k
k
Pick any δ > 0, then there is k ∈ N for which Sk = ∑k−1
j=0 λ ∣σ(j)w − c∣ + λ JϕK+ (σ ) ≤
j
JϕK+ (σ)+δ. As the paths σ and τ correspond, we also have Tk = ∑k−1
j=0 λ ∣τ (j)w −c∣+
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λk JϕK+ (τ k ) ≤ JϕK+ (τ ) + δ. Repeated use of the definition of ∼ε yields σ(k) ∼ε′ τ (k)
j
k
with ε′ λk ≤ ε − ∑k−1
j=0 λ ∣σ(j)w − τ (j)w ∣, hence by induction hypothesis, ∣JϕK+ (σ ) −
k−1 j
JϕK+ (τ k )∣ ≤ ε′ . Thus ∣JϕK+ (σ)−JϕK+ (τ )∣ ≤ ∣Sk −Tk ∣+δ ≤ ∑j=0
λ ∣∣σ(j)w −c∣−∣τ (j)w −
k
k
k
c∣∣ + λ ∣JϕK+ (σ ) − JϕK+ (τ )∣ + δ ≤ ε + δ. As these considerations hold for any δ > 0,
we must have ∣JϕK+ (σ) − JϕK+ (τ )∣ ≤ ε.
+

+

7. ϕ = Gc ϕ1 ; ϕ = ϕ1 Uc ϕ2 . These are similar to the previous case.

Lemma 13. Let s, t ∈ S and assume that ∣JϕK+ (s) − JϕK+ (t)∣ ≤ ε for all state formulae
+
ϕ ∈ Lw . Then s ∼ε t.
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Proof. This follows directly from Theorem 14 below, but one can also observe that the
accumulating family R = {Rε } defined by
Rε = {(s, t) ∣ s, t ∈ S, ∀ϕ ∈ Lw ∶ ∣JϕK+ (s) − JϕK+ (t)∣ ≤ ε}

is indeed an accumulating bisimulation in terms of Definition 7.

5.2. Expressivity

We show that WCTL with accumulating semantics is expressive with respect to accumulating bisimulation in the following sense:
Theorem 14. For each s ∈ S and every γ ∈ R+ , there exists a state formula ϕsγ ∈ Lw ,
interpreted over the accumulating semantics, which characterizes s up to accumulating
+
bisimulation and up to γ, i.e. such that for all s′ ∈ S, s ∼ε s′ if and only if Jϕsγ K+ (s′ ) ∈
[ε − γ, ε + γ] for all γ.
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Proof. We define characteristic formulae of unfoldings, as follows: For each s ∈ S and
n ∈ N, denote L(s) = {p1 , . . . , pk } and AP ∖ L(s) = {q1 , . . . , q` } and let ϕ(s, n) be the
WCTL formula defined inductively as follows:
ϕ(s, 0) = (p1 ∧ ⋅ ⋅ ⋅ ∧ pk ) ∧ (¬q1 ∧ ⋅ ⋅ ⋅ ∧ ¬q` )
ϕ(s, n + 1) = ⋀ EXw ϕ(s′ , n) ∧ ⋀ AXw ( ⋁ ϕ(s′ , n)) ∧ ϕ(s, 0)
w
w
w
sÐ
→s′
w∶sÐ
→s′
sÐ
→ s′
It is easy to see that Jϕ(s, n)K+ (s) = 0 for all n.
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To complete the proof, one observes that for each γ > 0, there is n(γ) ∈ N such that
ϕ(s, n(γ)) can play the role of ϕsγ in the theorem. Intuitively this is due to discounting:
The further the unfolding in ϕ(s, n), the higher are the weights discounted, hence from
some n(γ) on, maximum weight difference is below γ.
Theorem 15. For each s ∈ S and every γ ∈ R+ , there exists a state formula ϕsγ ∈
Lw in interpreted over the point-wise semantics, which characterizes s up to point-wise
bisimulation and up to γ, i.e. such that for all s′ ∈ S, s ∼ε s′ if and only if Jϕsγ K● (s′ ) ∈
[ε − γ, ε + γ] for all γ.

6. Conclusion and final remarks
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We have shown in this paper that weighted CTL with an accumulating semantics is
adequate and expressive for accumulating bisimulation for weighted Kripke structures.
We have also seen that the same holds for the point-wise semantics for WCTL with
respect to point-wise bisimulation.
We believe that these results can be lifted to a common abstract framework, but notice
that this framework will be different from the one proposed in [KP04] as our truth domain
R≥0 ∪ {∞} is not a quasi-Boolean lattice. This generalization should also encompass
other weighted bisimulations such as the maximum-lead bisimulation of [HMP05, TFL10],
and we expect to see some synergies between the weighted-automata and quantitativeverification communities.
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Abstract
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Specification theories as a tool in the development process of component-based software
systems have recently attracted a considerable attention. Current specification theories
are however qualitative in nature and hence fragile and unsuited for modern software
systems. We propose the first specification theory which allows to capture quantitative
aspects during the refinement and implementation process.
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1. Introduction

1. Introduction
Rigorous design of modern computer systems faces the major challenge that the systems
are too complex to reason about [Sif11]. Hence it is necessary to reason at the level of
specification rather than at the one of implementations. Such specifications, which act
as finite and concise abstractions for possibly infinite sets of implementations, allow not
only to decrease the complexity of the design, but also permit to reason on subsystems
independently.
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Any reasonable specification theory is equipped with a satisfaction relation to decide
whether an implementation matches the requirements of a specification, and a refinement
relation that allows to compare specifications (hence sets of implementations). Moreover,
the theory needs a notion of logical composition which allows to infer larger specifications
as logical combinations of smaller ones. Another important ingredient is a notion of
structural composition that allows to build overall specifications from subspecifications,
mimicking at the implementation level e.g. the interaction of components in a distributed
system. A partial inverse of this operation is given by the notion of quotient which allows
to synthesize a subspecification from an overall specification and an implementation
which realizes a part of the overall specification.
Over the years, there have been a series of advances on specification theories [AH05,
Nym08, CdAHM02, LT89]. The predominant approaches are based on modal logics and
process algebras but have the drawback that they cannot naturally embed both logical
and structural composition within the same formalism. Moreover, such formalisms do
not permit to reason from specification to implementation through stepwise refinement.
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In order to leverage those problems, the concept of modal transition systems was
introduced [Lar89]. In short, modal transition systems are labeled transition systems
equipped with two types of transitions: must transitions which are mandatory for any
implementation, and may transitions which are optional for implementations. It is well
admitted that modal transition systems match all the requirements of a reasonable specification theory (see e.g. [Rac08] for motivations). Also, practical experience shows that
the formalism is expressive enough to handle complex industrial problems [Com, SPE].

In a series of recent work [BJL+ 11, JLS11], the modal transition system framework has
been extended in order to reason on quantitative aspects, hence providing a new specification theory for more elaborated structures, with the objective to better meet practical
needs. In this quantitative setting however, the standard Boolean satisfaction and refinement relations are too fragile. Indeed, either an implementation satisfies a specification
or it does not. This means that minor and major modifications in the implementation
cannot be distinguished, as both of them may reverse the Boolean answer. As observed
by de Alfaro et.al. for the logical framework of CTL [dAFS09], this view is obsolete;
engineers need quantitative notions on how modified implementations differ.
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The main contribution of this paper is to mitigate the above problem by lifting the
satisfaction and refinement relations into the quantitative framework, hence completing
the quantitative approach to reason on modal transition systems. More precisely, and
similarly to what has been proposed in the logical framework, we introduce a notion of
distance between both specifications and implementations, which permits quantitative
comparison. Given two implementations that do not necessarily satisfy a specification,
we can decide through quantitative reasoning which one is the better match for the
specification’s requirements.
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To facilitate this reasoning, we develop a notion of modal distance between specifications, which approximates the distances between their implementations. This preserves
the relation between modal refinement and satisfaction checking in the Boolean setting. We show that computing distances between implementation sets is EXPTIME-hard,
whereas modal distances are computable in NP ∩ coNP (which is higher than for Boolean
modal refinement). Akin to discounted games [ZP95] we can reason on behaviors in a
discounted manner, giving more importance to differences that happen in the near future,
while accumulating the amount by which the specifications fail to be compatible at each
step. As for the games, the semantics of the outcome is considered application specific.
Modifying the semantic outcome of satisfaction has strong impact on operations between specifications. As a second contribution of this paper, we propose quantitative
versions of structural composition and quotient which inherit the good properties from
the Boolean setting. We also propose a new notion of relaxation, which is inherent to
the quantitative framework and allows e.g. to calibrate the quotient operator.
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However, there is no free lunch, and working with distances has a price: some of the
properties of logical conjunction and determinization are not preserved in the quantitative
setting. More precisely, conjunction is not the greatest lower bound with respect to
refinement distance as it is in the Boolean setting, and deterministic overapproximation
is too coarse. In fact we show that this is a fundamental limitation of any reasonable
quantitative specification formalism.
Structure of the paper. We start out by introducing our quantitative formalism which
has weighted transition systems as implementations and weighted modal transition systems as specifications. In Section 3 we introduce the distances we use for quantitative
comparison of both implementations and specifications. Section 4 is devoted to a formalization of the notion of relaxation which is of great use in quantitative design. In
the next section we see some inherent limitations of the quantitative approach, and Section 6 finishes the paper by showing that structural composition works as expected in
the quantitative framework and links relaxation to quotients.
Acknowledgment. The authors wish to thank Jiří Srba for fruitful discussions during
the preparation of this work.
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2. Weighted Modal Transition Systems
In this section we present the formalism we use for implementations and specifications.
As implementations we choose the model of weighted transition systems, i.e. labeled
transition systems with integer weights at transitions. Specifications both have a modal
dimension, specifying discrete behavior which must be implemented and behavior which
may be present in implementations, and a quantitative dimension, specifying intervals of
weights on each transition which an implementation must choose from.
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Let I = {[x, y] ∣ x ∈ Z ∪ {−∞}, y ∈ Z ∪ {∞}, x ≤ y} be the set of closed extendedinteger intervals and let Σ be a finite set of actions. Our set of specification labels is K =
(Σ× I)∪{}, where the special symbol  models inconsistency. The set of implementation
labels is defined as Imp = Σ × {[x, x] ∣ x ∈ Z} ≈ Σ × Z. Hence a specification imposes labels
and integer intervals which constrain the possible weights of an implementation.
We define a partial order on I (representing inclusion of intervals) by [x, y] ⊑ [x′ , y ′ ]
if x′ ≤ x and y ≤ y ′ , and we extend this order to specification labels by (a, I) ⊑ (a′ , I ′ )
if a = a′ and I ⊑ I ′ , and  ⊑ (a, I) for all (a, I) ∈ K. The partial order on K is hence
a refinement order; if k1 ⊑ k2 , then no more implementation labels are contained in k1
than in k2 .
Specifications and implementations are defined as follows:

Definition 1. A weighted modal transition system (WMTS) is a four-tuple (S, s0 , ⇢, Ð→)
consisting of a set of states S with an initial state s0 ∈ S and must and may transition
relations Ð→ ⊆ ⇢ ⊆ S × K × S. A WMTS is an implementation if Ð→ = ⇢ ⊆ S × Imp × S.
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A WMTS is finite if S and ⇢ (and hence also Ð→) are finite sets, and it is deterministic
if it holds that for any s ∈ S and a ∈ Σ, (s, (a, I1 ), t1 ), (s, (a, I2 ), t2 ) ∈ ⇢ imply I1 = I2
and t1 = t2 . Hence a deterministic specification allows at most one transition under
k
each discrete action from every state. In the rest of the paper we will write s ⇢
s′
for (s, k, s′ ) ∈ ⇢ and similarly for Ð→, and we will always write S = (S, s0 , ⇢, Ð→) or
Si = (Si , s0i , ⇢i , Ð→i ) for WMTS and I = (I, i0 , Ð→) for implementations. Note that an
implementation is just a usual integer-weighted transition system.
The implementation semantics of a specification is given through modal refinement,
as follows: A modal refinement of WMTS S1 , S2 is a relation R ⊆ S1 × S2 such that for
k1
k2
any (s1 , s2 ) ∈ R and any may transition s1 ⇢
1 t1 in S1 , there exists s2 ⇢2 t2 in S2 for
k2
which k1 ⊑ k2 and (t1 , t2 ) ∈ R, and for any must transition s2 Ð→2 t2 in S2 , there exists
k1
s1 Ð→
1 t1 in S1 for which k1 ⊑ k2 and (t1 , t2 ) ∈ R. Hence in such a modal refinement,
behavior which is required in S2 is also required in S1 , no more behavior is allowed in
S1 than in S2 , and the quantitative requirements in S1 are refinements of the ones in
S2 . We write S1 ≤m S2 if there is a modal refinement relation R for which (s01 , s02 ) ∈ R.
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The implementation semantics of a specification can then be defined as the set of all
implementations which are also refinements:
Definition 2. The implementation semantics of a WMTS S is the set JSK = {I ∣ I ≤m
S, I implementation}.
We say that a WMTS S is consistent if it has an implementation, i.e. if JSK ≠ ∅. A
useful over-approximation of consistency is local consistency: a WMTS S is said to be
k
locally consistent if s Ð→
t implies k ≠ , i.e. if no -labeled must transitions appear
in S. Local consistency implies consistency, but the inverse is not true; e.g. the WMTS
a,2

a,2
i1 . Local inconsistencies may be
s3 has an implementation i0 Ð→
⇢ s2 Ð→
s1 a,9
s0 Ð→
removed recursively as follows:
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k
Definition 3. For a WMTS S, let pre ∶ 2S → 2S be given by pre(B) = {s ∈ S ∣ s Ð→
t∈


0
∗

B for some k}, and let S = {s ∈ S ∣ s Ð→ t for some t ∈ S}. If s ∉ pre (S ), then the
pruning ρ(S) = (Sρ , s0 , ⇢ρ , Ð→ρ ) is defined by Sρ = S ∖ pre∗ (S  ), ⇢ρ = ⇢ ∩ (Sρ × (K ∖
{}) × Sρ ) and Ð→ρ = Ð→ ∩ (Sρ × (K ∖ {}) × Sρ ).

Note that if ρ(S) exists, then it is locally consistent, and if ρ(S) does not exist (s0 ∈
pre∗ (S  )), then S is inconsistent. Also, ρ(S) ≤m S and Jρ(S)K = JSK.

3. Thorough and Modal Refinement Distances
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For the quantitative specification formalism we have introduced in the last section, the
standard Boolean notions of satisfaction and refinement are too fragile. To be able to
reason not only whether a given quantitative implementation satisfies a given quantitative
specification, but also to what extent, we introduce a notion of distance between both
implementations and specifications.
We first define the distance between implementations; for this we introduce a distance
on implementation labels by
dImp ((a1 , x1 ), (a2 , x2 )) = {

∞
∣x1 − x2 ∣

if a1 ≠ a2 ,
if a1 = a2 .

(1)

In the rest of the paper, let λ ∈ R with 0 < λ < 1 be a discounting factor.
Definition 4. Let I1 , I2 be implementations (weighted transition systems). The implementation distance d ∶ I1 × I2 → R≥0 ∪ {∞} between the states of I1 and I2 is the least
fixed point of the equations
⎧
sup
inf dImp (k1 , k2 ) + λd(j1 , j2 ),
⎪
⎪
⎪
⎪
k1
⎪
i
Ð→
j
i
Ð→
⎪ 1 1 1 2 k2 2 j2
d(i1 , i2 ) = max ⎨
⎪
sup
inf dImp (k1 , k2 ) + λd(j1 , j2 ).
⎪
⎪
⎪
⎪
k2
k1
⎪
1 j1
⎩ i2 Ð→2 j2 i1 Ð→
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3

i1

7

6

j1

k1

i2

9

7

6

j2

d(j1 , j2 ) = 0
d(i1 , j2 ) = ∞
d(j1 , i2 ) = ∞
d(k1 , j2 ) = ∞

0

³¹¹ ¹ ¹ ¹ ¹ ¹ ¹· ¹ ¹ ¹ ¹ ¹ ¹ ¹µ
d(k1 , i2 ) = max{2 + .9 d(k1 , i2 ), .9 d(j1 , j2 )}
d(i1 , i2 ) = max{3 + .9 d(j1 , j2 ), .9 d(k1 , i2 )}
´¹¹ ¹ ¹ ¹ ¹ ¹ ¹¸ ¹ ¹ ¹ ¹ ¹ ¹ ¹¶

0
Figure E.1.: Two weighted transition systems with branching distance
d(I1 , I2 ) = 18.

We define d(I1 , I2 ) = d(i01 , i02 ).
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Except for the symmetrizing max operation, this is precisely the accumulating branching distance which is introduced in [TFL10]; see also [FLT10, FTL11] for a thorough
introduction to linear and branching distances as we use them here. As the equations in
the definition define a contraction, they have indeed a unique least fixed point; note that
d(i1 , i2 ) = ∞ is also a fixed point, cf. [LFT11].
We remark that besides this accumulating distance, other interesting system distances
may be defined depending on the application at hand, but we concentrate here on this
distance and leave a generalization to other distances for future work.
Example 6. Consider the two implementations I1 and I2 in Figure E.1 with a single
action (elided for simplicity) and with discounting factor λ = .9. The equations in the
illustration have already been simplified by removing all expressions that evaluate to ∞.
What remains to be done is to compute the least fixed point of the equation d(k1 , i2 ) =
max {2 + .9 d(k1 , i2 ), 0} which is d(k1 , i2 ) = 20. Hence d(i1 , i2 ) = max{3, .9 ⋅ 20} = 18.
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To lift implementation distance to specifications, we need first to consider the distance
between sets of implementations. Given implementation sets I1 , I2 , we define
d(I1 , I2 ) = sup inf d(I1 , I2 )
I1 ∈I1 I2 ∈I2

Note that in case I2 is finite, we have that for all ε ≥ 0, d(I1 , I2 ) ≤ ε if and only if for
each implementation I1 ∈ I1 there exists I2 ∈ I2 for which d(I1 , I2 ) ≤ ε, hence this is
a natural notion of distance. Especially, d(I1 , I2 ) = 0 if and only if I1 is a subset of
I2 up to bisimilarity. For infinite I2 , we have the slightly more complicated property
that d(I1 , I2 ) ≤ ε if and only if for all δ > 0 and any I1 ∈ I1 , there is I2 ∈ I2 for which
d(I1 , I2 ) ≤ ε + δ.
Note that in general, our distance on sets of implementations is asymmetric; we may
well have d(I1 , I2 ) ≠ d(I2 , I1 ). We lift this distance to specifications as follows:

Definition 5. The thorough refinement distance between WMTS S1 and S2 is defined
as dt (S1 , S2 ) = d(JS1 K, JS2 K). We write S1 ≤εt S2 if dt (S1 , S2 ) ≤ ε.
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Indeed this permits us to measure incompatibility of specifications; intuitively, if two
specifications have thorough distance ε, then any implementation of the first specification
can be matched by an implementation of the second up to ε. Also observe the special case
where S1 = I1 is an implementation: then dt (I1 , S2 ) = inf I2 ∈JS2 K d(I1 , I2 ), which measures
how close I1 is to satisfy the specification S2 .
To facilitate computation and comparison of refinement distance, we introduce modal
refinement distance as an overapproximation. We will show in Theorem 8 below that
similarly to the Boolean setting [BKLS09], computation of thorough refinement distance
is EXPTIME-hard, whereas modal refinement distance is computable in NP ∩ coNP. First
we generalize the distance on implementation labels from Equation (1) to specification
labels so that for k, ` ∈ K we define
dImp (k ′ , `′ ).
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dK (k, `) =

sup

inf

k′ ⊑k,k′ ∈Imp `′ ⊑`,`′ ∈Imp

Note that dK is asymmetric, and that dK (k, `) = 0 if and only if k ⊑ `. Also, dK (k, `) =
dImp (k, `) for all k, ` ∈ Imp. Using the −. operation defined on integers by x1 −. x2 =
max(x1 − x2 , 0), we can express dK as follows:
dK ((a1 , I1 ), (a2 , I2 )) = ∞ if a1 ≠ a2
dK ((a, [x1 , y1 ]), (a, [x2 , y2 ])) = max(x2 −. x1 , y1 −. y2 )
dK (, (a, I2 )) = 0

dK ((a, I1 ), ) = ∞

Definition 6. Let S1 , S2 be WMTS. The modal refinement distance dm ∶ S1 × S2 →

R≥0 ∪ {∞} from states of S1 to states of S2 is the least fixed point of the equations
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⎧
sup inf dK (k1 , k2 ) + λdm (t1 , t2 ),
⎪
⎪
⎪
⎪
⎪
⎪ s1 k⇢1 1 t1 s2 k⇢2 2 t2
dm (s1 , s2 ) = max ⎨
⎪
sup
inf dK (k1 , k2 ) + λdm (t1 , t2 ).
⎪
⎪
⎪
⎪
k2
k
⎪
s
Ð→
t
s
Ð→
⎩ 2 2 2 1 1 1 t1

We define dm (S1 , S2 ) = dm (s01 , s02 ), and we write S1 ≤εm S2 if dm (S1 , S2 ) ≤ ε.
The argument for existence and uniqueness of the least fixed point is exactly the same
as for implementation distance in Definition 4. Like thorough refinement distance, modal
refinement distance may be asymmetric.
The next theorem shows that modal refinement distance indeed overapproximates thorough refinement distance, and that it is exact for deterministic WMTS. Note that nothing
general can be said about the precision of the overapproximation in the nondeterministic
case; as an example observe the two specifications in Figure E.2 for which dt (S1 , S2 ) = 0
but dm (S1 , S2 ) = ∞.
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S1

s1

a, [0, 1]

t1

S2

s2

, 0] t2
a, [0
a, [ 1
, 1]
t3

Figure E.2.: Incompleteness of modal refinement distance.
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The fact that modal refinement only equals thorough refinement for deterministic
specifications is well-known from the theory of modal transition systems [Lar89], and
the special case of S1 locally consistent and S2 deterministic is important, as it can be
argued [Lar89] that indeed, deterministic specifications are sufficient for applications.
Theorem 7. For WMTS S1 , S2 we have dt (S1 , S2 ) ≤ dm (S1 , S2 ). If S1 is locally consistent and S2 is deterministic, then dt (S1 , S2 ) = dm (S1 , S2 ).
The complexity results in the next theorem show that modal refinement distance can
serve as a useful approximation of thorough refinement distance.
Theorem 8. For finite WMTS S1 , S2 and ε ≥ 0, it is EXPTIME-hard to decide whether
S1 ≤εt S2 . The problem whether S1 ≤εm S2 is decidable in NP ∩ coNP.

4. Relaxation
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We introduce here a notion of relaxation which is specific to the quantitative setting.
Intuitively, relaxing a specification means to weaken the quantitative constraints, while
the discrete demands on which transitions may or must be present in implementations
are kept. A similar notion of strengthening may be defined, but we do not use this here.
Definition 9. For WMTS S, S ′ and ε ≥ 0, S ′ is an ε-relaxation of S if S ≤m S ′ and
S ′ ≤εm S.

Hence the quantitative constraints in S ′ may be more permissive than the ones in S,
but no new discrete behavior may be introduced. Also note that any implementation of
S is also an implementation of S ′ , and no implementation of S ′ is further than ε away
from an implementation of S. The following proposition relates specifications to relaxed
specifications:

Proposition 10. If S1′ and S2′ are ε-relaxations of S1 and S2 , respectively, then dm (S1 , S2 )−
ε ≤ dm (S1 , S2′ ) ≤ dm (S1 , S2 ) and dm (S1 , S2 ) ≤ dm (S1′ , S2 ) ≤ dm (S1 , S2 ) + ε.
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On the syntactic level, we can introduce the following widening operator which relaxes
all quantitative constraints in a systematic manner. We write I ± δ = [x − δ, y + δ] for an
interval I = [x, y] and δ ∈ N.
Definition 11. Given δ ∈ N, the δ-widening of a WMTS S is the WMTS S +δ with
a,I
transitions s a,I±δ
⇢ t in S +δ for all s a,I
⇢ t in S, and s a,I±δ
Ð→ t in S +δ for all s Ð→
t in S.
Widening and relaxation are related as follows; note also that as widening is a global
operation whereas relaxation may be achieved entirely locally, not all relaxations may be
obtained as widenings.
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Proposition 12. The δ-widening of any WMTS S is a (1 − λ)−1 δ-relaxation.
There is also an implementation-level notion which corresponds to relaxation:

Definition 13. The ε-extended implementation semantics, for ε ≥ 0, of a WMTS S is
JSK+ε = {I ∣ I ≤εm S, I implementation}.
Proposition 14. If S ′ is an ε-relaxation of S, then JS ′ K ⊆ JSK+ε .

It can be shown that there are WMTS S, S ′ such that S ′ is an ε-relaxation of S but
the inclusion JS ′ K ⊆ JSK+ε is strict.

5. Limitations of the Quantitative Approach
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In this section we turn our attention towards some of the standard operators for specification theories; determinization and logical conjunction. Quite surprisingly, we show
that in the quantitative setting, there are problems with these notions which do not appear in the Boolean theory. More specifically, we show that there is no determinization
operator which always yields a smallest deterministic overapproximation, and there is no
conjunction operator which acts as a greatest lower bound.
Theorem 15. There is no unary operator D on WMTS for which it holds that
(15.1) D(S) is deterministic for any WMTS S,
(15.2) S ≤m D(S) for any WMTS S,

(15.3) S ≤εm D implies D(S) ≤εm D for any WMTS S, any deterministic WMTS D, and
any ε ≥ 0.
In the standard Boolean setting, there is indeed a determinization operator which
satisfies properties similar to the above, and which is useful because it enables checking
thorough refinement, cf. Theorem 7. Likewise, the greatest-lower-bound property of
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logical conjunction in the Boolean setting ensures that the set of implementations of a
conjunction of specifications is precisely the intersection of the implementation sets of
the two specifications.
Theorem 16. There is no partial binary operator ∧ on WMTS for which it holds that
(16.1) S1 ∧ S2 ≤m S1 and S1 ∧ S2 ≤m S2 for all locally consistent WMTS S1 , S2 for which
S1 ∧ S2 is defined,
(16.2) for any locally consistent WMTS S and all deterministic and locally consistent
WMTS S1 , S2 such that S ≤m S1 and S ≤m S2 , S1 ∧S2 is defined and S ≤m S1 ∧S2 ,
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(16.3) for any ε ≥ 0, there exist ε1 ≥ 0 and ε2 ≥ 0 such that for any locally consistent
WMTS S and all deterministic and locally consistent WMTS S1 , S2 for which
S1 ∧ S2 is defined, S ≤εm1 S1 and S ≤εm2 S2 imply S ≤εm S1 ∧ S2 .
The counterexamples used in the proofs of Theorems 15 and 16 are quite general
and apply to a large class of distances, rather than only to the accumulating distance
discussed in this paper. Hence it can be argued that what we have exposed here is a
fundamental limitation of any quantitative approach to modal specifications.

6. Structural Composition and Quotient
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In this section we show that in our quantitative setting, notions of structural composition
and quotient can be defined which obey the properties expected of such operations. In
particular, structural composition satisfies independent implementability [AH05], hence
the refinement distance between structural composites can be bounded by the distances
between their respective components.
First we define partial synchronization operators ⊕ and ⊖ on specification labels which
will be used for synchronizing transitions. We let (a1 , I1 ) ⊕ (a2 , I2 ) and (a1 , I1 ) ⊖ (a2 , I2 )
be undefined if a1 ≠ a2 , and otherwise
(a, [x1 , y1 ]) ⊕ (a, [x2 , y2 ]) = (a, [x1 + x2 , y1 + y2 ]),
(a, I1 ) ⊕  =  ⊕ (a, I2 ) = ;

(a, [x1 , y1 ]) ⊖ (a, [x2 , y2 ]) = {


(a, [x1 − x2 , y1 − y2 ])

if x1 − x2 > y1 − y2 ,
if x1 − x2 ≤ y1 − y2 ,

(a, I1 ) ⊖  =  ⊖ (a, I2 ) = .

Note that we use CSP-style synchronization, but other types of synchronization can
easily be defined. Also, defining ⊕ to add intervals (and ⊖ to subtract them) is only one
particular choice; depending on the application, one can also e.g. let ⊕ be intersection
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of intervals or some other operation. It is not difficult to see that these alternative
synchronization operators would lead to properties similar to those we show here.
Definition 17. Let S1 and S2 be WMTS. The structural composition of S1 and S2 is
S1 ∥S2 = (S1 × S2 , (s01 , s02 ), K, ⇢, Ð→) with transitions given as follows:
k1
s1 ⇢
1 t1

k2
s2 ⇢
2 t2 ,

k1 ⊕ k2 defined

k1
s1 Ð→
1 t1

⊕k2
(s1 , s2 ) k1⇢
(t1 , t2 )

The quotient of S1 by S2 is S1
given as follows:
k1
s1 ⇢
1 t1

k2
s2 ⇢
2 t2

S2 = ρ(S1 × S2 ∪ {u}, (s01 , s02 ), K, ⇢, Ð→) with transitions
k1
s1 Ð→
1 t1

(s1 , s2 ) ⇢ (t1 , t2 )

k∈K

k2
s2 Ð→
2 t2

k1 ⊖ k2 defined

(s1 , s2 ) Ð→ (t1 , t2 )
k1 ⊖k2
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s1 Ð→1 t1
k1

k1 ⊕ k2 defined

1 ⊕k2
(s1 , s2 ) kÐ→
(t1 , t2 )

k1 ⊖ k2 defined

k1 ⊖k2

k2
s2 Ð→
2 t2

∀s2 Ð→2 t2 ∶ k1 ⊖ k2 undefined

(s1 , s2 ) Ð→
(s1 , s2 )
k2

k2
∀s2 ⇢
2 t2 ∶ k ⊕ k2 undefined

(s1 , s2 ) ⇢ u
k

k∈K

k
u⇢
u

Note that we ensure that the quotient S1 S2 is locally consistent by recursively removing -labeled must transitions using pruning, see Definition 3. The following theorem
shows that structural composition is well-behaved with respect to modal refinement distance in the sense that the distance between the composed systems is bounded by the
distances of the individual systems. Note also the special case in the theorem of S1 ≤m S2
and S3 ≤m S4 implying S1 ∥S3 ≤m S2 ∥S4 .
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Theorem 18 (Independent implementability). For WMTS S1 , S2 , S3 , S4 we have
dm (S1 ∥S3 , S2 ∥S4 ) ≤ dm (S1 , S2 ) + dm (S3 , S4 ).
The following theorem expresses the fact that quotient is a partial inverse to structural
composition. Intuitively, the theorem shows that the quotient S1 S2 is maximal among
all WMTS S3 with respect to any distance S2 ∥S3 ≤εm S1 ; note the special case of S3 ≤m
S1 S2 if and only if S2 ∥S3 ≤m S1 .
Theorem 19 (Soundness and maximality of quotient). Let S1 , S2 and S3 be locally
consistent WMTS such that S2 is deterministic and S1 S2 is defined. If dm (S3 , S1 S2 ) <
∞, then dm (S3 , S1 S2 ) = dm (S2 ∥S3 , S1 ).
The example depicted in Figure E.3 shows that the condition dm (S3 , S1 S2 ) < ∞ in
Theorem 19 is necessary. Here dm (S2 ∥S3 , S1 ) = 1, but dm (S3 , S1 S2 ) = ∞ because of
⇢ 1 t1 and s2 a,[0,1]
⇢ 2 t2 for which k1 ⊖ k2 is
inconsistency between the transitions s1 a,[0,0]
defined.
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s1

a, [0, 0]

(a) S1

t1

s2

a, [0, 1]

s3

t2

(b) S2

a, [0, 0]

(c) S3

t3

(s2 , s3 )

a, [0, 1]

(t2 , t3 )

(d) S2 ∥S3

(s1 , s2 )

(e) S1

S2

Figure E.3.: WMTS for which dm (S3 , S1

S2 ) ≠ dm (S2 ∥S3 , S1 ).
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As a practical application, we notice that relaxation as defined in Section 4 can be
useful when computing quotients. The quotient construction in Definition 17 introduces
local inconsistencies (which afterwards are pruned) whenever there is a pair of transitions
k1
k2
k1
k2
s1 ⇢
1 t1 , s2 ⇢2 t2 (or s1 Ð→1 t1 , s2 Ð→2 t2 ) for which k1 ⊖k2 = . Looking at the definition
of ⊖, we see that this is the case if k1 = (a, [x1 , y1 ]) and k2 = (a, [x2 , y2 ]) are such that
x1 − x2 > y1 − y2 ; hence these local inconsistencies can be avoided by enlarging k1 .
Enlarging quantitative constraints is exactly the intuition of relaxation, thus in practical cases where we get a quotient S1 S2 which is “too inconsistent”, we may be able to
solve this problem by constructing a suitable ε-relaxation S1′ of S1 . Theorems 18 and 19
can then be used to ensure that also S1′ S2 is a relaxation of S1 S2 .
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7. Conclusion and Further Work

We have shown in this paper that within the quantitative specification framework of
weighted modal transition systems, refinement and implementation distances provide a
useful tool for robust compositional reasoning. Note that these distances permit us not
only to reason about differences between implementations and from implementations to
specifications, but they also provide a means by which we can compare specifications
directly at the abstract level.
We have shown that for some of the ingredients of our specification theory, namely
structural composition and quotient, our formalism is a conservative extension of the
standard Boolean notions. We have also noted however, that for determinization and
logical conjunction, the properties of the Boolean notions are not preserved, and that
this is a fundamental limitation of any reasonable quantitative specification theory. The
precise practical implications of this for the applicability of our quantitative specification
framework are subject to future work.
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8. Appendix
Appendix: Proofs for Section 3
There is a powerful proof technique introduced for branching distances between implementations in [TFL10] that we here extend to modal refinement distance. We define a
modal refinement family as an R≥0 -indexed family of relations R = {Rε ⊆ S1 × S2 ∣ ε ≥ 0}
such that for any ε and any (s1 , s2 ) ∈ Rε ,
k1
k2
− whenever s1 ⇢
t1 then s2 ⇢
t2 such that dK (k1 , k2 ) ≤ ε and (t1 , t2 ) ∈ Rε′ for some
′
−1
ε ≤ λ (ε − dK (k1 , k2 )),
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k2
k1
− whenever s2 Ð→
t2 then s1 Ð→
t1 such that dK (k1 , k2 ) ≤ ε and (t1 , t2 ) ∈ Rε′ for
′
−1
some ε ≤ λ (ε − dK (k1 , k2 )).

It can then be shown, following the proof strategy in [TFL10] developed for implementations, that S1 ≤εm S2 if and only if there is a modal refinement family R with
(s01 , s02 ) ∈ Rε ∈ R. Also note that modal refinement families are upward closed in the
sense that (s1 , s2 ) ∈ Rε implies that (s1 , s2 ) ∈ Rε′ for all ε′ ≥ ε.
Theorem A.1. For WMTS S1 , S2 we have dt (S1 , S2 ) ≤ dm (S1 , S2 ).

Proof. If dm (S1 , S2 ) = ∞, we have nothing to prove. Otherwise, let R = {Rε ⊆ S1 × S2 ∣
ε ≥ 0} be a modal refinement family which witnesses dm (S1 , S2 ), i.e. such that (s01 , s02 ) ∈
Rdm (S1 ,S2 ) , and let I1 ∈ JS1 K. We have to expose I2 ∈ JS2 K for which d(I1 , I2 ) ≤ dm (S1 , S2 ).
Let R1 ⊆ I1 × S1 be a witness for I1 ≤m S1 , define Rε′ = R1 ○ Rε ⊆ I1 × S2 for all ε ≥ 0,
and let R′ = {Rε′ ∣ ε ≥ 0}. The states of I2 = (I2 , i02 , Imp, Ð→I2 ) are I2 = S2 with i02 = s02 ,
and the transitions we define as follows:

DR

′

k1
′
′
For any i1 Ð→
I1 j1 and any s2 ∈ S2 for which (i1 , s2 ) ∈ Rε ∈ R for some ε, we have
k2
s2 ⇢2 t2 with dK (k1′ , k2 ) ≤ ε and (j1 , t2 ) ∈ Rε′ ′ ∈ R′ for some ε′ ≤ λ−1 (ε − dK (k1′ , k2 )).
Write k1′ = (a′1 , x′1 ) and k2 = (a2 , [x2 , y2 ]), then we must have a′1 = a2 . Let

⎧
x2
⎪
⎪
⎪
⎪ ′
′
x2 = ⎨x1
⎪
⎪
⎪
⎪
⎩y2

if x′1 < x2 ,
if x2 ≤ x′1 ≤ y2 ,
if x′1 > y2 ,

(2)

′

k2
and k2′ = (a2 , x′2 ), and put s2 Ð→
I2 t2 in I2 . Note that

dK (k1′ , k2′ ) = dK (k1′ , k2 ).

(3)

k2
′
′
Similarly, for any s2 Ð→
2 t2 and any i1 ∈ I1 with (i1 , s2 ) ∈ Rε ∈ R for some ε, we have
′
k1
′
′
′
′
−1
′
i1 Ð→
I1 j1 with dK (k1 , k2 ) ≤ ε and (j1 , t2 ) ∈ Rε′ ∈ R for some ε ≤ λ (ε − dK (k1 , k2 )).
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Write k1′ = (a′1 , x′1 ) and k2 = (a2 , [x2 , y2 ]), define x′2 as in (2) and k2′ = (a2 , x′2 ), and put
′
k2
s2 Ð→
I2 t2 in I2 .
We show that the identity relation idS2 = {(s2 , s2 ) ∣ s2 ∈ S2 } ⊆ S2 × S2 witnesses
′
k2
I2 ≤m S2 . Let first s2 Ð→
I2 t2 ; we must have used one of the two constructions above for
k2
′
creating this transition. In the first case, we have s2 ⇢
2 t2 with k2 ⊑ k2 , and in the second
k2
k2
case, we have s2 Ð→2 t2 , hence also s2 ⇢2 t2 , with the same property. For a transition
′
k2
k2
s2 Ð→
2 t2 on the other hand, we have introduced s2 Ð→I2 t2 in the second construction
above, with k2′ ⊑ k2 .
We also want to show that the family R′ is a witness for d(I1 , I2 ) ≤ dm (S1 , S2 ). We
have (i01 , s02 ) ∈ Rd′ m (S1 ,S2 ) = R1 ○ Rdm (S1 ,S2 ) , so let (i1 , s2 ) ∈ Rε′ ∈ R′ for some ε ≥ 0. For
′

′
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k2
k2
k1
any i1 Ð→
I1 j1 we have s2 ⇢2 t2 and s2 Ð→I2 t2 by the first part of our construction
above, with dK (k1′ , k2′ ) = dK (k1′ , k2 ) ≤ ε because of (3), and also (j1 , t2 ) ∈ Rε′ ′ ∈ R′ for some
′
k2
ε′ ≤ λ−1 (ε − dK (k1′ , k2 )). For any s2 Ð→
I2 t2 , we must have used one of the constructions
′

k1
′
′
above to introduce this transition, and both give us i1 Ð→
I1 j1 with dK (k1 , k2 ) ≤ ε and
′
′
′
′
−1
(j1 , t2 ) ∈ Rε′ ∈ R for some ε ≤ λ (ε − dK (k1 , k2 )).

Theorem A.2. For WMTS S1 , S2 with S1 locally consistent and S2 deterministic, we
have dt (S1 , S2 ) = dm (S1 , S2 ).
Proof. If dt (S1 , S2 ) = ∞, we are done by Theorem 7. Otherwise, let R = {Rε ∣ ε ≥ 0} be
the smallest relation family for which
− (s01 , s02 ) ∈ Rdt (S1 ,S2 ) and
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− whenever (s1 , s2 ) ∈ Rε ∈ R, s1 a,I
⇢1 1 t1 , s2 a,I
⇢2 2 t2 , then
(t1 , t2 ) ∈ Rλ−1 (ε−dK ((a,I1 ),(a,I2 ))) .

We show below that this definition makes sense (especially that
ε − dK ((a, I1 ), (a, I2 )) ≥ 0 in all cases), and that R is a modal refinement family. We will
use the convenient notation (s1 , S1 ) for the WMTS S1 with initial state s01 replaced by
s1 , similarly for (s2 , S2 ).

We first show inductively that for any pair of states (s1 , s2 ) ∈ Rε ∈ R we have
dt ((s1 , S1 ), (s2 , S2 )) ≤ ε. This is obviously the case for s1 = s01 and s1 = s02 , so assume now that (s1 , s2 ) ∈ Rε ∈ R is such that dt ((s1 , S1 ), (s2 , S2 )) ≤ ε and let s1 a,I
⇢1 1 t1 ,
a,I2
′
′
s2 ⇢ 2 t2 . Let (q1 , P1 ) ∈ J(t1 , S1 )K and x1 ∈ I1 .
a,x1
There is an implementation (p1 , P1 ) ∈ J(s1 , S1 )K for which p1 Ð→
q1 and (q1 , P1 ) ≤m
′
′
(q1 , P1 ). Now

dt ((p1 , P1 ), (s2 , S2 )) ≤ dt ((p1 , P1 ), (s1 , S1 )) + dt ((s1 , S1 ), (s2 , S2 )) ≤ ε,
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′

′

hence we must have s2 a2⇢,I2 2 t′2 with dK ((a, x1 ), (a′2 , I2′ )) ≤ ε. But then a′2 = a, hence by
determinism of S2 , I2 = I2′ and t2 = t′2 .
The above considerations hold for any x1 ∈ I1 , hence dK ((a, I1 ), (a, I2 )) ≤ ε. Thus
ε − dK ((a, I1 ), (a, I2 )) ≥ 0, and the definition of R above is justified. Now let x2 ∈ I2 such
that dK ((a, x1 ), (a, x2 )) = dK ((a, x1 ), (a, I2 )), then there is an implementation (p2 , P2 ) ∈
a,x2
J(s2 , S2 )K for which p2 Ð→
q2 , and
d((q1′ , P1′ ), (q2 , P2 )) ≤ λ−1 (ε − dK ((a, x1 ), (a, x2 )))
= λ−1 (ε − dK ((a, I1 ), (a, I2 ))),
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which, as (q1′ , P1′ ) ∈ J(t1 , S1 )K was chosen arbitrarily, entails dt ((s1 , S1 ), (s2 , S2 )) ≤ λ−1 (ε−
dK ((a, I1 ), (a, I2 ))).
We are ready to show that R is a refinement family. Let (s1 , s2 ) ∈ Rε ∈ R for some ε,
k1
and assume s1 ⇢
1 t1 ; by local consistency of S we must have k1 ≠ , hence k1 = (a, I1 ). Let
m
x ∈ I1 , then there is an implementation (p, P x ) ∈ J(s1 , S1 )K with a transition p Ð→
q. Now
x
dt ((p, P x ), (s2 , S2 )) ≤ ε, hence we have a transition s2 a,I
⇢2 2 tx2 with dK ((a, x), (a, I2x )) ≤ ε.
x′

′

′

Also for any other x′ ∈ I1 we have a transition s2 a,I⇢2 2 tx2 with dK ((a, x′ ), (a, I2x )) ≤ ε,
′
′
hence by determinism of S2 , I2x = I2x and tx2 = tx2 . It follows that there is a unique transia,I2
tion s2 ⇢ t2 , and as dK ((a, x), (a, I2 )) ≤ ε for all x ∈ I1 , we have dK ((a, I1 ), (a, I2 )) ≤ ε,
and (t1 , t2 ) ∈ Rλ−1 (ε−dK ((a,I1 ),(a,I2 ))) by definition.
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k2

Now assume s2 Ð→
2 t2 . If k2 = , then there is a transition s1 Ð→ t1 in S1 , in
contradiction to local consistency of S1 . Hence k2 = (a, I2 ). Let (p1 , P1 ) ∈ J(s1 , S1 )K, then
we have (p2 , P2 ) ∈ J(s2 , S2 )K with d((p1 , P1 ), (p2 , P2 )) ≤ ε. Now any (p2 , P2 ) ∈ J(s2 , S2 )K
a,x2
a,x1
has p2 Ð→
q2 with x2 ∈ I2 , thus there is also p1 Ð→
q1 with dK ((a, x1 ), (a, x2 )) ≤ ε and
a,I1
−1
d((q1 , P1 ), (q2 , P2 )) ≤ λ (ε − dK ((a, x1 ), (a, x2 ))). This in turn implies that s1 Ð→
1 t1
for some x1 ∈ I1 . We will be done once we can show dK ((a, I1 ), (a, I2 )) ≤ ε, so assume
to the contrary that there is x′1 ∈ I1 with dK ((a, x′1 ), (a, I2 )) > ε. Then there is an
′

′

a,x1
implementation (p′1 , P1′ ) ∈ J(s1 , S1 )K with p′1 Ð→
q1′ , hence a transition s2 a,I
⇢2 2 t′2 with
dK ((a, x′1 ), (a, I2′ )) ≤ ε. But I2′ = I2 by determinism of S2 , a contradiction.

Complexity Bounds

The fact that computing thorough refinement distance is EXPTIME-hard is easy, since deciding thorough refinement for MTS (without weights) is EXPTIME-complete [BKLS09].
By translating MTS to WMTS with weight 0 on all transitions, deciding thorough refinement for modal transition systems polynomial-time reduces to deciding whether thorough
refinement distance is ≤ 0.
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To show an upper bound on the complexity of computing modal refinement distance,
we need to introduce discounted values of weighted games, cf. [ZP95]. A weighted game
graph is a finite real-weighted bipartite digraph (V1 , V2 , Ð_), i.e. with V1 ∩ V2 = ∅ and
Ð_ ∈ (V1 × R × V2 ) ∪ (V2 × R × V1 ) a finite set of edges. These are assumed to be nonr
blocking in the sense that each v ∈ V1 ∪ V2 has at least one outgoing edge v Ð_ w (which
is the shorthand for (v, r, w) ∈ Ð_).
A Player-1 strategy in such a weighted game graph is a mapping θ1 ∶ V1 → R × V2 for
which (v1 , θ1 (v1 )) ∈ Ð_ for each v1 ∈ V1 . Similarly, a Player-2 strategy is a mapping
θ2 ∶ V2 → R × V1 such that (v2 , θ2 (v2 )) ∈ Ð_ for each v2 ∈ V2 . The sets of all Player-1
and Player-2 strategies are denoted Θ1 and Θ2 , respectively.
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Denote by tgt(e) = w the target of an edge e = (v, r, w) ∈ Ð_ and by wt(e) = r its
weight. A vertex v0 ∈ V1 and a pair (θ1 , θ2 ) ∈ Θ1 × Θ2 of strategies determine a unique
infinite sequence (ej (θ1 , θ2 ))j≥0 of edges ej (θ1 , θ2 ) ∈ Ð_ for which
e0 (θ1 , θ2 ) = (v0 , θ1 (v0 )),

e2j+1 (θ1 , θ2 ) = (tgt(e2j ), θ2 (tgt(e2j ))),

e2j (θ1 , θ2 ) = (tgt(e2j−1 , θ1 (tgt(e2j−1 ))).

In other words, the two players alternate to pick edges in Ð_ according to their strategies.
The discounted value of the game (V1 , V2 , Ð_) played from v0 ∈ V1 with discounting factor
λ, 0 ≤ λ < 1, is defined to be
∞

p(v0 , λ) = sup inf ∑ λj wt(ej (θ1 , θ2 )).
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θ1 ∈Θ1 θ2 ∈Θ2 j=0

We recall the following theorem from [ZP95]; the complexity result is obtained by
reduction to simple stochastic games [Con92].
Lemma A.3 ([ZP95]). The discounted value p(v0 , λ) may be computed as the unique
fixed point to the equations
⎧
⎪
r + λp(w, λ)
max
⎪
⎪
r
⎪vÐ_w
p(v, λ) = ⎨
⎪
min
r + λp(w, λ)
⎪
⎪
r
⎪
⎩vÐ_w

if v ∈ V1 ,
if v ∈ V2 .

The decision problem corresponding to computing p(v0 ) is contained in NP∩coNP.
Next we present a reduction from modal refinement distance of WMTS to discounted
values of weighted games, cf. [LFT11].

124

E. Quantitative Refinement for Weighted Modal Transition Systems
Lemma A.4. For WMTS S1 , S2 one can construct in polynomial
√ time a weighted game
(V1 , V2 , Ð_) with a vertex v0 ∈ V1 such that dm (S1 , S2 ) = p(v0 , λ).
Proof. Let V1 = S1 × S2 , V2 = S1 × S2 × K × {may, must}, and define the transitions as
follows:
0

(s1 , s2 ) Ð_ (t1 , s2 , k1 , may)

k1
if s1 ⇢
1 t1

0

k2
(s1 , s2 ) Ð_ (s1 , t2 , k2 , must) if s2 Ð→
2 t2

(t1 , s2 , k1 , may)

dK (k1 ,k2 )

Ð_

(t1 , t2 )

k2
if s2 ⇢
2 t2

(s1 , t2 , k2 , must)

dK (k1 ,k2 )

(t1 , t2 )

k1
if s1 Ð→
1 t1
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Ð_

Setting v0 = (s01 , s02 ) finishes the construction.

In [LFT11] it is also shown that conversely, computing discounted values of weighted
games may be polynomial-time reduced to computing simulation distance for weighted
transition systems, hence we can conclude the following.
Lemma A.5. The decision problem corresponding to computing modal refinement distance for WMTS is polynomial-time equivalent to the decision problem corresponding to
computing discounted values of weighted games.

Appendix: Proofs for Section 4
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Proof of Proposition 10. By the triangle inequality we have

dm (S1 , S2′ ) ≤ dm (S1 , S2 ) + dm (S2 , S2′ ),
dm (S1 , S2 ) ≤ dm (S1 , S2′ ) + dm (S2′ , S2 ),
dm (S1 , S2 ) ≤ dm (S1 , S1′ ) + dm (S1′ , S2 ),
dm (S1′ , S2 ) ≤ dm (S1′ , S1 ) + dm (S1 , S2 ).

Proof of Proposition 12. For the first claim, the identity relation idS = {(s, s) ∣ s ∈ S} ⊆
k
k2
S × S is a witness for S ≤m S +δ : if s ⇢
t, then by construction s ⇢
+δ t with k ⊑ k2 , and
k2
k
if s Ð→+δ t, then again by construction s Ð→ t for some k ⊑ k2 .
Now to prove dm (S +δ , S) ≤ (1 − λ)−1 δ, we define a family of relations R = {Rε ∣ ε ≥ 0}
by Rε = ∅ for ε < (1 − λ)−1 δ and Rε = idS for ε ≥ (1 − λ)−1 δ. We show that R is a modal
refinement family.
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s

a, [5, 5]

t

a, [5, 5]

u

s+1

a, [4, 6]

t+1

a, [4, 6]

a, 15
u+1

i

(b) S +1

(a) S

j

a, 5
k

(c) I

Figure E.4.: WMTS S for which JS ′ K ⊊ JSK+ε .
k2
Let (s, s) ∈ Rε for some ε ≥ (1 − λ)−1 δ, and assume s ⇢
+δ t. By construction there is a
k
transition s ⇢ t with dK (k2 , k) ≤ δ ≤ ε. Now

δ
1
δ
1
− δ) =
≥ε
(ε − dK (k2 , k)) ≥ (
λ
λ 1−λ
1−λ
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and (t, t) ∈ Rε , which settles this part of the proof. The other direction, starting with a
k
transition s Ð→
t, is similar.
Proof of Proposition 14. If I ∈ JS ′ K, then dm (I, S ′ ) = 0, hence dm (I, S) ≤ ε by Proposition 10, which in turn implies that I ∈ JSK+ε . The example in Figure E.4 then shows that
−1
in general, JS ′ K ⊊ JSK+ε . For δ = 1 and λ = .9, we have I ∈ JSK+(1−λ) δ , but I ∉ JS +δ K.

Appendix: Proofs for Section 5

Theorem A.6. There is no unary operator D on WMTS for which it holds that
(15.1) D(S) is deterministic for any WMTS S,
(15.2) S ≤m D(S) for any WMTS S,
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(15.3) S ≤εm D implies D(S) ≤εm D for any WMTS S, any deterministic WMTS D, and
any ε ≥ 0.

Proof. There is a determinization operator D′ on WMTS, introduced in [BJL+ 11], which
satisfies Property (15.2) above and a weaker version of Property (15.3) with ε = 0:

(15.3′ ) S ≤m D implies D′ (S) ≤m D for any WMTS S and any deterministic WMTS D.

Assume now that there is an operator D as in the theorem. Then for any WMTS S, S ≤m
D′ (S) and thus D(S) ≤m D′ (S) by (15.3), and S ≤m D(S) and hence D′ (S) ≤m D(S)
by (15.3′ ). We finish the proof by showing that the operator D′ from [BJL+ 11] does
not satisfy (15.3). The example in Figure E.5 shows a WMTS S and a deterministic
WMTS D for which dm (D′ (S), D) = 3 + 3λ and dm (S, D) = max(3, 3λ) = 3, hence
dm (D′ (S), D) ≤/ dm (S, D).
Theorem A.7. There is no partial binary operator ∧ on WMTS for which it holds that
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, [3
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s1

a, [3, 3]
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{s0 }

5, 6
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a, [0, 0]

a, [3, 6]

{s1 , s2 }

a, [0, 3]

{s3 , s4 }

s4

(b) D′ (S)

(a) S
d0

a, [2, 3]

d1

a, [0, 0]

d2

(c) D

s

a, [1, 2]

(a) S

t
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Figure E.5.: WMTS for which dm (D′ (S), D) > dm (S, D).

s1

a, [0, 1]

t1

(b) S1

s2

a, [2, 3]

(c) S2

t2

(s1 , s2 )

(d) S1 ∧ S2

Figure E.6.: WMTS for which dm (S, S1 ∧ S2 ) > max (dm (S, S1 ), dm (S, S2 )).

(16.1) S1 ∧ S2 ≤m S1 and S1 ∧ S2 ≤m S2 for all locally consistent WMTS S1 , S2 for which
S1 ∧ S2 is defined,
(16.2) for any locally consistent WMTS S and all deterministic and locally consistent
WMTS S1 , S2 such that S ≤m S1 and S ≤m S1 , S1 ∧S2 is defined and S ≤m S1 ∧S2 ,
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(16.3) for any ε ≥ 0, there exist ε1 ≥ 0 and ε2 ≥ 0 such that for any locally consistent
WMTS S and all deterministic and locally consistent WMTS S1 , S2 for which
S1 ∧ S2 is defined, S ≤εm1 S1 and S ≤εm2 S2 imply S ≤εm S1 ∧ S2 .
Proof. We follow the same strategy as in the proof of Theorem 15. There is a conjunction
operator ∧′ defined for WMTS in [BJL+ 11] which satisfies Properties (16.1) and (16.2)
and a version (16.3′ ) for ε = 0 of Property (16.3). Using these properties, one can see
that for all deterministic and locally consistent WMTS S1 and S2 for which S1 ∧ S2 and
S1 ∧′ S2 are locally consistent, S1 ∧ S2 ≤m S1 ∧′ S2 and S1 ∧′ S2 ≤m S1 ∧ S2 . The WMTS
depicted in Figure E.6 then show that dm (S, S1 ∧ S2 ) ≤ max (dm (S, S1 ), dm (S, S2 )) does
not hold in general. Indeed, dm (S, S1 ) = dm (S, S2 ) = 1, but dm (S, S1 ∧ S2 ) = ∞.
The counterexamples used in the proofs of Theorems 15 and 16 are quite general and
apply to a large class of distances. More precisely, it can be shown that Theorem 15
holds for any modal distance dm for which there are label sequences (k11 , k12 ), (k21 , k22 ),
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(k31 , k32 ) such that (using the obvious specialization of dm to label sequences and ⊓ as
lowest upper bound on (K, ⊑))
max (dm ((k11 , k12 ), (k31 , k32 )), dm ((k21 , k22 ), (k31 , k32 )))
≠ dm ((k11 ⊓ k21 , k31 ), (k12 ⊓ k22 , k32 )).

Appendix: Proofs for Section 6
Lemma A.8. For k1 , k2 , k3 , k4 ∈ K with k1 ⊕ k3 and k2 ⊕ k4 defined, we have dK (k1 ⊕
k3 , k2 ⊕ k4 ) ≤ dK (k1 , k2 ) + dK (k3 , k4 ).
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Proof of Lemma A.8. If k1 =  or k3 = , then the left-hand side of the inequality is 0,
and if k2 =  or k4 = , then the right-hand side is ∞, hence in both cases the proof is
complete. We are left with the case where all ki ≠ ; write ki = (a, [xi , yi ]) for all i. We
have
dK (k1 ⊕ k3 , k2 ⊕ k4 ) = max ((x2 + x4 ) −. (x1 + x3 ), (y1 + y3 ) −. (y2 + y4 )),
dK (k1 , k2 ) + dK (k3 , k4 ) = max(x2 −. x1 , y1 −. y2 ) + max(x4 −. x3 , y3 −. y4 )
≥ max ((x −. x ) + (x −. x ), (y −. y ) + (y −. y )).
2

But

1

4

3

1

2

3

4

(x2 + x4 ) −. (x1 + x3 ) = max ((x2 + x4 ) − (x1 + x3 ), 0)
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= max ((x2 − x1 ) + (x4 − x3 ), 0)

≤ max(x2 − x1 , 0) + max(x4 − x3 , 0)
= (x −. x ) + (x −. x ),
2

1

4

3

and similarly one shows (y1 + y3 ) −. (y2 + y4 ) ≤ (y1 −. y2 ) + (y3 −. y4 ).

Proof of Theorem 18. If dm (S1 , S2 ) = ∞ or dm (S3 , S4 ) = ∞, we have nothing to prove.
Otherwise, let R1 = {Rε1 ⊆ S1 × S2 ∣ ε ≥ 0}, R2 = {Rε2 ⊆ S3 × S4 ∣ ε ≥ 0} be witnesses for
dm (S1 , S2 ) and dm (S3 , S4 ), respectively; hence (s01 , s02 ) ∈ Rd1m (S1 ,S2 ) ∈ R1 and (s03 , s04 ) ∈
Rd2m (S3 ,S4 ) ∈ R2 . Define
Rε = {((s1 , s3 ), (s2 , s4 )) ∈ S1 × S3 × S2 × S4 ∣
(s1 , s2 ) ∈ Rε11 ∈ R1 , (s3 , s4 ) ∈ Rε22 ∈ R2 , ε1 + ε2 ≤ ε}
for all ε ≥ 0 and let R = {Rε ∣ ε ≥ 0}. We show that R is a witness for dm (S1 ∥S3 , S2 ∥S4 ) ≤
dm (S1 , S2 ) + dm (S3 , S4 ).
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We have ((s01 , s03 ), (s02 , s04 )) ∈ Rdm (S1 ,S2 )+dm (S3 ,S4 ) ∈ R. Now let ((s1 , s3 ), (s2 , s4 )) ∈
Rε ∈ R for some ε, then (s1 , s2 ) ∈ Rε11 ∈ R1 and (s3 , s4 ) ∈ Rε22 ∈ R2 for some ε1 + ε2 ≤ ε.
⊕k3
k1
k3
1
1
Assume (s1 , s3 ) k1⇢
(t1 , t3 ), then s1 ⇢
1 t1 and s3 ⇢3 t3 . By (s1 , s2 ) ∈ Rε1 ∈ R ,
k2
1
1
′
−1
we have s2 ⇢
2 t2 with dK (k1 , k2 ) ≤ ε1 and (t1 , t2 ) ∈ Rε′ ∈ R for some ε1 ≤ λ (ε1 −
1

k4
2
2
dK (k1 , k2 )); similarly, s4 ⇢
4 t4 with dK (k3 , k4 ) ≤ ε2 and (t3 , t4 ) ∈ Rε′ ∈ R for some
2

ε′2 ≤ λ−1 (ε2 − dK (k3 , k4 )). Let ε′ = ε′1 + ε′2 , then the sum k2 ⊕ k4 is defined, and
ε′ ≤ λ−1 (ε1 + ε2 − (dK (k1 , k2 ) + dK (k3 , k4 )))
≤ λ−1 (ε − dK (k1 ⊕ k3 , k2 ⊕ k4 ))
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⊕k4
by Lemma A.8. We have (s2 , s4 ) k2⇢
(t2 , t4 ), dK (k1 ⊕ k3 , k2 ⊕ k4 ) ≤ ε1 + ε2 ≤ ε again by
Lemma A.8, and ((t1 , t3 ), (t2 , t4 )) ∈ Rε′ ∈ R.
2 ⊕k4
The reverse direction, starting with a transition (s2 , s4 ) kÐ→
(t2 , t4 ), is similar.

Lemma A.9. If k1 , k2 , k3 ∈ K are such that k1 ⊖k2 and k2 ⊕k3 are defined and k1 ⊖k2 ≠ ,
k2 ⊕ k3 ≠ , then dK (k3 , k1 ⊖ k2 ) = dK (k2 ⊕ k3 , k1 ).
Proof of Lemma A.9. We can write ki = (a, [xi , yi ]) for some a ∈ Σ. Then

DR

dK (k3 , k1 ⊖ k2 ) = max ((x1 − x2 ) −. x3 , y3 −. (y1 − y2 ))
⎧
x1 − x2 − x3 ≥ 0
⎪
⎪
x1 − x2 − x3
if
⎪
⎪
⎪
x1 − x2 − x3 ≥ y3 − y1 + y2
⎪
⎪
⎪
⎪
y3 − y1 + y2 ≥ 0
⎪
if
= ⎨ y3 − y1 + y2
y3 − y1 + y2 ≥ x1 − x2 − x3
⎪
⎪
⎪
⎪
⎪
x1 − x2 − x3 ≤ 0
⎪
⎪
⎪
0
if
⎪
⎪
y3 − y1 + y2 ≤ 0
⎩

and similarly

dK (k2 ⊕ k3 , k1 ) = max (x1 −. (x2 + x3 ), (y2 + y3 ) −. y1 )
⎧
x1 − x2 − x3 ≥ 0
⎪
⎪
x1 − x2 − x3
if
⎪
⎪
⎪
x1 − x2 − x3 ≥ y2 + y3 − y1
⎪
⎪
⎪
⎪
y2 + y3 − y1 ≥ 0
⎪
= ⎨ y2 + y3 − y1
if
y2 + y3 − y1 ≥ x1 − x2 − x3
⎪
⎪
⎪
⎪
⎪
x1 − x2 − x3 ≤ 0
⎪
⎪
⎪
0
if
⎪
⎪
y2 + y3 − y1 ≤ 0
⎩
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Proof of Theorem 19. To avoid confusion, we write ⇢ and Ð→ for transitions in S1 S2
and ⇢∥ and Ð→∥ for transitions in S2 ∥S3 . The inequality dm (S3 , S1 S2 ) ≥ dm (S2 ∥S3 , S1 )
is trivial if dm (S2 ∥S3 , S1 ) = ∞, so assume the opposite and let R1 = {Rε1 ⊆ S3 × (S1 × S2 ∪
{u}) ∣ ε ≥ 0} be a witness for dm (S3 , S1 S2 ). Define Rε2 = {((s2 , s3 ), s1 ) ∣ (s3 , (s1 , s2 )) ∈
Rε1 } ⊆ S2 × S3 × S1 for all ε ≥ 0, and let R2 = {Rε2 ∣ ε ≥ 0}. Certainly ((s02 , s03 ), s01 ) ∈
Rd2m (S3 ,S1 S2 ) ∈ R2 , so let now ((s2 , s3 ), s1 ) ∈ Rε2 ∈ R2 for some ε ≥ 0.
⊕k3
k2
k3
Assume (s2 , s3 ) k2⇢
∥ (t2 , t3 ), then also s2 ⇢2 t2 and s3 ⇢3 t3 , and by local consistency,
′

⊖k2
k3 ≠ . By (s3 , (s1 , s2 )) ∈ Rε1 , there is (s1 , s2 ) k1⇢
(t1 , t′2 ) for which dK (k3 , k1 ⊖ k2′ ) =
′
′
1
dK (k2 ⊕ k3 , k1 ) ≤ ε and such that (t3 , (t1 , t2 )) ∈ Rε′ ∈ R1 , hence ((t′2 , t3 ), t1 ) ∈ Rε2′ ∈ R2 ,
k1
for some ε′ ≤ λ−1 (ε − dK (k2′ ⊕ k3 , k1 )). By definition of quotient we must have s1 ⇢
1 t1
′
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k2
′
′
′
and s2 ⇢
2 t2 , and by determinism of S2 , k2 = k2 and t2 = t2 .

k1
Assume s1 Ð→
1 t1 , then we have k1 ≠  by local consistency of S1 . We must have a
k2
transition s2 Ð→2 t2 for which k1 ⊖ k2 is defined and k1 ⊖ k2 ≠ , for otherwise the state
1 ⊖k2
(t1 , t2 ). This in turn
(s1 , s2 ) would have been pruned from S1 S2 . Hence (s1 , s2 ) kÐ→
k3
implies that there is s3 Ð→3 t3 for which dK (k3 , k1 ⊖k2 ) = dK (k2 ⊕k3 , k1 ) ≤ ε and such that
(t3 , (t1 , t2 )) ∈ Rε1′ ∈ R1 , hence ((t2 , t3 ), t1 ) ∈ Rε2′ ∈ R2 , for some ε′ ≤ λ−1 (ε−dK (k2 ⊕k3 , k1 )),
2 ⊕k3
and by definition of parallel composition, (s2 , s3 ) kÐ→
∥ (t2 , t3 ).

To show that dm (S3 , S1 S2 ) ≤ dm (S2 ∥S3 , S1 ), let R2 = {Rε2 ⊆ S2 × S3 × S1 ∣ ε ≥ 0} be a
witness for dm (S2 ∥S3 , S1 ), define Rε1 = {(s3 , (s1 , s2 )) ∣ ((s2 , s3 ), s1 ) ∈ Rε2 } ∪ {(s3 , u) ∣ s3 ∈
S3 } for all ε ≥ 0, and let R1 = {Rε1 ∣ ε ≥ 0}, then (s03 , (s01 , s02 )) ∈ Rd1m (S2 ∥S3 ,S1 ) ∈ R1 .
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k3
k3
For any (s3 , u) ∈ Rε1 for some ε ≥ 0, any transition s3 ⇢
3 t3 can be matched by u ⇢ u,
k3
and then (t3 , u) ∈ R01 . Let now (s3 , (s1 , s2 )) ∈ Rε1 for some ε ≥ 0, and assume s3 ⇢
3 t3 .
k3
k2
If k2 ⊕ k3 is undefined for all transitions s2 ⇢2 t2 , then by definition (s1 , s2 ) ⇢ u, and
k2
again (t3 , u) ∈ R01 . If there is a transition s2 ⇢
2 t2 such that k2 ⊕ k3 is defined, then also
⊕k3
k1
(s2 , s3 ) k2⇢
∥ (t2 , t3 ). Hence we have s1 ⇢1 t1 with dK (k2 ⊕ k3 , k1 ) ≤ ε, implying that
⊖k2
(s1 , s2 ) k1⇢
(t1 , t2 ). We must have k1 ⊖k2 ≠ , for otherwise dK (S3 , S1 S2 ) = ∞, hence
dK (k3 , k1 ⊖ k2 ) = dK (k2 ⊕ k3 , k1 ) ≤ ε. Also, ((t2 , t3 ), t1 ) ∈ Rε2′ ∈ R2 , hence (t3 , (t1 , t2 )) ∈
Rε1′ ∈ R1 , for some ε′ ≤ λ−1 (ε − dK (k3 , k1 ⊖ k2 )).
1 ⊖k2
(t1 , t2 ), then k1 ⊖k2 ≠  by local consistency of S1 S2 , hence we
Assume (s1 , s2 ) kÐ→
′

k2
k1
k2 ⊕k3
′
′
have s1 Ð→
1 t1 and s2 Ð→2 t2 . It follows that (s2 , s3 ) Ð→ ∥ (t2 , t3 ) with dK (k2 ⊕ k3 , k1 ) =
′
′
2
2
′
dK (k3 , k1 ⊖ k2 ) ≤ ε and such that ((t2 , t3 ), t1 ) ∈ Rε′ ∈ R , hence (t3 , (t1 , t2 )) ∈ Rε1′ ∈ R1 ,
for some ε′ ≤ λ−1 (ε − dK (k3 , k1 ⊖ k2′ )). By definition of parallel composition we must have
′

k2
k3
′
′
′
s2 Ð→
2 t2 and s3 Ð→3 t3 , and by determinism of S2 , k2 = k2 and t2 = t2 .
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Abstract
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Timed automata follow a mathematical semantics, which assumes perfect precision and
synchrony of clocks. Since this hypothesis does not hold in digital systems, properties
proven formally on a timed automaton may be lost at implementation. In order to ensure
implementability, several approaches have been considered, corresponding to different hypotheses on the implementation platform. We address two of these: A timed automaton
is samplable if its semantics is preserved under a discretization of time; it is robust if
its semantics is preserved when all timing constraints are relaxed by some small positive
parameter.
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1. Introduction

1. Introduction
Timed automata [AD94] extend finite-state automata with real-valued variables which
measure delays between actions. They provide a powerful yet natural way of modelling
real-time systems. They also enjoy decidability of several important problems, which
makes them a model of choice for the verification of real-time systems. This has been
witnessed over the last twenty years by substantial effort from the verification community
to equip timed automata with efficient tool support, which was accompanied by successful
applications.
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However, timed automata are governed by a mathematical semantics, which assumes
continuous and infinitely precise measurement of time, while hardware is digital and imprecise. Hence properties proven at the formal level might be lost when implementing
the abstract model of the automaton as a digital circuit or as a program on a physical CPU. Several approaches have been proposed to overcome this discrepancy, with different hypotheses on the implementation platform (e.g. [AMP98, GHJ97, Pur00, DDR05,
BBB+ 07, SBM11]). In this work, we address two such approaches, namely, the sampled
semantics and the robustness, which we now detail.

DR

Sampled semantics for timed automata, where all time delays are integer multiples of a
rational sampling rate, have been studied in order to capture, for example the behaviour
of digital circuits (e.g. [AMP98, BMPY97]). In fact, only such instants are observable in a
digital circuit, under the timing of a quartz clock. However, for some timed automata, any
sampling rate may disable some (possibly required) behaviour [CHR02]. Consequently,
a natural problem which has been studied is that of choosing a sampling rate under
which a property is satisfied. For safety properties, this problem is undecidable for timed
automata [CHR02]; but it becomes decidable for reachability under a slightly different
setting [KP05]. Recently, [AKY10] showed the decidability of the existence of a sampling
rate under which the continuous and the sampled semantics recognize the same untimed
language.

A prominent approach, originating from [Pur00, DDR05], for verifying the behavior of
real-time programs executed on CPUs, is robust model-checking. It consists in studying
the enlarged semantics of the timed automaton, where all the constraints are enlarged by
a small (positive) perturbation ∆, in order to model the imprecisions of the clock. In some
cases [DDMR08], this may allow new behaviours in the system, regardless of ∆ (See
Fig. F.2 on page 139). Such automata are said to be not robust to small perturbations.
On the other hand, if no new behaviour is added to the system, that is, if the system
is robust, then implementability on a fast-enough CPU will be ensured [DDR05]. Since
its introduction, robust model-checking has been solved for safety properties [Pur00,
DDMR08], and for richer linear-time properties [BMR06, BMR08]. See also [SBM11]
for a variant of the implementation model of [DDR05] and a new approach to obtain
implementations.
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In this paper, we show that timed automata can always be made implementable in
both senses. More precisely, given a timed automaton A, we build another timed automaton B whose semantics under enlargement and under sampling is bisimilar to A. We
use a quantitative variant of bisimulation from [FLT10] where the differences between
the timings in two systems are bounded above by a parameter ε (see also [HMP05] for
a similar quantitative notion of bisimulation). Our construction is parameterized and
provides a bisimilar implementation for any desired precision ε > 0. Moreover, we prove
that in timed automata, this notion of bisimulation preserves, up to an error of ε, all
properties expressed in a quantitative extension of CTL, also studied in [FLT10].
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2. Timed Models and Specifications
2.1. Timed Transition Systems and Behavioural Relations
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A timed transition system (TTS) is a tuple S = (S, s0 , Σ, K, T ), where S is the set of
states, s0 ∈ S the initial state, Σ a finite alphabet, K ⊆ R≥0 the time domain which
contains 0 and is closed under addition, and T ⊆ S × (Σ ∪ K) × S the transition relation.
We write s Ð→ σs′ instead of (s, σ, s′ ) ∈ T ; we also write s Ð→ d, σs′ if s Ð→ ds′′ Ð→ σs′
σ
for d ∈ K, σ ∈ Σ and some state s′′ , and s Ô
Ô⇒ s′ if s Ð→ d′ , σs′ for some d′ ∈ K.
A run ρ of S is a finite or infinite sequence q0 Ð→ τ0 q0′ Ð→ σ0 q1 Ð→ τ1 q1′ Ð→ σ1 . . .,
where qi ∈ S, σi ∈ Σ and τi ∈ K for all i. The word σ0 σ1 . . . ∈ Σ∗ is the trace of ρ.
We denote by Trace(S) the set of finite and infinite traces of the runs of S. We define
the set of reachable states of S, denoted by Reach(S), as the set of states s′ for which
some finite run of S starts from state s0 and ends in state s′ . A run written on the
form γ = q0 Ð→ d0 , σ0 q1 Ð→ d1 , σ1 q2 . . . is a timed-action path (or simply path). Each
state q0 ∈ S admits a set P (q0 ) of paths starting at q0 . For any path γ, the suffix γ j is
obtained by deleting the first j transitions in γ, and γ(j) = qj Ð→ dj , σj qj+1 is the j-th
transition in γ; we also let statej (γ) = qj , γ(j)σ = σj , and γ(j)d = dj .
We consider a quantitative extension of timed bisimilarity introduced in [TFL10]. This
spans the gap between timed and time-abstract bisimulations: while the former requires
time delays to be matched exactly, the latter ignores timing information altogether.
Intuitively, we define two states to be ε-bisimilar, for a given parameter ε ≥ 0, if there
is a (time-abstract) bisimulation which relates these states in such a way that, at each
step, the difference between the time delays of corresponding delay transitions is at
most ε. Thus, this parameter allows one to quantify the “timing error” made during
the bisimulation. A strong and a weak variant of this notion is given in the following
definition.
Definition 1. Given a TTS (S, s0 , Σ, K, T ), and ε ≥ 0, a symmetric relation Rε ⊆ S × S
is a
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− strong timed ε-bisimulation, if for any (s, t) ∈ Rε and σ ∈ Σ, d ∈ K,
– s Ð→ σs′ implies t Ð→ σt′ for some t′ ∈ S with (s′ , t′ ) ∈ Rε ,
– s Ð→ ds′ implies t Ð→ d′ t′ for some t′ ∈ S and d′ ∈ K with ∣d − d′ ∣ ≤ ε and
(s′ , t′ ) ∈ Rε .
− timed-action ε-bisimulation, if for any (s, t) ∈ Rε , and σ ∈ Σ, d ∈ K,
– s Ð→ d, σs′ implies t Ð→ d′ , σt′ for some t′ ∈ S and d′ ∈ K with ∣d − d′ ∣ ≤ ε and
(s′ , t′ ) ∈ Rε .
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If there exists a strong timed ε-bisimulation (resp. timed-action ε-bisimulation) Rε such
that (s, t) ∈ Rε , then we write s ∼ε t (resp. s ≈ε t). Furthermore we write s ∼ε+ t (resp.
s ≈ε+ t) whenever for every ε′ > ε, s ∼ε′ t (resp. s ≈ε′ t).
Observe that s ∼ε t implies s ∼ε′ t for every ε′ > ε. Also, s ∼ε+ t does not imply
s ∼ε t in general (see Fig. F.1), and if s ∼ε+ t but s ∼/ ε t, then ε = inf{ε′ > 0 ∣ s ∼ε′ t}.
These observations hold true in the timed-action bisimulation setting as well. Note also
that s ∼ε t implies s ≈ε t. Finally, for ε > 0, strong timed or timed-action ε-bisimilarity
relations are not equivalence relations in general, but they are when ε = 0.
s

σ, x ≤ 1

t

s′

σ, x < 1

t′

Figure F.1.: An automaton in which (s, 0) ∼0+ (t, 0) !!!

DR

Last, we define a variant of ready-simulation [LS89] for timed transition systems. For
Bad ⊆ Σ, we will write I ⊑Bad S when I is simulated by S (and time delays are matched
exactly) in such a way that at any time during the simulation, any failure (i.e. , any
action in Bad) enabled in S is also enabled in I. So, if I ⊑Bad S and S is safe w.r.t. Bad
(i.e. , Bad actions are never enabled), then any run of I can be executed in S (with exact
timings) without enabling any of the Bad-actions.
Fig. F.2 will provide an automaton illustrating the importance of this notion. More
formally:
Definition 2. Given a TTS (S, s0 , Σ, K, →), and a set Bad ⊆ Σ, a relation R ⊆ S × S is
a ready-simulation w.r.t. Bad if, whenever (s, t) ∈ R:
− for all σ ∈ Σ and d ∈ K, s Ð→ d, σs′ implies t Ð→ d, σt′ for some t′ ∈ S with
(s′ , t′ ) ∈ R,
σ

σ

− for all σ ∈ Bad, t Ô
Ô⇒ t′ implies s Ô
Ô⇒ s′ for some s′ ∈ S.
We write s ⊑Bad t if (s, t) ∈ R for some ready-simulation R w.r.t. Bad.
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2.2. Timed Automata
Given a set of clocks C, the elements of RC≥0 are referred to as valuations. For a subset
X ⊆ C, and a valuation v, we define v[X ← 0] as the valuation v[X ← 0](x) = v(x) for all
x ∈ C ∖X and v[X ← 0](x) = 0 for x ∈ X. For any d ∈ R≥0 , v +d is the valuation defined by
(v + d)(x) = v(x) + d for all x ∈ C. For any α ∈ R, we define αv as the valuation obtained
by multiplying all components of v by α, that is (αv)(x) = αv(x) for all x ∈ C. Given
two valuations v and v ′ , we denote by v + v ′ the valuation that is the componentwise sum
of v and v ′ , that is (v + v ′ )(x) = v(x) + v ′ (x) for all x ∈ C.
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Let Q∞ = Q ∪ {−∞, ∞}. An atomic clock constraint is a formula of the form k ⪯ x ⪯′ l
or k ⪯ x − y ⪯′ l where x, y ∈ C, k, l ∈ Q≥0 and ⪯, ⪯′ ∈ {<, ≤}. A guard is a conjunction of
atomic clock constraints. For M, η ∈ Q>0 such that η1 ∈ N, we denote by ΦC (η, M ) the set
of guards on the clock set C, whose constants are either ±∞ or less than or equal to M
in absolute value and are integer multiples of η. Let ΦC denote the set of all guards on
clock set C. A valuation v satisfies ϕ ∈ ΦC if all atomic clock constraints of ϕ are satisfied
when each x ∈ C is replaced by v(x). Let JϕK denote the set of valuations that satisfy ϕ.
We define the enlargement of atomic clock constraints by ∆ ∈ Q as
⟨k ⪯ x − y ⪯′ l⟩∆ = k − ∆ ⪯ x − y ⪯′ l + ∆,
and
⟨k ⪯ x ⪯′ l⟩∆ = k − ∆ ⪯ x ⪯′ l + ∆.

for x, y ∈ C and k, l ∈ Q>0 . The enlargement of a guard ϕ, denoted by ⟨ϕ⟩∆ , is obtained
by enlarging all its atomic clock constraints.
Definition 3. A timed automaton A is a tuple (L, C, Σ, l0 , E), consisting of a finite
set L of locations, a finite set C of clocks, a finite alphabet Σ of labels, a finite set
ϕ,σ,R
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E ⊆ L × ΦC × Σ × 2C × L of edges, and an initial location l0 ∈ L. We write l ÐÐÐ→ l′ if
e = (l, ϕ, σ, R, l′ ) ∈ E, and call ϕ the guard of e. A is an integral timed automaton if all
constants that appear in its guards are integers.
We call the inverses of positive integers granularities. The granularity of a timed
automaton is the inverse of the least common denominator of the finite constants in
its guards. For any timed automaton A and rational ∆ ≥ 0, let A∆ denote the timed
automaton obtained from A where each guard ϕ is replaced with ⟨ϕ⟩∆ .
Definition 4. The semantics of a timed automaton A = (L, C, Σ, l0 , E) is a TTS over
alphabet Σ, denoted JAK, whose state space is L × RC≥0 . The initial state is (l0 , 0), where
0 denotes the valuation where all clocks have value 0. Delay transitions are defined as
(l, v) Ð→ τ (l, v + τ ) for any state (l, v) and τ ∈ K. Action transitions are defined as
g,σ,R

(l, v) Ð→ σ(l′ , v ′ ), for any edge l ÐÐÐ→ l′ in A such that v ⊧ g and v ′ = v[R ← 0].
1

For any k ∈ N>0 , we define the sampled semantics of A, denoted by JAK k as the TTS
defined similarly to JAK by taking the time domain as K = k1 N.
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We write JAK ∼ε JBK, JAK ≈ε JBK and JAK ⊑Bad JBK when the initial states of timed
automata A and B are related accordingly in the disjoint union of the transition systems,
defined in the usual way.
We define the usual notion of region equivalence [AD94]. Let M be the maximum
(rational) constant that appears in the guards of A, let η be the granularity of A. Multiplying any constant in A by η1 , we obtain an integral timed automaton.
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Given valuations u, v ∈ RC≥0 and rationals M, η, define v ≃M
η u to hold if, and only if,
for all formulas ϕ ∈ ΦC (η, M ), u ⊧ ϕ if and only if v ⊧ ϕ. The equivalence class of a
M
M
valuation u for the relation ≃M
η is denoted by reg(u)η = {v ∣ u ≃η v}. Each such class is
called an (η, M )-region. In the rest, when constant M is (resp. M and η are) clear from
context, we simply write reg(u)η (resp. reg(u)) and call these η-regions (resp. regions).
M
We denote by reg(u)M
η the topological closure of reg(u)η . The number of (η, M )-regions
is bounded by O(2∣C∣ ∣C∣!(M /η)∣C∣ ) [AD94].
For a region r, we denote by r[R ← 0], the region obtained by resetting clocks in R.
We define tsucc∗ (r) as the set of time-successor regions of r, that is, the set of η-regions r′
such that u + d ∈ r′ for some u ∈ r and d ∈ R≥0 .
We now associate with each (η, M )-region a guard that defines it. Assume we number
the clocks with indices so that C = {x1 , . . . , xm }, and fix any (η, M )-region r. Let us
define x0 = 0, and C0 = C ∪ {x0 }. Then, for each pair i, j ∈ C0 , there exists a number
Ai,j ∈ ηZ ∩ [−M, M ] ∪ {∞} and ⪯i,j ∈ {<, ≤} s.t. ϕr , defined as
ϕr =

⋀

−Aj,i ⪯j,i xi − xj ⪯i,j Ai,j ,
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(xi ,xj )∈C0

is such that Jϕr K = r. Moreover, we assume that for all i, j, k ∈ C0 , Ai,i = 0 and Ai,j ≤
Ai,k + Ak,j . Note that this is a standard definition: the matrix (Ai,j )i,j is a differencebound matrix (DBM) that defines region r, and the latter condition defines its canonical
form [Dil90]. Later we will refer to matrix (Ai,j )i,j as the DBM that defines region r.

2.3. Quantitative Extension of Computation Tree Logic

In the style of [dAHM03, HMP05, FLT10] we present a quantitative extension of CTL,
which measures (in a sense that we make clear below) how far a formula is from being
satisfied in a given state.
Definition 5. Let I be the set of closed nonempty intervals of R≥0 , and Σ be a finite
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alphabet. We define the set of state- and path-formulas as follows1
Ψ ∶∶= ⊺ ∣  ∣ Ψ1 ∧ Ψ2 ∣ Ψ1 ∨ Ψ2 ∣ EΠ ∣ AΠ
Π ∶∶= XIA Ψ ∣ X̄IA Ψ ∣ Ψ1 RI Ψ2 ∣ Ψ1 UI Ψ2
for I ∈ I and A ⊆ Σ. We write LT (Σ) or simply LT for the set of state formulae.
To define the semantics of LT , we introduce the distance between a point and an
interval: ∣z, [x, y]∣ = 0 when z ∈ [x, y], and ∣z, [x, y]∣ = min{∣x − z∣, ∣y − z∣} otherwise. Now,
given a state s, the value of a state formula is defined inductively as follows: L⊺M(s) = 0,
LM(s) = ∞, and
Lψ1 ∧ ψ2 M(s) = sup {Lψ1 M(s), Lψ2 M(s)}

For a path γ, it is defined as:

LEπM(s) = inf {LπM(γ) ∣ γ ∈ P (s)}
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Lψ1 ∨ ψ2 M(s) = inf {Lψ1 M(s), Lψ2 M(s)}

LAπM(s) = sup {LπM(γ) ∣ γ ∈ P (s)}

LXIA ψM(γ) = LX̄IA ψM(γ) = max{∣γ(0)d , I∣, LψM(state1 (γ))}
LXIA ψM(γ) = +∞

and

LX̄IA ψM(γ) = 0

if γ(0)σ ∈ A

if γ(0)σ ∉ A

Lψ1 UI ψ2 M(γ) = inf ( max { max ∣Lψ1 M(statej (γ)), I∣, Lψ2 M(statek (γ))})
k

0≤j<k

Lψ1 RI ψ2 M(γ) = sup ( min { max ∣Lψ1 M(statej (γ)), I∣, Lψ2 M(statek (γ))})
k

0≤j<k

For instance, LEX{a} ⊺M(s) is the lower bound of the set
[2,5]
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{∣d, [2, 5]∣ ∣ there is a transition s Ð→ d, as′ }.

Intuitively, this semantics measures the amount of point-wise modifications (in the
timing constraints of the formula) that are needed for this formula to hold at a given
state. Notice that untimed2 formulas of LT can only be evaluated to 0 or +∞, and this
value reflects the Boolean value of the underlying CTL formula.
It is shown in [TFL10] that LT characterizes ε-bisimilarity between the states of
weighted Kripke structures. In the following proposition, we generalize one direction
of this result to timed automata, showing that ε-bisimilar states have close satisfaction
values for all formulas of LT , which implies that these properties (and their values) are
preserved upto ε by the constructions we give in Section 4.
1

To establish the relationship to timed-action ε-bisimulation, the logic uses actions on transitions
instead of the more usual atomic propositions on states. It is easy to encode the latter by adding
extra transitions to sink states.
2
I.e., when all timing constraints are [0, +∞).
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Proposition 6. For any timed automaton A and states s, s′ of JAK, for all ε ≥ 0, if
s ≈ε+ s′ then for any ψ ∈ LT either LψM(s) = LψM(s′ ) = ∞ or ∣LψM(s) − LψM(s′ )∣ ≤ ε.

3. Implementability

3.1. Robustness
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As explained in the introduction, even the smallest enlargement of the guards may yield
extra behaviour in timed automata. Similarly, any sampling of the time domain may
remove behaviours. Here, we give several definitions of robustness and samplability,
which distinguish timed automata whose enlargement (resp. whose sampled semantics)
is ε-bisimilar to the original automaton, for some ε.

Earlier work on robustness based on enlargement, such as [DDMR08, BMR06, BMR08]
concentrated on deciding the existence of a positive ∆ under which the enlarged automaton is correct w.r.t. a given property. Here, we consider a stronger notion of robustness,
which requires systems to be ε-bisimilar for some ε.
Definition 7. A timed automaton A is ε-bisimulation-robust (or simply ε-robust), where
ε ≥ 0, if there exists ∆ > 0 such that JAK ≈ε JA∆ K.
Note that not all timed automata are robust. In fact, in the automaton A of Fig. F.2,
location `3 is not reachable in JAK, but it becomes reachable in JA∆ K for any ∆ >
0 (see [DDMR08]).
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We do not know whether a timed automaton that is robust for some ∆ is still robust
for any ∆′ < ∆, that is, whether JAK ≈ε JA∆ K implies JAK ≈ε JA∆′ K for ∆′ < ∆, in general.
This is the so-called “faster-is-better” property [AT05, DDR05], which means that if a
property holds in some platform, it also holds in a faster or more precise platform. This
is known to be satisfied for simpler notions of robustness mentioned above.
In the next section, we will present our construction which, for any A, produces an
alternative automaton A′ which is robust and satisfies JAK ≈ε JA′∆ K for all small enough
∆.

Bisimulation is not always sufficient when one wants to preserve state-based safety
properties proven for A. For instance, removing edges leading to unsafe states in A may
provide us with a trivially safe automaton under any enlargement. However, edges leading
to such states are used to detect failures, so removing these will not necessarily remove
the failure (since the states that immediately trigger a failure may still be reachable).
Fig. F.3 gives such an “incorrect” construction. To cope with this problem, we rely on
ready-simulation and require A′ to satisfy JA′∆ K ⊑Bad JA∆ K, where Bad are distinguished
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x≤2, A, x∶=0
x∶=1
y∶=0

`1

`2

x=0∧y=2
Bad

x≤2, A, x∶=0

`3

y∶=0

y≥2, B, y∶=0

Figure F.2.: A non-robust
ton [Pur00].

x∶=1

`1

`2
y≥2, B, y∶=0

timed

automa-

Figure F.3.: A robust but unsafe alternative.
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actions leading to unsafe states in A. This means that any run of JA′∆ K can be realized
in JA∆ K, and that no Bad-action is enabled in that run in the latter (and hence no unsafe
state is reached). Thus, intuitively, no state reached in JA′∆ K corresponds to an unsafe
state in JA∆ K, and in particular, if A∆ has unsafe runs (leading to unsafe states), then
these cannot be realized in A′∆ . Clearly, the automaton in Fig. F.3 does not satisfy this.
We formalize this idea here.
Definition 8. A timed automaton A is safe w.r.t. a set of actions Bad ⊆ Σ, whenever
d∞ (Reach(JAK), P re(Bad)) > 0, where d∞ is the standard supremum metric, and also
P re(Bad) = ⋃σ∈Bad,(l,σ,g,R,l′ )∈E {l} × JgK is the precondition of Bad-actions
Notice that P re(Bad) is the set of states from which a Bad action can be done, and that
d∞ (ReachJAK, P re(Bad)) = 0 does not imply that a state of P re(Bad) is reachable in A.
But we still consider such an automaton as unsafe, since, intuitively, any enlargement of
the guards may lead to a state of P re(Bad). It can be seen that automaton of Fig. F.2
is safe w.r.t. action Bad. Note that a closed timed automaton is safe w.r.t. Bad iff Bad
is not reachable.
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Recall the standard notion of robustness, used e.g. in [DDMR08]:

Definition 9. A timed automaton A is safety-robust (w.r.t. Bad) if there exists ∆ > 0
such that JA∆ K is safe w.r.t. Bad.
In the rest, Bad will refer to a set of actions given with the timed automaton we
consider. When we say that a timed automaton is safe, or safety-robust, these actions
will be implicit.
We introduce the notion of safety-robust implementation (parameterized by a bisimilarity relation ≡, which will range over {∼0 , ∼0+ , ≈0 , ≈0+ }), where we only require the
alternative automaton to preserve a given safety specification.
Definition 10 (Safety-Robust Implementation). Let A be a timed automaton which is
safe w.r.t. actions Bad, and ≡ denote any bisimilarity relation. A safety-robust implementation of A w.r.t ≡ is a timed automaton A′ such that:
(i) A′ is safety-robust;
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(ii) JA′ K ≡ JAK;

(iii) there exists ∆0 > 0 s.t. for all 0 < ∆′ < ∆ < ∆0 , JA′∆′ K ⊑Bad JA∆ K.
Now we define the notion of robust implementation. We require such an implementation to be robust and equivalent to the original automaton, and to preserve safety
specifications.
Definition 11 (Robust Implementation). Let A be a timed automaton which is safe
w.r.t.actions Bad, and ≡ denote any bisimilarity. An ε-robust implementation of A
w.r.t. ≡ is a timed automaton A′ such that:
(ii) JA′ K ≡ JAK;
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(i) A′ is ε-robust;
(iii) there exists ∆0 > 0 s.t. for all 0 < ∆′ < ∆ < ∆0 , JA′∆′ K ⊑Bad JA∆ K.

3.2. Samplability

As we noted in the introduction, some desired behaviours of a given timed automaton
may be removed in the sampled semantics. Preservation of the untimed language under
some sampling rate was shown decidable in [AKY10]. The proof is highly technical
(it is based on the limitedness problem for a special kind of counter automata).We are
interested in the stronger notion of bisimulation-samplability, which, in particular, implies
the preservation of untimed language.
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Definition 12. A timed automaton is said to be ε-bisimulation-samplable (or simply
ε-samplable) if there exists a granularity η such that JAK ≈ε JAKη .
Note that not all timed automata are bisimulation-samplable: [KP05] describes timed
automata A which are not (time-abstract) bisimilar to their sampled semantics for any
granularity η. We define a sampled implementation as follows.

Definition 13 (Sampled Implementation). Let A be a timed automaton, and ≡ denote
any bisimilarity relation. A ε-sampled implementation w.r.t. ≡ is a timed automaton A′
such that
(i) A′ is ε-samplable;

(ii) JA′ K ≡ JAK.
Note that a similar phenomenon as in Fig. F.2 does not occur in sampled semantics
since sampling does not add extra behaviour, but may only remove some.
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3.3. Main result of the paper
We will present two constructions which yield an implementation for any timed automaton. In our first construction, for any timed automaton given with a safety specification,
we construct a safety robust implementation. Our second construction is stronger: Given
any timed automaton A and any desired ε > 0, we construct a timed automaton A′ which
is both an ε-robust implementation and an ε-sampled implementation of A w.r.t. ≈0+ (we
also give a variant w.r.t. ∼0 for robustness).
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Since, A and A′∆ are timed-action ε-bisimilar, the satisfaction values of the formulas in
LT are preserved up to ε (Proposition 6). In particular, all standard untimed linear- and
branching-time properties (e.g. expressible in LTL, resp. CTL) proven for the original
automaton are preserved in the implementation. An example of such a property is
deadlock-freedom, which is an important property of programs.
Theorem 14. Let A = (L, C, Σ, l0 , E) be an integral timed automaton which is safe w.r.t.
some set Bad ⊆ Σ. Let W denote the number of regions of A. Then,
1. There exists a safety robust implementation of A w.r.t ∼0 , with ∣L∣ locations, the
same number of clocks and at most ∣E∣ ⋅ W edges.
2. For all ε > 0, there exists a timed automaton A′ which is a ε-robust implementation w.r.t. ∼0 ; and a timed automaton A′′ which is both a ε-sampled and ε-robust
implementation w.r.t. ≈0+ . Both timed automata have the same number of clocks
as A, and the number of their locations and edges is bounded by O(∣L∣ ⋅ W ⋅ ( 1ε )∣C∣ ).
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The rest of the paper is devoted to the proof of this theorem. The two constructions
are presented in the next section, and proved thereafter.

4. Making Timed Automata Robust and Samplable
For any timed automaton A and any location l of A, let Reach(JAK)∣l denote the projection of the set of reachable states at location l to RC≥0 . For any l, there exist guards
ϕl1 , . . . , ϕlnl such that ⋃i Jϕli K = Reach(JAK)∣l (in fact, the set of reachable states at a
given location is a union of regions but not necessarily convex). We use these formulas
to construct a new automaton where we restrict all transitions to be activated only at
reachable states.
Definition 15. Let A = (L, C, Σ, l0 , E) be any integral timed automaton. Define timed automaton safe(A) from A by replacing each edge l Ð→ ϕ, σ, Rl′ , by edges l Ð→ ϕ ∧ ϕli , σ, Rl′
for all i ∈ {1, . . . , nl }.
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As stated in Theorem 14 the worst-case complexity of this construction is exponential.
However, in practice, Reach(JAK)∣l may have a simple shape, which can be captured by
few formulas ϕli .
Although the above construction will be enough to obtain a safety-robust timed automaton w.r.t. a given set Bad, it may not be bisimulation-robust. The following construction ensures this.
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Definition 16. Let A = (L, C, Σ, l0 , E) be an integral timed automaton. Let M be the
largest constant that appears in A, and let η be any granularity. We define implη (A) as a
timed automaton over the set of locations lr where l is a location of A and r is an (η, M )region, and over the same set of clocks. Edges are defined as follows. Whenever there is
′
an edge l Ð→ ϕ, σ, Rl′ in A, we let lr Ð→ ϕ ∧ ϕs , σ, Rls[R←0]
, for all (η, M )-regions r and
∗
s ∈ tsucc (r) such that Jϕs K ⊆ JϕK.
We define implη (A) as the closed timed automaton obtained from implη (A) where each
guard is replaced by its closed counterpart3 .

Throughout this paper, we always consider integral timed automata as input, and
the only non-integer constants are those added by our construction. Observe that the
size of implη (A) depends on η, since a smaller granularity yields a greater number of
(η, M )-regions.
The main theorem is a direct corollary of the following lemma, where we state our
results in detail. The bounds on the size of the constructed implementations follow by
construction.

DR

Lemma 17. Let A = (L, C, Σ, l0 , E) be an integral timed automaton and fix any ε > 0.
Assume that A is safe w.r.t. some set Bad ⊆ Σ. Then,
1. safe(A) is safety-robust, JAK ∼0 Jsafe(A)K and for any ∆ <

1
2∣C∣ ,

Jsafe(A)∆ K ⊑Bad JA∆ K.
2. For any granularity η and ∆ > 0 such that 2(η +∆) < ε, we have JAK ≈0+ Jimplη (A)K
1
and Jimplη (A)K ≈ε Jimplη (A)∆ K. Moreover, for any 0 < ∆′ < ∆ < ∣C∣
, Jimplη (A)∆′ K ⊑Bad
JA∆ K.
3. For any granularity η and ∆ > 0 such that 2(η + ∆) < ε, we have JAK ∼0 Jimplη (A)K
1
and Jimplη (A)K ≈ε Jimplη (A)∆ K. Moreover, whenever ∆ < ∣C∣
, Jimplη (A)∆ K ⊑Bad JA∆ K.
4. For any granularities η and α such that η = kα for some k ∈ N>0 and η < ε/2,
Jimplη (A)K ≈ε Jimplη (A)Kα .

3

that is, all < are replaced by ≤, and > by ≥.
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Note that both implη (A) and implη (A) provide the relation ≈ε+ between the specification (that is, JAK) and the implementation (that is, JA′∆ K). However, the latter has a
stronger relation with JAK, so we also study it separately.
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Trading precision against complexity. The choice of the granularity in implη (A) and
implη (A) allows one to obtain an implementation of A with any desired precision. However, this comes with a cost since the size of implη (A) is exponential in the granularity η.
But it is also possible to give up on precision in order to reduce the size of the implementation. In fact, one could define impl≡ (A) where the regions are replaced by the equivalence
classes of any finite time-abstract bisimulation ≡. Then, we get JAK ≈0 Jimpl≡ (A)K and
Jimpl≡ (A)K is time-abstract bisimilar to Jimpl≡ (A)∆ K for any ∆ > 0. In order to obtain,
say Jimpl≡ (A)K ≈K Jimpl≡ (A)∆ K, for some desired K ≥ 1, one could, roughly, split these
bisimulation classes to sets of delay-width at most O(K), that is the maximal delay
within a bounded bisimulation class (there is a subtlety with unbounded classes, where,
moreover, all states must have arbitrarily large time-successors within the class). Note
however that safety specifications are only guaranteed to be preserved for small enough K
(see Lemma 17).

5. Proof of Correctness
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This section is devoted to the proof of Lemma 17. We start with general properties
of regions, in subsection 5.1. In subsection 5.2, we prove the robustness of implη (A),
implη (A) and safe(A), as stated in points 1 through 3 of Lemma 17. In subsection 5.3,
we prove that implη (A) is bisimulation-samplable (point 4). Last, the ready simulation
is proved for all the systems in subsection 5.4.

5.1. Properties of regions

We give several properties of the enlargement of regions. Fixing constants η and M , we
refer to any (η, M )-region simply as a region.
Proposition 18. Let u ∈ RC≥0 such that u ∈ J⟨ϕs ⟩∆ K for some region s. Then for any
subset of clocks R ⊆ C, u[R ← 0] ∈ J⟨ϕs[R←0] ⟩∆ K.
The following proposition shows, intuitively, that enlarged guards cannot distinguish
the points of an “enlarged region". The proof is straightforward using difference bound
matrices in canonical form. Note that the property does not hold if ϕs is not in canonical
form.
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5. Proof of Correctness
Proposition 19. Let s denote a region, and ϕ a guard. If Jϕs K ⊆ JϕK, then J⟨ϕs ⟩∆ K ⊆
J⟨ϕ⟩∆ K.
Proposition 20. Let u ∈ RC≥0 such that u ∈ J⟨ϕs ⟩∆ K for some region s. Then for all
s′ ∈ tsucc∗ (s), there exists d ≥ 0 such that u + d ∈ J⟨ϕs′ ⟩∆ K.
The previous proposition is no longer valid if ϕs is not canonical. As an example, take
the region defined by x = 1∧y = 0, whose immediate successor is 1 < x < 2∧0 < y < 1∧x−y =
1. The enlargement of the former formula is satisfied by valuation (x = 1 − ∆, y = ∆) but
this has no time-successor that satisfies the enlargement of the latter.
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Last, we need the following proposition which provides a bound on the delay that it
takes to go from a region to another.
Proposition 21. Let r be a region, and s a time-successor region of r, and ∆ ≥ 0.
Suppose that u ∈ Jϕr K and u + d ∈ Jϕs K for some d ≥ 0. Then for any v ∈ J⟨ϕr ⟩∆ K, there
exists d′ ≥ 0 such that v + d′ ∈ J⟨ϕs ⟩∆ K and ∣d′ − d∣ ≤ 2η + 2∆.

5.2. Proof of Robustness

We first prove that implη (A) and implη (A) are bisimulation-robust, for an appropriate
ε, that is JA′ K ≈ε JA′∆ K where A′ denotes any of these (Lemma 22). Then we show
“faithfulness” results: Lemma 23 shows that JAK ∼0 Jimplη (A)K and Jsafe(A)K ∼0 JAK,
and Lemma 24 shows that JAK ≈0+ Jimplη (A)K.
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Lemma 22. For any timed automaton A, any granularity η, and any ∆ > 0, we have
Jimplη (A)K ≈2∆+2η Jimplη (A)∆ K and Jimplη (A)K ≈2∆+2η Jimplη (A)∆ K.
Sketch. We fix any η and ∆. Let us consider implη (A). The case of implη (A) is similar.
We define relation R ⊆ (L × RC ) × (L × RC ) between Jimplη (A)K and Jimplη (A)∆ K by
(lr , u)R(l′ r′ , u′ ) whenever lr = l′ r′ and
∀s ∈ tsucc∗ (r), ∃d ≥ 0, u + d ∈ Jϕs K ⇐⇒ ∃d′ ≥ 0, u′ + d′ ∈ J⟨ϕs ⟩∆ K.

(1)

Intuitively, relation R relates states which can reach, by a delay, the same set of regions: we require the first system to reach Jϕs K, while it is sufficient that the second
one reaches J⟨ϕs ⟩∆ K, since its guards are enlarged by ∆. Then, Propositions 18, 19,
and 20 ensure that this relation is maintained after each transition, proving that R is a
timed-action bisimulation. The parameter 2∆ + 2η is given by Proposition 21, applied
on relation (1).
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The parameter which we provide for the timed-action bisimilarity is (almost) tight.
In fact, consider the automaton in Figure F.2, where the guard of the edge entering `1
is changed to x ≤ 1. Fix any η and ∆ and consider the following cycle in implη (A):
(`1,r1 ) Ð→ (`2,r2 ) Ð→ (`1,r1 ), where r1 is the region 1 − η < x < 1 ∧ y = 0, and r2 is the
region x = 0 ∧ 1 < y < 1 + η. Suppose Jimplη (A)∆ K first goes to location (`1,r1 ) with
x = 1 + ∆, y = 0, and that this is matched in Jimplη (A)K by (`1,r1′ , (x = 1 − α, y = 0))
where necessarily α ≥ 0. It is shown in [DDMR08] that in any such cycle, the enlarged
automaton can reach (by iterating the cycle) all states of the region r1 at location `1 .
In particular, Jimplη (A)∆ K can go to state (`1,r1 , (x = 1 − η, y = 0)). However, without
enlargement, all states (`1 , r1′ , (vx′ , vy′ )) reached from a state (`1,r1 , (vx , vy )) with vy = 0
satisfy vx′ ≥ vx , that is, the value of the clock x at location `1 cannot decrease along any
run ([DDMR08]). Thus, the state (`1,r1 , (x = 1 − η, y = 0)) of Jimplη (A)∆ K is matched in
Jimplη (A)K by some state (`1,r1′′ , (vx′ , 0)) where vx′ ≥ 1 − α. Now, from there, Jimplη (A)∆ K
can delay 1 + ∆ + η and go to `2 , whereas Jimplη (A)K can delay at most 1 + α to take the
same transition. The difference between the delays at the first and the last step is then
at least max (∆ + α, 1 + ∆ + η − (1 + α)) ≥ ∆ + η/2.
Next, we show that safe(A) and implη (A) are strongly 0-bisimilar to A. The proof is
omitted.
Lemma 23. For any timed automaton A, we have Jsafe(A)K ∼0 JAK, and JAK ∼0
Jimplη (A)K for any granularity η.
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The proof of JAK ≈0+ Jimplη (A)K is trickier. In fact, since all guards are closed in
implη (A), but not necessarily in A, all time delays may not be matched exactly. The
first part of the proof follows the lines of Proposition 16 of [OW03], who, by a similar
construction, prove that the finite timed traces of JAK are dense in those of Jimplη (A)K, for
an appropriate topology. Their result has a similar flavor, but we consider 0+ -bisimulation
which cannot be interpreted in terms of density in an obvious way.
Lemma 24. For any timed automaton A and granularity η, JAK ≈0+ Jimplη (A)K.
Sketch. We fix any η and δ ∈ (0, 1). We define (l, v)R(lr , v ′ ) iff
r = reg(v), v ′ ∈ reg(v) and ∃v ′′ ∈ reg(v), v = δv ′′ + (1 − δ)v ′ .

(2)

We show that R is a timed-action 0+ -bisimulation. One direction of the bisimulation
follows from convexity of regions, while the other direction is less obvious, and necessitates
the following technical lemma.
Lemma 25. Let v, v ′ , v ′′ ∈ R≥0 such that v ′′ ∈ reg(v) and v ′ ∈ reg(v), and v = εv ′′ +(1−ε)v ′
for some ε ∈ (0, 1). Then for all d ≥ 0, there exists d′ , d′′ ≥ 0 s.t. v + d = ε(v ′′ + d′′ ) + (1 −
ε)(v ′ + d′ ), v ′′ + d′′ ∈ reg(v + d) and v ′ + d′ ∈ reg(v + d).
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6. Conclusion

5.3. Proof of Samplability
We now show that implη (A) is a sampled implementation for any timed automaton A.
This result follows from the following lemma and Lemma 24. The proof is similar to
Lemma 22.
Lemma 26. Let A be any integral timed automaton. For any granularities η and α such
that η = kα for some k ∈ N>0 , we have Jimplη (A)K ≈2η Jimplη (A)Kα .

5.4. Proof of Safety Preservation (Ready Simulation)
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Lemma 27. We have Jimplη (A)∆′ K ⊑Bad JA∆ K and Jimplη (A)∆ K ⊑Bad JA∆ K for any
1
1
; and Jsafe(A)∆ K ⊑Bad JA∆ K for any ∆ < 2∣C∣
.
0 < ∆′ < ∆ < ∣C∣
Sketch. The simulation can be shown similarly to Lemma 23. We show that actions Bad
are not enabled in any state of the simulating run, whenever A is safe w.r.t. Bad. Let us
consider the first statement. Informally, this is due to two facts: (1) the set of reachable
states in Jimplη (A)∆ K have a small distance (at most ∆) to the corresponding reachable
states in JAK; (2) the states of JAK have a positive distance to PreA (Bad), which can be
1
1
bounded from below by ∣C∣
. Thus, choosing ∣C∣
− ∆ > 0, we prove that Jimplη (A)∆′ K is
also safe w.r.t. Bad.

6. Conclusion
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We have presented a way to transform any timed automaton into robust and samplable
ones, while preserving the original semantics with any desired precision. Such a transformation is interesting if the timed automaton under study is not robust (or not samplable),
or cannot be certified as such. In this case, one can simply model-check the original automaton for desired properties, then apply our constructions, which will preserve the
specification.
Our constructions also allow one to solve the robust synthesis problem. In the synthesis
problem, the goal is to obtain automatically (i.e. to synthesize) a timed automaton which
satisfies a given property. If one solves this problem for timed automata and obtain
a synthesized system A, then applying our constructions, we get that implη (A)∆ and
implη (A)η satisfy the same (say, untimed) properties.
As a future work, we will be interested in robust controller synthesis. In this problem,
we are given a system S which we cannot change, and we are asked to synthesize a
system C, called controller, such that the parallel composition of the two satisfies a
given property. The robust controller synthesis is the controller synthesis problem where
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the behaviour of the controller is C∆ (the controller has imprecise clocks), and we need
to decide whether there is some ∆ for which the parallel composition still satisfies the
property.
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